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a b s t r a c t

We analyze the stability of a capsule in large-amplitude oscillatory extensional (LAOE) flow, as often
used to study the rheology and dynamics of suspensions. Such a flow is typically established in a
cross-slot configuration, with the particle (or particles) of interest observed in the stagnation region.
However, controlling this configuration is challenging because the flow is unstable. We quantify such
an instability for spherical elastic capsules suspended near the stagnation point using a non-modal
global Floquet analysis, which is formulated to include full coupling of the capsule-viscous-flow
dynamics. The flow is shown to be transiently, though not asymptotically, unstable. For each case
considered, two predominant modes of transient amplification are identified: a predictable intra-
period growth for translational capsule perturbations and period-to-period growth for certain capsule
distortions. The amplitude of the intra-period growth depends linearly on the flow strength and
oscillation period, which corresponds to a shift of the flow stagnation point, and the period-to-period
growth saturates over several periods, commensurate with the asymptotic stability of the flow.

© 2019 ElsevierMasson SAS. All rights reserved.

1. Introduction

Oscillatory rheometry is often used to measure the properties
of polymer solutions and blends [1,2], melts [3], and colloidal [4]
and capsule suspensions [5,6]. We consider the specific case of
the large-amplitude oscillatory extensional (LAOE) flow shown in
Fig. 1, which has been used to quantify nonlinear viscoelastic and
extensional phenomena, such as the unraveling and alignment
of flexible bio-filaments [7]. LAOE flow experiments are straight-
forward in bulk-fluids, such as melts and cross-linked polymer
networks [8,9], but single-particle studies are more challenging.
A sophisticated control mechanism seems to be necessary to sta-
bilize the particle position for observation [10–13]. Though com-
plex, such techniques have enabled analysis of polymer strands
such as DNA [14,15]. Quantifying the instabilities of this flow, es-
pecially when the particles of interest are themselves complex, is
challenging though potentially informative for the design of such
microfluidic traps. Here, we investigate this instability directly
through a linear Floquet analysis of a model flow system.

We take elastic capsules – liquid filled thin membranes – as
canonical suspended soft particles (visualized in Fig. 1). Natural
capsules include cells, vesicles, and viruses, though microcap-
sules can also be manufactured. Recent efforts have developed
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capsules for cosmetic creams [16,17], release of aromas and fla-
vors [18–20], absorption of CO2 in gas plumes [21], targeted
drug delivery [22–25], contrast-enhanced ultrasound [26], and
artificial blood and organ development [27–29]; this broad set of
applications motivates our study.

The stability of capsules in similar, though steady, flows has
been assessed through numerical simulation [30–33] and experi-
ment [34,35]. Shape instabilities of elongated axisymmetric cap-
sules in uniaxial extension have been identified, with their con-
formation and associated growth rates depending upon the flow
strength and at-rest capsule shape; sufficiently round shapes are
stable for all flow strengths considered [30]. However, capsules
in oscillatory flow can exhibit qualitatively different behaviors
than the steady-flow version of the same system. Such differences
can affect the stability; for example, ellipsoidal and biconcave
capsules in oscillatory shear flow [36–38] have markedly different
stability behaviors when compared to steady shear flow [39–
42]. We thus anticipate differences in the stability of capsules in
steady and oscillatory extensional flow.

The model capsule flow system is introduced in Section 2.1. A
spectral boundary integral method, which includes full coupling
between the elastic capsule membrane and surrounding fluid, is
used to discretize and solve for the flow as described in Sec-
tion 2.2. In Section 2.3 we present the time-periodic base-flows
to be analyzed. A linear, global, non-modal Floquet analysis is
formulated in Section 3. We verify our formulation and imple-
mentation against direct numerical simulations (DNS) and assess

https://doi.org/10.1016/j.euromechflu.2019.04.012
0997-7546/© 2019 Elsevier Masson SAS. All rights reserved.

https://doi.org/10.1016/j.euromechflu.2019.04.012
http://www.elsevier.com/locate/ejmflu
http://www.elsevier.com/locate/ejmflu
http://crossmark.crossref.org/dialog/?doi=10.1016/j.euromechflu.2019.04.012&domain=pdf
mailto:spencer@caltech.edu
mailto:sbryngelson@gmail.com
https://doi.org/10.1016/j.euromechflu.2019.04.012


172 S.H. Bryngelson and J.B. Freund / European Journal of Mechanics / B Fluids 77 (2019) 171–176

Fig. 1. Schematic of the model system and velocity field u∞(x).

the capsule stability for different flow strengths and frequencies
in Section 4.

2. Model system and flow solution

2.1. Simulation setup

We consider an (at-rest) spherical elastic capsule of radius
ro subject to oscillatory planar extensional flow, as shown in
Fig. 1. The velocity field is visualized in Fig. 1 and has maximum
strain rate ϵ̇0 and period T . The interior and exterior fluids are
incompressible and Newtonian with matching viscosity µ.

The capsule membrane elasticity is described using a Skalak
constitutive model [43] with linear shear and dilatation moduli,
Es and Ed = 10Es, respectively. Bending is resisted by a linear
isotropic model with respect to a spherical reference shape and
modulus Eb = 5×10−3Esr2o [44], which is representative of actual
capsule membranes [45]. Together, these parameters give a char-
acteristic capsule relaxation time τ = µro/Es. A corresponding
Weissenberg number is Wi = τ ϵ̇0, and serves as a measure of
relative flow strength, and a Deborah number is De = τ/T , which
is a ratio of capsule to flow time scales.

2.2. Flow solution

The capsule geometry x is represented by spherical harmonics
as

x(θ, φ) =

N−1∑
n=0

n∑
m=0

P̃m
n (sin θ )(anm cosmφ + bnm sinmφ), (1)

where P̃m
n are the normalized Legendre polynomials. This de-

scription is advantageous in that few modes are required to
accurately describe the capsule shape and it enables a nondissipa-
tive dealiasing procedure for nonlinear numerical stability of the
flow simulations [44]. Most importantly for the present analysis,
the orthogonality of the spherical harmonic modes facilitates our
stability analysis as discussed in Section 3. The total number of
modes is 3N2, where N = 6 is used for all reported results, though
we also confirm insensitivity of the growth rates identified in
Section 4 for N = 8. Coefficients of spherical harmonic expan-
sion are represented as a column vector s⃗ = {a(i)nm, b(i)nm}, where
i = 1, 2, 3 indexes the coordinate direction and n ≥ m index
the spectral expansion coefficients from (1). The corresponding
collocation points from (1) are x⃗ = {x(i)(θk, φl)}, where θl ∈ (0, π )
for l = 1, . . . ,N are the colatitudinal Gauss points, and φm ∈

[0, 2π ) for m = 1, . . . , 2N are the equally spaced and periodic

longitudinal points. The forward and reverse spherical harmonic
transformations between x⃗ and s⃗ are represented by matrices B
and B̃, respectively, as defined by (1).

The Reynolds number of capsule flows is generally small, so
we model the flow as governed by the Stokes equations and the
capsule surface velocity u⃗(x⃗) can be represented with standard
boundary integral methods [46–48]. Here, the Stokeslet Green’s
function is evaluated explicitly for all interactions. Boundary in-
tegrals are approximated through a quadrature scheme for the
Gauss points as deduced by the spherical harmonics [44,49].
Once the velocity has been computed, the capsule membrane is
advanced according to

dx⃗
dt

= u⃗(x⃗), (2)

which for simulations we integrate using a first-order explicit
method with time step ∆t = 10−4T .

2.3. Base capsule motion

Capsules are initiated with their centroid at the stagnation
point x = 0 and then subject to the oscillating flow (specific
formula in Fig. 1) for the selected Wi and De. The period of
the capsule motion is also T , since without inertia the elastic
membrane responds instantaneously to the local fluid velocity.

An example single period of the capsule motion is shown in
Fig. 2. The capsule is spherical at integer multiples of T/2, and
stretches in the x̂- and ŷ-directions accordingly at other times.
We construct the corresponding base flow for 108 cases, with Wi
ranging from 0.1 to 4 and De ranging from 0.006 to 0.2, covering
the range typically probed experimentally [15]. These flows are
analyzed with the non-modal Floquet analysis described in the
following section.

3. Linear stability analysis

The time-periodic base configurations motivate Floquet analy-
sis. Our formulation follows that recently developed for capsules
flowing in channels [50] and tubes [51], and capsules in ho-
mogeneous shear flow [52], however for the present goals it is
extended to include non-modal and time-global effects. The basic
formulation is summarized in Section 3.1, and the extension is
developed in Section 3.2.
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Fig. 2. Periodic base-flow conformations for Wi = 0.8 and De = 0.03.

3.1. Linearization and asymptotic analysis

Our stability analysis is cast in terms of the spherical har-
monic coefficients s⃗, which give a well-defined geometric mea-
sure of perturbation amplitude to the capsule membrane [51,52].
We introduce δ⃗[t] as a small perturbation to these coefficients
and linearize about the base capsule motion. Expanding (2) and
linearizing (omitting O(∥δ⃗[t]∥2) and higher-order terms) yields

A[t] δ⃗[t] = B̃{u⃗(B{s⃗[t] + δ⃗[t]}) − u⃗(Bs⃗[t])}, (3)

where A[t] includes the first-order coupling between the fluid-
membrane coupled base flow and the perturbation. In our com-
putations a full-rank orthogonal set of perturbations δ⃗i[tj], each
with magnitude δ = 10−3ro, are used to compute each column of
A[tj]. This process is repeated at 104 uniformly-spaced discrete
times over the period tj ∈ [0, T ). The evolution of a small
perturbation ε⃗ is then
dε⃗[t]
dt

= A[t]ε⃗[t]. (4)

The solution of (4) can be expressed as [53,54]

ε⃗[t] = X[t]ε⃗o, (5)

where ε⃗o is the initial condition. Periodicity requires X[t + T ] =

X[t]C, where C is the monodromy matrix [53,54]. Upon substitut-
ing (5) into (4), we see that evolution of X[t] is
dX[t]
dt

= A[t]X[t]. (6)

Here X[T ] and, thus C, are determined by integrating (6) with
initial condition X[0] = I using the centered trapezoidal rule,
which is chosen to preserve time-reversibility.

In general, C is real and non-normal (C⊤C ̸= CC⊤), so it
will not have a full set of orthogonal eigenvectors. Though not
diagonalizable, the eigenvalues of C, called Floquet multipliers
and denoted by ρi, do indicate the t → ∞ behavior of small
perturbations to the linearized system [55]. Thus, they provide
the asymptotic growth or decay of a perturbation ∥ε⃗[t]∥ per
period, with |ρi| > 1 indicating asymptotic instability. Analysis
of the finite-time transient non-modal linear behavior of ∥ε⃗[t]∥
requires additional development, which is considered next.

3.2. Non-modal and global analysis of transient growth

For perturbation ε⃗o, the solution at any integer multiple of the
period j is

ε⃗j ≡ ε⃗[jT ] = Cj ε⃗o, (7)

Fig. 3. Largest 3 |ρi|, η1 , and ∆ discussed in text for Wi = 0.8 and De = 0.03.

and the largest possible factor of growth after j periods for
non-normal components is

ηj = max
ε⃗o

∥ε⃗j∥

∥ε⃗o∥
= max

ε⃗o

∥Cjε⃗o∥

∥ε⃗o∥
= ∥Cj

∥ , (8)

where maxε⃗o indicates the maximum over possible perturbations
ε⃗o and ∥ · ∥ is the largest singular value. As such, ∥Cj

∥ > 1 indi-
cates transient amplification, though this growth is bounded by
max |ρi| for t → ∞. In traditional normal-mode stability analysis
the maximum possible transient amplification is bounded by the
so-named numerical abscissa [56]; we use this terminology here
for the maximum observed growth after one period, which is
η ≡ η1 in the present notation. The associated singular vector
v⃗η gives the form of this growth.

The linear behavior of ∥ε⃗[t]∥ is bounded at any t , not just an
integer multiple of the period, through X[t] [55]. Thus, the largest
possible growth within the first period is

∆ ≡ max
tj∈[0,T ]

X[tj]

1. (9)

This metric identifies components that amplify within the period,
but return to their initial amplitude at integer multiplies of the
period. They are thus not directly related to ηj,1 or ρi. Note that
even large ∆ does not necessarily indicate a linear instability from
one period to the next, though if it is so large as to amplify an
initially small disturbance to the ro (capsule) scale, for which the
linearization can be anticipated to fail, it will have consequences
for devices that operate on them. The singular vector associated
with ∆ is v⃗∆ and experiences transient growth to amplitude
∥ε⃗(tmax)∥ = ∆ε̂.

4. Results

We first compute ρ, η, and ∆ and verify our stability analysis
for the base flows described in Section 2.3. Results are shown
for an example case in Fig. 3. We see 0 < |ρi| − 1 < δ,
so our formulation can only establish near asymptotic neutral
stability. This is because C and its eigenvalues are only accurate
to within the δ used to construct A[tj]. Of course smaller δ, even
more precisely determined base flows, and smaller time steps
could determine these values more precisely. However, this is
challenging and likely unimportant. Were such a 0 < |ρi|−1 < δ
instability to exist, it would require at least 2000 T -periods to am-
plify by a factor of 10. So, in this case, there are three effectively
neutral (|ρi| ≈ 1) Floquet multipliers. The associated eigenvectors
are rigid-body-like rotations of the capsule, for which this flow
system is invariant, so their neutral stability is unsurprising. All
other Floquet multipliers are small, with |ρi| < 10−8 per the
precision of the methods, and thus do not impact the stability
conclusions [52]. More evident is the η1 = 2.74 > 1, indicat-
ing transient amplification and taking the form of a membrane
deformation. Lastly, the intra-period growth bound ∆ ≈ 2000
is significantly larger; we will show that this value is associated
with a translational capsule perturbation.

The formulation and its implementation are verified through
comparison with a small-amplitude perturbation to a direct nu-
merical simulation (DNS) in Fig. 4, which also serve to illustrate
the phenomenology. The linear theory and DNS match closely for
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Fig. 4. Linear theory and DNS for v⃗η and v⃗∆ over one period for cases (a)–(c) as labeled.

Fig. 5. Visualization of (a) v⃗η and (b) v⃗∆ for Wi = 0.8 and De = 0.03. Perturbations are magnified as s⃗[0] + 5v⃗.

all cases and initial conditions. A large intra-period amplification
∆ > η is observed in each case. However, this behavior is
neutral period-to-period, so it will only be important if it triggers
nonlinear growth, or is sufficiently large to disrupt viewing of
the capsule, for instance, in an experiment. An example of a
large ∆ is shown in Fig. 4(c), with v⃗∆ amplifying about 105ro
before the capsule (in this case) leaves the computational domain
of size L. We see v⃗η does have finite amplification after one
period, as expected, though this growth is transient and cannot
amplify quicker than that of the largest Floquet multiplier, which
is effectively neutral for the cases considered. We note that there
is no direct link between the asymptotic growth associated with
the Floquet multipliers ρi and the v⃗η we identify here.

Example singular vectors v⃗η and v⃗∆ are shown in Fig. 5. The
v⃗η appears as a shear-like deformation in the ŷ–ẑ plane; this
membrane shape deformation is consistent with previous studies
of transiently unstable capsule perturbations [50,51]. The v⃗∆ ap-
pears as a translation of the capsule in the ŷ-direction. Indeed this
growth can be anticipated, as the flow is in extension in one of the
coordinate directions at any given time, which is fundamentally
unstable. The direction of this amplification switches every half-
period, resulting in the neutral behavior observed in Fig. 4. We
analyze this intra-period amplification next.

Example ∆ are shown in Fig. 6(a). We see ∆ increases with Wi
and 1/De, which can be anticipated as the strength and duration
of the flow and its period increase, respectively. The increase of ∆

with 1/De is exponential with rate α for constant Wi. Further, α

Fig. 6. (a) ∆ for varying De and Wi. (b) Linear least-squares fitted α for ∆ = exp(α/De) at select Wi.
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Fig. 7. Pipkin space showing contours of constant ∆ and η100 as labeled.

increases linearly with Wi (with slope 1/π ), as shown in Fig. 6(b).
These observations can be expressed compactly as

∆ = exp
(

Wi
πDe

)
. (10)

This result is consistent with the displacement of a rigid,
infinitesimal, particle perturbed in an analogous one-dimensional
oscillatory extensional flow, as deduced from the governing equa-
tion of such a particle,

dx
dt

= ϵ̇0 sin(2π t/T )x, (11)

where x is the particle position. This has solution

x(t) = exp
(

ϵ̇0 T
2π

[1 − cos (2π t/T )]
)

δ, (12)

where δ is the initial perturbation amplitude. It is evident that
the largest amplification occurs when t = T/2 or 3T/2, so ∆ =

exp(ϵ̇0T/π ), which is consistent with (10) and the 1/π slope
seen in Fig. 6(b). Thus, the elasticity of the capsule membrane
is ultimately unimportant for the translational intra-period am-
plification we identify, and the capsule behaves very nearly as
an infinitesimal particle when subject to this translation in LAOE
flow.

We use (10) to cast isocontours of ∆ onto a Wi–De Pipkin
space [57], as shown in Fig. 7, to compare the relative amplifi-
cations we observe. The locus of cases that satisfy η100 > 10;
that is, cases that could amplify a perturbation by a factor of ten
within 100 T -periods through a transient mechanism, are shown
to facilitate this comparison. We see η100 > 10 for only large Wi

and small De, which is much smaller than ∆ for the same cases.
We thus conclude that the transient amplification we observe is
subservient to the translational intra-period growth.

Lastly, we consider capsule membrane with spatially non-
uniform elasticity; this serves as a model for actual capsules
that do not have exactly uniform elasticity. We vary the shear
modulus linearly in the ŷ direction:

Ẽs(x) = Es

(
1 +

gy
ro

)
, (13)

where g is the strength of the non-uniformity. The single-period
amplification of a capsule with shear elasticity Ẽs from ε = 0 is
shown in Fig. 8. The maximum growth increases linearly with g
for constant Wi for all cases considered, consistent with the linear
variation in Ẽs with g . ∥ε⃗1∥ increases monotonically, though not
linearly, with Wi for constant g . In all cases, even for large g , the
amplification is relatively small, with ∥ε⃗1∥ < 0.1ro, compared
with the larger ∆ associated with translational perturbations v⃗∆.

5. Discussion and conclusions

A non-modal and time-global Floquet stability analysis was
formulated for fully-coupled capsule-viscous-flow systems, ex-
tending previous studies of time-stationary capsule flows. This
analysis was applied to the motion of (at-rest) spherical cap-
sules subject to LAOE flow of varying strength and frequency. All
flow strengths and periods were found to be t → ∞ stable, a
result shared with initially spherical vesicles in time-stationary
extensional flow [30]. A set of transiently amplifying perturba-
tions, however, were identified in each case. These perturba-
tions include shape distortions of the capsule membrane, sim-
ilar to other transiently unstable capsule flows [50,51]. Here,
transiently unstable perturbations amplified slowly over many
periods, as demonstrated by the only small fraction of cases that
satisfied η100 > 10. Further, this growth necessarily saturates at
long times due to their asymptotic stability. Thus, this transient
amplification is likely unimportant in application.

An intra-period transient amplification ∆ was also identified.
It was associated with a translation of the capsule and amplified
many orders of magnitude in certain cases, depending on the
flow strength and period. This amplification was associated a shift
of the flow stagnation point, and was thus consistent with that
of a rigid particle in the same flow. As a result, the elasticity
of the capsule membrane was subservient to the hydrodynamic
behavior. Importantly, this capsule translation did not amplify on
a period-to-period basis, as precluded by its asymptotic stability.
Ultimately, this perturbation is only important if it is not damped
through a flow control mechanism. Further, since it did not in-
volve membrane deformations, only translational flow control
is required. Such a control mechanism has been successfully

Fig. 8. Disturbance amplitude ∥ε⃗1∥ for capsules with non-uniform shear elasticity for varying (a) g and (b) Wi. All cases have De = 0.1.
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implemented for single strands of DNA by shifting the stagnation
point of the flow [14,15]. This is in contrast to a more complex
flow field control that would be required to damp more complex
perturbations, such as those involving high-order deformations of
the membrane.

Lastly, we showed that these translational perturbations have
larger amplification than do perturbations arising from spatially
non-uniform membrane elasticity. We thus conclude that such
translational disturbances are of principal importance when con-
sidering the stability of such a particle in LAOE flow, even when
considering the possible non-uniformity (and, thus, asymmetry)
of actual capsules.
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