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ARTICLE INFO ABSTRACT

Keywords: The hyperbolic quadrature method of moments (HyQMOM) for closing a moment system of arbi-
Kinetic equation trary even order found from a one-dimensional (1D) kinetic equation was introduced in our prior
Quadrature-based moment methods work (Fox & Laurent, SIAM J. Appl. Math., 82 (2022)). Here, fourth-order HyQMOM is extended

Hyperbolic conservation law

’ to two-dimensional (2D) kinetic equations using up to 15 velocity moments and three-dimensional
High-speed flows

(3D) kinetic equations using up to 35 moments, i.e., including integer moments up to fourth or-
der. Using the 2D 15-moment system, example calculations are carried out in a 2D spatial domain
for problems involving impinging jets for various values of the Knudsen (Kn) and jet Mach (Ma)
numbers. Due to the structure of the 2D HyQMOM closures for the fifth-order moments and the
correction algorithm for moment realizability and hyperbolicity, a robust numerical algorithm
for the moment system based on the HLL solver can be applied to simulate cases with arbitrary
values of Kn and Ma. The extension to 3D kinetic equations requires up to twenty additional ve-
locity moments, and can be derived and implemented numerically relatively straightforwardly.
The main implementation difficulty in 3D is the formulation of the moment-correction algorithm
using leading principal minors or moment projection. Nonetheless, the 3D moment systems are
found to be hyperbolic under the same conditions as the 2D moment systems. Simulations of the
3D moment systems in 2D and 3D spatial domains demonstrate the robustness of the fourth-order
HyQMOM closures for arbitrary Kn and Ma.

1. Introduction

The focus of this work is on moment methods for approximating solutions of the multidimensional kinetic equation for the velocity
distribution function (VDF) with velocity vector u € R? for d = 2,3 [1-11]. We refer the reader to Rice et al. [10], Rice [11], Fox and
Laurent[12], Laurent and Fox [13], Yilmaz et al. [14], Habscheid [15] for recent discussions of the relative merits and shortcomings of
existing approximations; however, the main issues are loss of hyperbolicity for realizable moments, failure of the VDF reconstruction
for realizable moments, and the high cost of VDF reconstruction, especially close to the boundary of moment space. In compari-
son, at least for d = 1, moment closures based on orthogonal polynomials suffer from none of these issues while providing accurate
closures far from equilibrium [12-14,16,17]. Here, in particular, we extend the 1D hyperbolic quadrature method of moments (HyQ-
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\begin {equation}\label {equ:1Dcinetique} \partial _t f + u \partial _x f = 0,\end {equation}
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\begin {equation}\label {eq:1dclosure} \partial _t \bfM _{2n} + \partial _x \bfF (\bfM _{2n} ) = \boldsymbol {0}\end {equation}


$\bfF (\bfM _{2n}) := (m_1, m_2, \dots , m_{2n+1})^t$
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\begin {equation}\label {eq:1dcentral} c_k = \sum _{i=0}^k \binom {k}{i} (-\bu )^{k-i} \frac {m_i}{m_0}\end {equation}
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\begin {equation}\label {eq:1dstandard} s_k = \frac {c_k}{c_2^{k/2}} = \langle \tu ^k \rangle \quad \text {with} \quad \tu = \frac {u - \bu }{c_2^{1/2}}.\end {equation}
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\begin {equation*}s_i = \int _\mathbb {R} \tu ^i f_1 (\tu ) \sd \tu \end {equation*}


$f_1$


$f_2$


$s_i$


$s_{2n+1}$


$k=0,1,\dots ,n-1$


$a_k$


$b_k$


$b_n$


$\bfS _{2n}$


\begin {equation}\label {def::alp} \alpha _n := \frac {1}{n} \sum _{k=0}^{n-1} a_k \quad \text {and} \quad \beta _n := \frac {2n+1}{n} b_n .\end {equation}
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\begin {equation}\label {1dpoly} P_{2n+1}(x) = Q_n (x) R_{n+1} (x) .\end {equation}
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\begin {equation}\label {Qnp1} Q_{n+1} (x) = (x - a_{n}) Q_{n} (x) - b_{n} Q_{n-1}(x)\end {equation}


$f_1$


\begin {equation}\label {deforthogr} a_n = \frac {\langle x Q_n^2 \rangle }{\langle Q_n^2 \rangle }, \ \
b_n = \frac {\langle Q_n^2 \rangle }{\langle Q_{n-1}^2 \rangle },\end {equation}


$\langle (\cdot ) \rangle = \int _\mathbb {R} (\cdot ) f_1 (x) \sd x$


$\langle Q_i Q_j \rangle = 0$


$i \neq j$


$R_{n+1}$


\begin {equation}\label {Rnp1} R_{n+1}(x) = (x - \alpha _n) Q_n(x) - \beta _n Q_{n-1}(x) .\end {equation}
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\begin {equation}\label {P5} P_{5}(x) = x^5 - \frac {5}{2} s_{3} x^4 + \frac {1}{2} (1+9 s_{3}^2 - 5 s_{4}) x^3 + \frac {1}{2} s_{3} ( 1 - 6 s_{3}^2 + 5 s_{4}) x^2 - \frac {1}{2} (3 + 7 s_{3}^2 - 5 s_{4}) x - \frac {1}{2} s_{3}\end {equation}


$b_2 = \langle Q_2^2 \rangle = s_4 - s_3^2 -1 \ge 0$


$\langle P_5 \rangle = 0$


$s_5$


\begin {equation*}0 = s_5 - \frac {5}{2} s_{3} s_4 + \frac {1}{2} (1+9 s_{3}^2 - 5 s_{4}) s_3 + \frac {1}{2} s_{3} ( 1 - 6 s_{3}^2 + 5 s_{4}) - \frac {1}{2} s_{3} .\end {equation*}


$\bP _{2n+1} (u)$


\begin {equation}\label {eq:defbP} \bP _{2n+1} (u) = c_{2}^{(2n+1)/2} P_{2n+1} \left ( \frac {u-\bu }{c_2^{1/2}} \right ) = c_{2}^{(2n+1)/2} P_{2n+1} (\tu ).\end {equation}
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$u_k = \bu + c_2^{1/2} \hat {u}_k$
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$i,j \in \mathbb {N}$


$s_{11}=c_{11}/\sqrt {c_{20} c_{02}}$


$c_{20}$


$c_{02}$


$H_{20} = s_{40} - s_{30}^2 - 1 > 0$


$H_{02} = s_{04} - s_{03}^2 - 1 > 0$


$H_{2n}$


$|\Delta _1| > 0$


$|\Delta _2| > 0$


\begin {equation}\label {def::delta} \Delta _1 = \begin {bmatrix} 1 & 0 & 0 \\ 0 & 1 & s_{11} \\ 0 & s_{11} & 1 \\ \end {bmatrix} \quad \text {and} \quad \Delta _2 = \begin {bmatrix} & & & 1 & s_{11} & 1 \\ & \Delta _1 & & s_{30} & s_{21} & s_{12} \\ & & & s_{21} & s_{12} & s_{03} \\ 1 & s_{30} & s_{21} & s_{40} & s_{31} & s_{22} \\ s_{11} & s_{21} & s_{12} & s_{31} & s_{22} & s_{13} \\ 1 & s_{12} & s_{03} & s_{22} & s_{13} & s_{04} \end {bmatrix},\end {equation}
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$| \Delta _2 | = | \Delta _1 | | \Delta _2^* |$


\begin {equation}\label {def::delta2} \Delta _2^* = \begin {bmatrix} s_{40} & s_{31} & s_{22} \\ s_{31} & s_{22} & s_{13} \\ s_{22} & s_{13} & s_{04} \end {bmatrix} - \bfD \ \ \text {and} \ \ \bfD = \frac {1}{| \Delta _1 |} \begin {bmatrix} 1 & s_{30} & s_{21} \\ s_{11} & s_{21} & s_{12} \\ 1 & s_{12} & s_{03} \end {bmatrix} \begin {bmatrix} |\Delta _1 | & 0 & 0 \\ 0 & 1 & - s_{11} \\ 0 & - s_{11} & 1 \end {bmatrix} \begin {bmatrix} 1 & s_{11} & 1 \\ s_{30} & s_{21} & s_{12} \\ s_{21} & s_{12} & s_{03} \end {bmatrix},\end {equation}
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\begin {equation}\label {p2p211} H_{20} | \Delta _1 | > (s_{21} - s_{11} s_{30} )^2 \quad \text {and} \quad H_{02} | \Delta _1 | > (s_{12} - s_{11} s_{03} )^2.\end {equation}
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\begin {equation}\label {limits12} \begin {gathered} - (H_{20} |\Delta _1| )^{1/2} < s_{21} - s_{11} s_{30} < (H_{20} |\Delta _1|)^{1/2}, \\ - (H_{02} |\Delta _1| )^{1/2} < s_{12} - s_{11} s_{03} < (H_{02} |\Delta _1|)^{1/2}, \end {gathered}\end {equation}


$\Delta _2^*$


$|\Delta _1| = 0$
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$q_1 = (c_{30} + c_{12})/2$


$q_2 = (c_{21} + c_{03})/2$


$s_{22}$


$X=\tu ^2-1$


$Y=\tv ^2-1$


$(\tu ,\tv )$


\begin {gather*}(s_{22} - 1)^2 < (s_{40}-1)(s_{04}-1).\end {gather*}


\begin {equation}\label {limits22} 1 - \sqrt {(s_{40}-1)(s_{04}-1)} < s_{22} < 1 + \sqrt {(s_{40}-1)(s_{04}-1)}\end {equation}
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\begin {gather*}\begin {vmatrix} s_{40} - d_{11} & s_{31} - d_{12} \\ s_{31} - d_{12} & s_{22} - d_{22} \\ \end {vmatrix} = (s_{40} - d_{11}) (s_{22} - d_{22}) - (s_{31} - d_{12})^2 > 0,\end {gather*}
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\begin {equation}\label {limits31} \frac {s_{12} s_{21} + s_{21} s_{30} - s_{11} s_{21}^2 - s_{11} s_{12} s_{30} - G_{31}^{1/2}}{|\Delta _1|} < s_{31} - s_{11} < \frac {s_{12} s_{21} + s_{21} s_{30} - s_{11} s_{21}^2 - s_{11} s_{12} s_{30} + G_{31}^{1/2}}{|\Delta _1|} .\end {equation}
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\begin {equation}\label {limits22f} \begin {aligned} s_{22,\min } &= \max \left ( s_{11}^2 , 1 - \sqrt {(s_{40}-1)(s_{04}-1)}, R_2 \right ) \\ s_{22,\max } &= \min \left ( 1 + \sqrt {(s_{40}-1)(s_{04}-1)}, R_3 \right ). \end {aligned}\end {equation}
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\begin {equation}\label {Qn+1} \hat {Q}_{n+1} (x) = (x - a_n) Q_{n} (x) - b_n Q_{n-1}(x),\end {equation}
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\begin {equation}\label {Qn+11} \langle \calU _{i+1} \calV _1 \rangle = \langle x \calU _i \calV _1 \rangle - a_{x,i} \langle \calU _i \calV _1 \rangle - b_{x,i} \langle \calU _{i-1} \calV _1 \rangle \quad \text {for $i \ge 1$}.\end {equation}
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\begin {equation}\label {EAGclosure} s_{21}=s_{30}s_{11},\ s_{12}=s_{03}s_{11}, \quad s_{31}=s_{40}s_{11},\ s_{13}=s_{04}s_{11}, \quad s_{41}=s_{50}s_{11},\ s_{14}=s_{05}s_{11};\end {equation}
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$\langle \calU _i \calV _j \rangle =0$
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$f(t,\xx ,\uu )$


$(t,\xx ,\uu ) \in \mathbb {R}^+ \times \mathbb {R}^2 \times \mathbb {R}^2$


$\uu = (u_1 \, u_2)^t$


\begin {equation}\label {equ:cinetique} \partial _t f + \uu \bcdot \partial _\xx f = 0\end {equation}


$f(0,\xx ,\uu ) = f_0(\xx ,\uu )$


$\Kn $
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$i \in {1,2}$


$\uu = u_1 \bfe _1 + u_2 \bfe _2$


\begin {equation}\label {equ:cinetique2} \partial _t f + \bfe _i \bcdot \partial _\xx ( u_i f) = 0\end {equation}


\begin {equation}m_{ij} = \int _{\mathbb {R}^2} u_1^i u_2^j f \sd u_1 \sd u_2 \label {Xeqn26-26}\end {equation}


$i+j \in (0,1,\dots ,2n)$


$n \ge 1$


$n = 1$


$n = 2$


$m_{ijk}$


$l=i+j+k > 4$
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$i \in (0,\dots ,2)$


\begin {equation}\label {dDtransportn=1} \partial _t \begin {bmatrix} m_{00} & m_{01} & m_{02} \\ m_{10} \\ m_{20} \end {bmatrix} + \partial _{x_1} \begin {bmatrix} m_{10} & \bu _1 m_{01} & \bu _1 m_{02} \\ m_{20} \\ m_{30} \end {bmatrix} + \partial _{x_2} \begin {bmatrix} m_{01} & m_{02} & m_{03} \\ \bu _2 m_{10} \\ \bu _2 m_{20} \end {bmatrix} = \bfzero \end {equation}


$\bu _1 = m_{10}/m_{00}$
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\begin {equation}\label {equ:m2closures} m_{30} = m_{00} \bu _1 (\bu _1^2 + 3 c_{20}) , \quad m_{03} = m_{00} \bu _2 (\bu _2^2 + 3 c_{02})\end {equation}
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$i \in (0,\dots ,4)$


\begin {align}\label {equ:m4} &\partial _t \begin {bmatrix} m_{00} & m_{01} & m_{02} & m_{03} & m_{04} \\ m_{10} \\ m_{20} \\ m_{30} \\ m_{40} \end {bmatrix}\nonumber \\ &\quad + \partial _{x_1} \begin {bmatrix} m_{10} & \bu _1 m_{01} & \bu _1 m_{02} & \bu _1 m_{03} & \bu _1 m_{04} \\ m_{20} \\ m_{30} \\ m_{40} \\ m_{50} \end {bmatrix} + \partial _{x_2} \begin {bmatrix} m_{01} & m_{02} & m_{03} & m_{04} & m_{05} \\ \bu _2 m_{10} \\ \bu _2 m_{20} \\ \bu _2 m_{30} \\ \bu _2 m_{40} \end {bmatrix} = \bfzero .\end {align}


$\bu _i$


$n>2$


$m_{11}$


$n=1$


\begin {equation}\label {equ:m2r} \partial _t \begin {bmatrix} m_{00} & m_{01} & m_{02} \\ m_{10} & m_{11} \\ m_{20} \end {bmatrix} + \partial _{x_1} \begin {bmatrix} m_{10} & m_{11} & m_{12} \\ m_{20} & m_{21} \\ m_{30} \\ \end {bmatrix} + \partial _{x_2} \begin {bmatrix} m_{01} & m_{02} & m_{03} \\ m_{11} & m_{12} \\ m_{21} \end {bmatrix} = \bfzero ,\end {equation}


$c_{30}=c_{21}=c_{12}=c_{03}=0$


$n=2$


\begin {align}\label {equ:m4r} &\partial _t \begin {bmatrix} m_{00} & m_{01} & m_{02} & m_{03} & m_{04} \\ m_{10} & m_{11} \\ m_{20} \\ m_{30} \\ m_{40} \end {bmatrix}\nonumber \\ &\quad + \partial _{x_1} \begin {bmatrix} m_{10} & m_{11} & m_{12} & m_{13} & m_{14} \\ m_{20} & m_{21} \\ m_{30} \\ m_{40} \\ m_{50} \end {bmatrix} + \partial _{x_2} \begin {bmatrix} m_{01} & m_{02} & m_{03} & m_{04} & m_{05} \\ m_{11} & m_{12} \\ m_{21} \\ m_{31} \\ m_{41} \end {bmatrix} = \bfzero ,\end {align}


$m_{21}$


$m_{12}$


$s_{11}=c_{11}/\sqrt {c_{20} c_{02}}$


\begin {equation}\label {hyqmom5} s_{50} = \frac {1}{2} s_{30} (5 s_{40} - 3 s_{30}^2 -1),\ s_{05}= \frac {1}{2} s_{03} (5 s_{04} - 3 s_{03}^2 -1).\end {equation}


$s_{11}=0$


$s_{11} = \pm 1$


$s_{11} = \pm 1$


$s_{30}=s_{11}s_{03}$


$s_{40}=s_{04}$


$Y$


$X$


$\langle Y | X \rangle = s_{11} X$


$\langle \langle Y | X \rangle ^j \rangle = s_{11}^j s_{j0}$


$Y = s_{11} X$


$\langle Y^j \rangle = s_{0j} = s_{11}^j s_{j0}$


$\langle X^i Y^j \rangle = s_{ij} = s_{11}^j s_{i+j0}$


$s_{11} = \pm 1$


$s_{30}$


$s_{03}$


$s_{11} = 0$


$s_{11}$


$[-1,1]$


$s_{11}=0$


$n>2$


\begin {gather*}X =[m_{00}, m_{10}, m_{20}, m_{30}, m_{40}, m_{01}, m_{11}, m_{02}, m_{03}, m_{04}],\end {gather*}


$x_1$


$5 \times 5$


$Q_2(x) R_3(x)$


$R_3 (x) = (x - a_2) Q_2(x) - \frac {5}{2} b_2 Q_1(x)$


$a_2 = s_{30}/2$


$b_2 = s_{40} - s_{30}^2 -1$


$2\times 2$


$Q_2(x)$


$3 \times 3$


$S_3$


\begin {equation}S_3 (y) = (y - a_2) Q_2(y) - \frac {3}{2} b_2 Q_1(y) \label {Xeqn32-36}\end {equation}


$y=x/s_{11}$


$a_2 = s_{03}/2$


$b_2 = s_{04} - s_{03}^2 -1$


$s_{11}=0$


$s_{11}$


\begin {gather*}P_{10}(x) = Q_2^2(x) R_3(x) S_3 (y).\end {gather*}


$Q_2$


$s_{11} = \pm 1$


$b_2=0$


$S_3 \equiv R_3$


$Q_2=0$


$x=a_2$


$Q_{2}(x)$


$Q_{2}(y)$


$s_{11} = \pm 1$


\begin {gather*}P_{10}(x) = Q_2^3(x) Q_2(y) (x - s_{30}/2) (x - s_{11} s_{03}/2).\end {gather*}


$R_3$


$S_3$


$(s_{30}, s_{40})$


$(s_{11}, s_{03}, s_{04})$


$S_3$


$s_{11}$


$R_3$


$n=2$


$m_{21}$


$m_{12}$


\begin {align}\label {equ:m43r} &\partial _t \begin {bmatrix} m_{00} & m_{01} & m_{02} & m_{03} & m_{04} \\ m_{10} & m_{11} & m_{12}\\ m_{20} & m_{21} \\ m_{30} \\ m_{40} \end {bmatrix}\nonumber \\ &\quad + \partial _{x_1} \begin {bmatrix} m_{10} & m_{11} & m_{12} & m_{13} & m_{14} \\ m_{20} & m_{21} & m_{22}\\ m_{30} & m_{31}\\ m_{40} \\ m_{50} \end {bmatrix} + \partial _{x_2} \begin {bmatrix} m_{01} & m_{02} & m_{03} & m_{04} & m_{05} \\ m_{11} & m_{12} & m_{13} \\ m_{21} & m_{22}\\ m_{31} \\ m_{41} \end {bmatrix} = \bfzero ,\end {align}


$m_{31}$


$m_{22}$


$s_{31},s_{22},s_{41}$


$\langle \calU _{3} \calV _1 \rangle = 0$


$\langle \calU _{2} \calV _2 \rangle = 0$


$\langle \calU _{4} \calV _1 \rangle = 0$


$s_{13},s_{14}$


$\calU _{2}$


$\calV _{2}$


$\calU _{2} = x^2 - s_{30} x -1$


$s_{22}$


\begin {equation}\label {Q3x} \calU _{3} (x) = (x - a_{x,2}) \calU _{2} (x) - b_{x,2} \calU _{1}(x), \quad \calU _{4} (x) = (x - a_{x,2}) \calU _{3} (x) - \beta _3 b_{x,2} \calU _{2}(x),\end {equation}


$a_{x,2} = s_{30}/2$


$b_{x,2} = s_{40} - s_{30}^2 -1$


$s_{31}$


$s_{41}$


\begin {equation}\label {Q3xy} \langle x y \calU _{2} \rangle = a_{x,2} \langle y \calU _{2} \rangle + b_{x,2} s_{11}, \quad \langle x y \calU _{3} \rangle = a_{x,2} \langle y \calU _{3} \rangle + \beta _3 b_{x,2} \langle y \calU _{2} \rangle .\end {equation}


$s_{41}$


$\beta _3$


$\beta _3 = {3}/{2}$


$4 \times 4$


$S_4$


$s_{22}$


$s_{11}^2=1$


$s_{22} = 1 + |s_{11}| \sqrt {(s_{40}-1)(s_{04}-1)}$


\begin {align}\label {3EAGclosure} &s_{31}= \frac {3}{2} s_{30} (s_{21} - s_{30} s_{11}) + s_{40}s_{11},\
s_{13}=\frac {3}{2} s_{03} (s_{12} - s_{03} s_{11}) +s_{04}s_{11}, \notag \\& s_{22}=1 - s_{30}s_{03}s_{11} + s_{30} s_{12} + s_{03}s_{21} ,\notag \\& s_{41}=\frac {1}{4}(10 s_{40} - 3 s_{30}^2 -6) s_{21} -\frac {1}{4}(3 s_{30}^2 - 4) s_{30}s_{11},\
s_{14}=\frac {1}{4}(10 s_{04} - 3 s_{03}^2 -6) s_{12} -\frac {1}{4}(3 s_{03}^2 - 4) s_{03}s_{11} a\end {align}


$s_{21} = s_{30} s_{11}$


$s_{12} = s_{03} s_{11}$


$s_{41} =s_{50}s_{11}$


$s_{22}=s_{40}=s_{04}$


$\langle y \calU _{2} \rangle = s_{21} - s_{30}s_{11}$


$s_{41}$


$\beta _3$


$b_{x,2}=0$


$s_{21} = s_{30}s_{11}$


$s_{21} = s_{30}s_{11}$


$s_{41} = s_{50} s_{11}$


$s_{50}$


\begin {gather*}X =[m_{00}, m_{10}, m_{20}, m_{30}, m_{40}, m_{01}, m_{11}, m_{21}, m_{02}, m_{12}, m_{03}, m_{04}],\end {gather*}


$x_1$


$5 \times 5$


$Q_2(x) R_3(x)$


$3 \times 3$


$Q_3(x)$


$(s_{30},s_{40})$


$4 \times 4$


$S_4$


$s_{40}$


$b_{y,2}$


$b_{x,2}$


$s_{21}=s_{30}s_{11}$


$S_4$


$2\times 2$


$Q_2(x)$


$s_{04}$


\begin {gather*}\frac {1}{2} s_{30} \pm \frac {1}{2} \sqrt {s_{30}^2 + 4}, \quad 2 s_{12} - \frac {3}{2}s_{03}s_{11} \pm \frac {1}{2} \sqrt {4 s_{11}^2 + s_{12}^2}.\end {gather*}


$S_4$


$(s_{11}, s_{30}, s_{21}, s_{12}, s_{03}, s_{04})$


$s_{04}=1+s_{03}^2$


$s_{12}=s_{03} s_{11}$


$S_4$


\begin {gather*}\frac {1}{2} s_{30} \pm \frac {1}{2} \sqrt {s_{30}^2 + 4 + s_{03} (s_{21}-s_{30}s_{11})}, \quad \frac {1}{2} s_{03} s_{11} \pm \frac {1}{2} s_{11} \sqrt {s_{03}^2 + 4}.\end {gather*}


$s_{21}=s_{30}s_{11}$


$(\pm 1, \pm s_{11})$


$s_{30} = s_{11} s_{03}$


$s_{21} = s_{30}$


$s_{12} = s_{03}$


$n=2$


$n=2$


\begin {align}\label {equ:m44or} &\partial _t \begin {bmatrix} m_{00} & m_{01} & m_{02} & m_{03} & m_{04} \\ m_{10} & m_{11} & m_{12} & m_{13} \\ m_{20} & m_{21} & m_{22} \\ m_{30} & m_{31} \\ m_{40} \end {bmatrix} \nonumber \\ &\quad + \partial _{x_1} \begin {bmatrix} m_{10} & m_{11} & m_{12} & m_{13} & m_{14} \\ m_{20} & m_{21} & m_{22} & m_{23} \\ m_{30} & m_{31} & m_{32} \\ m_{40} & m_{41} \\ m_{50} \end {bmatrix} + \partial _{x_2} \begin {bmatrix} m_{01} & m_{02} & m_{03} & m_{04} & m_{05} \\ m_{11} & m_{12} & m_{13} & m_{14} \\ m_{21} & m_{22} & m_{23} \\ m_{31} & m_{32} \\ m_{41} \end {bmatrix} = \bfzero .\end {align}


$\beta _3 = 3/2$


$s_{31}, s_{22}, s_{13}$


$s_{41}$


$s_{32}$


\begin {align}\label {closures41&32} &s_{41} = - \frac {1}{4} s_{30} (8 s_{40} - 9 s_{30}^2 - 4) s_{11} + \frac {1}{4} (10 s_{40} - 15 s_{30}^2 - 6) s_{21} + 2 s_{30} s_{31}, \notag \\& s_{32} = \frac {1}{2} (2 s_{40} - 3 s_{30}^2) (s_{12}-s_{03}s_{11}) + \frac {1}{2} s_{03} (2 s_{31} - 3 s_{30} s_{21}) + \frac {1}{2} s_{30} (3 s_{22} -1) ,\end {align}


$(s_{23},s_{14})$


$s_{32} = s_{30}$


$s_{11} = \pm 1$


$s_{32} = s_{50}$


$\beta _3$


$(s_{41},s_{14})$


$\beta _3$


\begin {gather*}X =[m_{00}, m_{10}, m_{20}, m_{30}, m_{40}, m_{01}, m_{11}, m_{21}, m_{31}, m_{02}, m_{12}, m_{22}, m_{03}, m_{13}, m_{04}],\end {gather*}


$x_1$


$5\times 5$


$Q_2(x) R_3(x)$


$4 \times 4$


$Q_4= (x-a_2) Q_3 - \frac {3}{2} b_2 Q_2$


$(s_{30},s_{40})$


$6 \times 6$


\begin {equation}\label {uncoupleJ6} s_{31}-s_{11}s_{40} + \frac {3}{2} s_{30} (s_{11} s_{30} - s_{21})\end {equation}


$3 \times 3$


$Q_3$


$(s_{30},s_{40})$


$6 \times 6$


\begin {equation}\label {hyperbolicity_constraints} s_{21}=s_{11}s_{30},\ s_{12}=s_{11}s_{03},\ s_{31}=s_{11}s_{40},\ s_{13}=s_{11}s_{04},\ s_{22} > \frac {1}{3}+\frac {5}{6}s_{03}s_{11}s_{30},\end {equation}


$3 \times 3$


$s_{22}$


$s_{11} = \pm 1$


$\Kn $


$| \Delta _2^* | < 0$


$s_{31}$


$s_{13}$


\begin {align}\label {closures31&13} &s_{31} = s_{11}s_{40} + \frac {3}{2} s_{30} (s_{21} - s_{11} s_{30}), \
s_{13} = s_{11}s_{04} + \frac {3}{2} s_{03} (s_{12} - s_{11} s_{03}), \notag \\& s_{32} = \frac {1}{2} (2 s_{40} - 3 s_{30}^2) s_{12} + \frac {3}{2} s_{30} s_{22} - \frac {1}{2} s_{30}, \
s_{23} = \frac {1}{2} (2 s_{04} - 3 s_{03}^2) s_{21} + \frac {3}{2} s_{03} s_{22} - \frac {1}{2} s_{03}, \notag \\& s_{41} = \frac {1}{4} s_{30} (4 - 3 s_{30}^2) s_{11} + \frac {1}{4} (10 s_{40} - 3 s_{30}^2 - 6) s_{21}, \
s_{14} = \frac {1}{4} s_{03} (4 - 3 s_{03}^2) s_{11} + \frac {1}{4} (10 s_{04} - 3 s_{03}^2 - 6) s_{12}.\end {align}


$s_{11}^2=1$


$| \Delta _1 |=0$


$s_{50}$


$s_{05}$


$s_{11} = \pm 1$


\begin {align}\label {equ:m413} &\partial _t \begin {bmatrix} m_{00} & m_{01} & m_{02} & m_{03} & m_{04} \\ m_{10} & m_{11} & m_{12} & \\ m_{20} & m_{21} & m_{22} \\ m_{30} & \\ m_{40} \end {bmatrix}\nonumber \\ &\quad + \partial _{x_1} \begin {bmatrix} m_{10} & m_{11} & m_{12} & m_{13} & m_{14} \\ m_{20} & m_{21} & m_{22} & \\ m_{30} & m_{31} & m_{32} \\ m_{40} & \\ m_{50} \end {bmatrix} + \partial _{x_2} \begin {bmatrix} m_{01} & m_{02} & m_{03} & m_{04} & m_{05} \\ m_{11} & m_{12} & m_{13} & \\ m_{21} & m_{22} & m_{23} \\ m_{31} & \\ m_{41} \end {bmatrix} = \bfzero \end {align}


\begin {gather*}X =[m_{00}, m_{10}, m_{20}, m_{30}, m_{40}, m_{01}, m_{11}, m_{21}, m_{02}, m_{12}, m_{22}, m_{03}, m_{04}]\end {gather*}


$13 \times 13$


$x_1$


$Q_3(x)=0$


\begin {equation}\label {rootsP2} \lambda _{1,2} = 2 s_{12} - \frac {3}{2} s_{03} s_{11} \pm \frac {(4 s_{11}^2 + s_{12}^2)^{1/2}}{2},\end {equation}


$R_3$


$\Ma $


$R_3$


$\Kn $


$\Ma $


$\varDelta _2^*$


$\Kn $


$s_{11}^2 = 1$


$n=2$


$| \Delta _1 |$


$s_{11} \neq 0$


$s_{11}=0$


$s_{11}$


$m_{00}=1$


$s_{11}$


$0$


$\pm 1$


$m_{10}=m_{01}=0$


$m_{01}=m_{10}= \pm \Ma / \sqrt {2}$


$\Ma = 0$


$\Ma $


$m_{00}=1$


$m_{00}=0.1$


$0.01$


$\Ma _s$


$\Ma _s$


$\Ma $


$U$


$N_0$


$\Kn $


\begin {gather*}\frac {\partial \bfM _{2n}}{\partial t} = \frac {\bfG _{2n} - \bfM _{2n}}{\tau _c} \qquad \text {with} \qquad \tau _c = \frac {\text {Kn}}{2 m_{00} \sqrt {\Theta }}\end {gather*}


$\Theta = (c_{20}+c_{02})/2$


$\bfG _{2n}$


$m_{00},\buu , \Theta $


$\tau _c = \Kn /2$


$\Kn $


$N_0$


$\Kn $


$N_0$


$u^\prime $


$\Theta _0=1$


$U$


$\Ma = {U}/{u^\prime }$


$\Kn $


$\Kn $


$\Kn \Ma $


$\Ma $


$\Kn $


$s_{11}$


$s_{11}=0$


$s_{11} = \pm 1$


$s_{11}$


$\Kn $


$s_{11} = \pm 1$


$\Kn $


$\Ma $


$\Ma =0$


$\Ma _s$


$n=2$


$\Kn $


$n$


$\Kn $


$\Ma $


$n=2$


$\Ma _s$


$\Kn $


$\Kn \to \infty $


$P_5$


$\Kn \to 0$


$\Ma $


$R_3$


$6 \times 6$


$R_3$


$\Ma $


$1024\times 1024$


$2048\times 2048$


$H_{20}$


$H_{02}$


$|\Delta _1|$


$|\Delta _2^*|$


$\Ma = 100$


$\Kn = 1000$


$|\Delta _2^*|$


$2\times 10^{-15}$


$\rho (r)=\rho _\infty +\Delta \rho \,\exp (-r^2/2w^2)$


$\Ma _s$


$(\rho _\infty +\Delta \rho )/\rho _\infty $


$\Ma =0$


$\Kn =\infty $


$\Kn =1$


$128^2$


$256^2$


$512^2$


$1024^2$


$p$


$L^1$


$\Kn $


$p=\log _2(e_h/e_{h/2})$


$p\to 1$


$0.05\%$


$\Kn $


$\Ma $


$\Ma $


$256^2$


$\Kn =1$


$\|\Delta M\|$


$\|\Delta M\|$


$\Ma $


$\Kn $


$\Ma =0$


$\Kn =1$


$\Ma =0$


$\Kn =1$


$\max \|\Delta M\|$


$19.8\%$


$256^2$


$19.6\%$


$512^2$


$100$


$\Ma _s$


$\Ma _s$


$\sim 10^{-15}$


$\Kn $


$\Ma $


$\Ma =0$


$\mathrm {CFL} = 0.5$


$R_3$


$s_{11}^2$


$|\Delta _2|$


$\Ma = 4$


$\Kn $


$\Kn = 1000$


$\Kn = 1$


$\Kn $


$t=0.06$


$\Kn =0.001$


$\Ma =4$


$\Kn =0.001$


$t=0.05$


$\Ma =4$


$\Kn =0.001$


$t$


$\Ma =4$


$\Kn =0.001$


$t$


$\Delta _2^*$


$\Delta _2^*$


$\Ma =4$


$\Kn =0.001$


$t$


$6 \times 6$


$\Ma >1$


$\Ma _s>1$


$\Ma =4$


$\Kn =0.1$


$t=0.05$


$\Kn =0.1$


$\Kn <0.1$


$\Kn >0.1$


$\Kn \ge 1$


$\Ma $


$\Kn $


$\Ma $


$\Ma \, \Kn $


$m_{00}$


$0.01$


$\Ma =100$


$\Kn =1$


$200 \times 200$


$t=0.002$


$\Ma =100$


$\Kn =1000$


$t=0.003$


$\Ma = 0$


$\lambda _1$


$\lambda _6$


$\Ma = 100$


$\Kn = 0.001$


$t = 0.002$


$\Ma =100$


$\Kn =0.001$


$t=0.002$


$\Ma $


$\Kn $


$\Ma $


$\Kn = 1$


$\Kn = 0.001$


$\bfu \in \mathbb {Re}^2$


$\bfu \in \mathbb {Re}^3$


$\bfM _4$


$s_{ij0}, s_{i0k}, s_{0jk}$


$H_{200}, H_{020}, H_{002} > 0$


$s_{220}$


$X=\tu ^2-1$


$Y=\tv ^2-1$


$Z=\tu \tv $


$(\tu ,\tv )$


$s_{220}$


\begin {equation}\label {limits220} \max \left ( s_{110}^2, 1 - \sqrt {(s_{400}-1)(s_{040}-1)} \right ) < s_{220} < 1 + \sqrt {(s_{400}-1)(s_{040}-1)} \; .\end {equation}


$s_{202}$


$s_{022}$


$s_{ijk}$


\begin {equation}\label {def::delta3D} \varDelta _1 = \begin {bmatrix} 1 & 0 & 0 & 0 \\ 0 & 1 & s_{110} & s_{101} \\ 0 & s_{110} & 1 & s_{011} \\ 0 & s_{101} & s_{011} & 1 \\ \end {bmatrix}, \
\varDelta _2 = \begin {bmatrix} 1 & 0 & 0 & 0 & 1 & s_{110} & s_{101} & 1 & s_{011} & 1 \\ 0 & 1 & s_{110} & s_{101} & s_{300} & s_{210} & s_{201} & s_{120} & s_{111} & s_{102}\\ 0 & s_{110} & 1 & s_{011} & s_{210} & s_{120} & s_{111} & s_{030} & s_{021} & s_{012}\\ 0 & s_{101} & s_{011} & 1 & s_{201} & s_{111} & s_{102} & s_{021} & s_{012} & s_{003}\\ 1 & s_{300} & s_{210} & s_{201} & s_{400} & s_{310} & s_{301} & s_{220} & s_{211} & s_{202}\\ s_{110} & s_{210} & s_{120} & s_{111} & s_{310} & s_{220} & s_{211} & s_{130} & s_{121} & s_{112}\\ s_{101} & s_{201} & s_{111} & s_{102} & s_{301} & s_{211} & s_{202} & s_{121} & s_{112} & s_{103}\\ 1 & s_{120} & s_{030} & s_{021} & s_{220} & s_{130} & s_{121} & s_{040} & s_{031} & s_{022}\\ s_{011} & s_{111} & s_{021} & s_{012} & s_{211} & s_{121} & s_{112} & s_{031} & s_{022} & s_{013}\\ 1 & s_{102} & s_{012} & s_{003} & s_{202} & s_{112} & s_{103} & s_{022} & s_{013} & s_{004} \end {bmatrix}.\end {equation}


$s_{110}$


$s_{210}$


$\varDelta _1$


\begin {equation}\label {constraint3Da} s_{110}^2, s_{101}^2, s_{011}^2 \le 1,\end {equation}


\begin {equation}\label {constraint3Db} 1 + 2 s_{110} s_{101} s_{011} - (s_{110}^2 + s_{101}^2 + s_{011}^2) \ge 0,\end {equation}


$s_{011} =0$


$s_{110}^2 + s_{101}^2 = 1$


$s_{011} = 1$


$s_{110}=s_{101}$


$s_{110}$


$s_{101}$


$s_{011}$


$|\varDelta _1|=0$


$\sqrt {3/4}$


$0 \le s_{110}s_{101}s_{011}$


$s_{110}s_{101}s_{011}=1$


$\pm 1$


\begin {equation}\label {s011boundary} \begin {gathered} s_{011} - s_{110} s_{101} = a R_{110} R_{101} , \\ s_{101} - s_{110} s_{011} = b R_{110} R_{011} , \\ s_{110} - s_{011} s_{101} = c R_{101} R_{011} , \end {gathered}\end {equation}


\begin {equation}\label {Rcoefficient} R_{110}= (1-s_{110}^2)^{1/2},\ R_{101}=(1-s_{101}^2)^{1/2},\ R_{011} = (1-s_{011}^2)^{1/2},\end {equation}


$a,b,c = \pm 1$


$abc=-1$


$a^2=1$


$ab=-c$


$bc=-a$


$ab=-c$


$(s_{110}, s_{101}, s_{011})$


$(a,b,c) = (-1,-1,-1), (-1,1,1), (1,-1,1),(1,1,-1)$


\begin {gather*}(s_{110},s_{101},s_{011}) = (1, 1, 1), (1, -1, -1), (-1, -1, 1), (-1, 1, -1).\end {gather*}


$s_{110}s_{101}s_{011} \ge - 1/8$


$s_{110}^2 + s_{101}^2 + s_{011}^2 \ge 3/5$


$s_{110}s_{101}s_{011} \ge 0$


$s_{110}^2 + s_{101}^2 + s_{011}^2 \ge 1$


$s_{110}=0$


$\sqrt {3/4}$


$s_{110}s_{101}s_{011} \le 0$


$f(\tu ,\tv ,\tw )$


\begin {equation}\label {VDFboundary} S_1(\tu ,\tv ,\tw ) = a R_{011} \tu + b R_{101} \tv + c R_{110} \tw = 0\end {equation}


$\langle \tu S_1 \rangle = \langle \tv S_1 \rangle = \langle \tw S_1 \rangle =0$


$R_{011}=0$


$R_{101}=R_{110}$


$b \tv + c \tw = 0$


$a \tu + b \tv = 0$


$a \tu + c \tw = 0$


$b \tv + c \tw = 0$


$(a,b,c) = (s_{011},s_{101},s_{110})$


$(a,b,c)$


\begin {equation}\label {constraintS2} S_2 (s_{110}, s_{101}, s_{011}) = 1 + 2 s_{110} s_{101} s_{011} - (s_{110}^2 + s_{101}^2 + s_{011}^2) .\end {equation}


$S_2 \ge 0$


$S_2 < 0$


$0 < \alpha < 1$


$S_2 ( \alpha s_{110}, \alpha s_{101}, \alpha s_{011}) = 0$


$(s_{110}, s_{101}, s_{011})$


$( \alpha s_{110}, \alpha s_{101}, \alpha s_{011})$


$S_2=0$


$s_{110}^2 \le 1$


$S_2 > 0$


$S_2 \le 0$


$f(\tu ,\tv ,\tw ) = f(\tu ) \delta (a \tu + b \tv ) \delta (a \tu + c \tw )$


\begin {equation}\label {cornermoments} s_{ijk} = (-1)^{j+k} c^j b^k \int \tu ^{i+j+k} f(\tu ) d \tu = (-1)^{j+k} s_{110}^j s_{101}^k s_{i+j+k \, 00}\end {equation}


$s_{110}, s_{101} = \pm 1$


$R_{011} = R_{101} = R_{110}=0$


$R_{011}, R_{101}, R_{110}$


$R_{011}=0$


$f(\tu ,\tv ,\tw ) = f(\tu ,\tv ) \delta ( \tw - a \tv ) = f(\tu ,\tw ) \delta ( \tv - a \tw )$


\begin {equation}\label {edgemoments} s_{ijk} = a^k \int \tu ^i \tv ^{j+k} f(\tu ,\tv ) d \tu d \tv = s_{011}^k s_{i\, j+k \, 0} \quad \text {or} \quad s_{ijk} = s_{011}^j s_{i\, 0 \, k+j}\end {equation}


$s_{011}= \pm 1$


$R_{011}=0$


$s_{i \, j+k \,0}$


$s_{i\, 0 \, j+k}$


$s_{i\,j+k\,0}$


$R_{110} > R_{101}$


$s_{i\, 0 \, j+k}$


$R_{101}=0$


$R_{110}=0$


$s_{011}^2 > 1$


$\tw $


$(\tu ,\tv )$


$0 < R_{011}, R_{101}, R_{110}$


\begin {equation}\label {edgemoments1} s_{ijk} = (c R_{110})^{-k} \int \tu ^i \tv ^j (- a R_{011} \tu - b R_{101} \tv )^k f(\tu ,\tv ) d \tu d \tv = \sum _{l=0}^{k} \binom {k}{l} \gamma _1^{l} \, \gamma _2^{k-l} s_{i+l \, j+k-l \, 0}\end {equation}


$\gamma _1 = {(s_{101}-s_{110}s_{011})}/{(1-s_{110}^2)}$


$\gamma _2 = {(s_{011}-s_{110}s_{101})}/{(1-s_{110}^2)}$


$s_{111} = \gamma _1 s_{210} + \gamma _2 s_{120}$


$s_{211} = \gamma _1 s_{310} + \gamma _2 s_{220}$


$\tv $


$(\tu ,\tw )$


\begin {equation}\label {edgemoments2} s_{ijk} = (b R_{101})^{-j} \int \tu ^i (- a R_{011} \tu - c R_{110} \tw )^j \tw ^k f(\tu ,\tw ) d \tu d \tw = \sum _{l=0}^{j} \binom {j}{l} \gamma _3^{l} \, \gamma _4^{j-l} s_{i+l \, 0 \, k+j-l}\end {equation}


$\gamma _3 = {(s_{110}-s_{101}s_{011})}/{(1-s_{101}^2)}$


$\gamma _4 = {(s_{011}-s_{110}s_{101})}/{(1-s_{101}^2)}$


$\tu $


$(\tv ,\tw )$


\begin {equation}\label {edgemoments3} s_{ijk} = (a R_{011})^{-i} \int (- b R_{101} \tv - c R_{110} \tw )^i \tv ^j \tw ^k f(\tv ,\tw ) d\tv d\tw = \sum _{l=0}^{i} \binom {i}{l} \gamma _5^{l} \, \gamma _6^{i-l} s_{0 \, j+l \, k+i-l}\end {equation}


$\gamma _5 = {(s_{101}-s_{110}s_{011})}{(1-s_{011}^2)}$


$\gamma _6 = {(s_{110}-s_{101}s_{011})}{(1-s_{011}^2)}$


$S_2=0$


$3 \le i+j+k \le 4$


$R_{110}$


$R_{101}$


$s_{110}^2=s_{101}^2=s_{011}^2 = 1/4$


$s_{101}=s_{011}=0$


$\varDelta _1$


$\varDelta _2$


\begin {gather*}\varDelta _2 = \begin {bmatrix} \varDelta _1 & \bfB ^t \\ \bfB & \bfC \end {bmatrix} \ \text {where} \
\bfB = \begin {bmatrix} 1 & s_{300} & s_{210} & s_{201} \\ s_{110} & s_{210} & s_{120} & s_{111} \\ s_{101} & s_{201} & s_{111} & s_{102} \\ 1 & s_{120} & s_{030} & s_{021} \\ s_{011} & s_{111} & s_{021} & s_{012} \\ 1 & s_{102} & s_{012} & s_{003} \end {bmatrix} \ \text {and} \
\bfC = \begin {bmatrix} s_{400} & s_{310} & s_{301} & s_{220} & s_{211} & s_{202}\\ s_{310} & s_{220} & s_{211} & s_{130} & s_{121} & s_{112}\\ s_{301} & s_{211} & s_{202} & s_{121} & s_{112} & s_{103}\\ s_{220} & s_{130} & s_{121} & s_{040} & s_{031} & s_{022}\\ s_{211} & s_{121} & s_{112} & s_{031} & s_{022} & s_{013}\\ s_{202} & s_{112} & s_{103} & s_{022} & s_{013} & s_{004} \end {bmatrix} .\end {gather*}


$|\varDelta _2|$


$|\varDelta _2| = |\varDelta _1| |\varDelta _2^*|$


\begin {equation}\label {constraint3Dc} \varDelta _2^* = \bfC - \bfD \ \ \text {and} \ \ \bfD = \bfB \varDelta _1^{-1} \bfB ^t .\end {equation}


$\bfD $


$d_{ij}$


$\bfC $


$\bfC $


$(s_{310}, s_{301}, s_{130}, s_{103}, s_{031}, s_{013})$


$(s_{220}, s_{202}, s_{022})$


$(s_{211}, s_{121}, s_{112})$


$6 \times 6$


$\varDelta _2^*$


$\varDelta _2^*$


$s_{ijk}=s_{ij0}s_{00k}$


$H_{200}, H_{020}, H_{002} > 0$


$|\varDelta _1| > 0$


$\varDelta _2^*$


$\varDelta _2^*$


$(s_{210},s_{201})$


$(s_{400}-d_{11}) > 0$


$(s_{210},s_{201})$


\begin {equation}\label {cons210} \begin {bmatrix} s_{210} - s_{110} s_{300} \\ s_{201} - s_{101} s_{300} \end {bmatrix}^t \, \begin {bmatrix} 1 - s_{101}^2 & s_{101} s_{110} - s_{011} \\ s_{101} s_{110} - s_{011} & 1 - s_{110}^2 \end {bmatrix} \, \begin {bmatrix} s_{210} - s_{110} s_{300} \\ s_{201} - s_{101} s_{300} \end {bmatrix} < H_{200} |\varDelta _1|,\end {equation}


$|\varDelta _1| > 0$


$\bfV ^t \bfV $


$\bfV = \bfR [s_{210} - s_{110} s_{300},s_{201} - s_{101} s_{300}]^t$


$\bfR $


$\bfV ^t \bfV > 0$


$\bfV ^t \bfV = 0$


$(s_{102},s_{012})$


$\bfV =0$


$0<\alpha <1$


$\alpha \bfV $


$(s_{210},s_{201})$


$s_{111}$


$(s_{120},s_{021})$


$(s_{012},s_{102})$


$s_{101}=0$


$s_{011}=0$


$s_{201}=0$


$s_{210}$


$s_{101}=s_{011}=0$


$s_{102}$


$s_{012}$


$(s_{210} - s_{110} s_{300},s_{201} - s_{101} s_{300})$


$q_1 = (c_{300} + c_{120} + c_{102})/2$


$\varDelta _2^*$


$\varDelta _2^*$


$(s_{400}-d_{11}) \to 0$


$\varDelta _2^*$


$s_{220}, s_{202}, s_{022}$


$s_{310}, s_{301}, s_{211}$


$d_{12} \ge d_{22}$


$s_{220}=d_{12}$


$s_{220}=d_{22}$


$d_{12}=1$


$d_{22}=0$


$s_{202}$


$s_{022}$


$s_{111}$


$s_{111}$


$(1,1,1)$


$s_{111}=s_{300}=s_{030}=s_{003}$


$(1,1,1)$


$(-1,-1,1)$


$s_{111}=s_{120}=s_{102}$


$|\varDelta _1| = 0$


$s_{111}$


$s_{111}$


\begin {equation}\label {cons111} \min \left ( A_{110}, A_{101}, A_{011} \right ) \le s_{111} \le \max \left ( A_{110}, A_{101}, A_{011} \right )\end {equation}


$A_{110}={\gamma _1 s_{210}+\gamma _2 s_{120}}$


$A_{101}={\gamma _3 s_{201}+\gamma _4 s_{102}}$


$A_{011}={\gamma _5 s_{021}+\gamma _6 s_{012}}$


$\gamma _i$


$(s_{310},s_{111})$


$\bfD $


$s_{310}$


\begin {gather*}\begin {vmatrix} s_{400}-d_{11} & s_{310} - d_{12} \\ s_{310} - d_{12} & s_{220} - d_{22} \end {vmatrix} = ( s_{400}-d_{11} )( s_{220} - d_{22} ) - (s_{310} - d_{12})^2 > 0 ,\end {gather*}


$X=(s_{310} - d_{12})$


\begin {equation}\label {cons310} G_{310} = ( s_{220} - d_{22} ) ( s_{400}-d_{11} ) = G_{310,a} G_{310,b} \ \ \text {with} \ \ G_{310,a} , G_{310,b} \ge 0\end {equation}


\begin {equation}\label {cons310a} G_{310,a} = s_{220} - s_{110}^2 - \frac {1}{| \varDelta _1 |} \begin {bmatrix} s_{210} \\ s_{120} \\ s_{111} \end {bmatrix}^t \begin {bmatrix} 1 - s_{011}^2 & s_{011} s_{101} - s_{110} & s_{011} s_{110} - s_{101} \\ s_{011} s_{101} - s_{110} & 1 - s_{101}^2 & s_{101} s_{110} - s_{011} \\ s_{011} s_{110} - s_{101} & s_{101} s_{110} - s_{011} & 1 - s_{110}^2 \end {bmatrix} \begin {bmatrix} s_{210} \\ s_{120} \\ s_{111} \end {bmatrix},\end {equation}


$| \varDelta _1|^2 > 0$


\begin {equation}\label {cons310b} G_{310,b} = H_{200} - \frac {1}{| \varDelta _1 |} \begin {bmatrix} s_{210} - s_{110} s_{300} \\ s_{201} - s_{101} s_{300} \end {bmatrix}^t \begin {bmatrix} 1 - s_{101}^2 & s_{101} s_{110} - s_{011} \\ s_{101} s_{110} - s_{011} & 1 - s_{110}^2 \end {bmatrix} \begin {bmatrix} s_{210} - s_{110} s_{300} \\ s_{201} - s_{101} s_{300} \end {bmatrix} ,\end {equation}


$G_{310,a} \ge 0$


$s_{220}$


\begin {equation}\label {cons220} s_{220} \ge d_{22} = s_{110}^2 + \frac {1}{| \varDelta _1 | } \begin {bmatrix} s_{210} \\ s_{120} \\ s_{111} \end {bmatrix}^t \begin {bmatrix} 1 - s_{011}^2 & s_{011} s_{101} - s_{110} & s_{011} s_{110} - s_{101} \\ s_{011} s_{101} - s_{110} & 1 - s_{101}^2 & s_{101} s_{110} - s_{011} \\ s_{011} s_{110} - s_{101} & s_{101} s_{110} - s_{011} & 1 - s_{110}^2 \end {bmatrix} \begin {bmatrix} s_{210} \\ s_{120} \\ s_{111} \end {bmatrix} \ge 0 .\end {equation}


$G_{301,a} \ge 0$


$G_{031,a} \ge 0$


$s_{202}$


$s_{022}$


$G_{130, a} \ge 0$


$s_{220}$


$G_{310, a} \ge 0$


$G_{310} = G_{130}$


$(s_{220}, s_{202}, s_{022})$


$s_{310}$


$(s_{220}, s_{202}, s_{022})$


$s_{220} \ge d_{14}$


$s_{220} \ge d_{22}$


$G_{310,a} \ge 0$


$s_{310}$


\begin {equation}\label {cons310final} d_{12}- G_{310}^{1/2} < s_{310} < d_{12} + G_{310}^{1/2},\end {equation}


$d_{12} = s_{110} + b_{310}/| \varDelta _1 |$


\begin {align}&b_{310} = (1-s_{110}^2) s_{201} s_{111} + (1-s_{101}^2) s_{210} s_{120} + (1-s_{011}^2) s_{210} s_{300} + (s_{011} s_{101} - s_{110})(s_{120}s_{300}+s_{210}^2) \nonumber \\ &\quad + (s_{101} s_{110} - s_{011})(s_{120}s_{201}+s_{210}s_{111}) + (s_{011} s_{110} - s_{101})(s_{111}s_{300}+s_{201}s_{210}) .\end {align}


$s_{220}$


$G_{310}>0$


$s_{310}$


$s_{220}$


$G_{310}=0$


$s_{310} = d_{12}$


$s_{211}$


$(s_{310}, s_{301})$


\begin {equation}\label {3rdminor3D} \begin {vmatrix} s_{400} - d_{11} & s_{310} - d_{12} & s_{301} - d_{13} \\ s_{310} - d_{12} & s_{220} - d_{22} & s_{211} - d_{23} \\ s_{301} - d_{13} & s_{211} - d_{23} & s_{202} - d_{33} \end {vmatrix} > 0\end {equation}


$(s_{220},s_{202})$


$X = (s_{211}-d_{23})$


\begin {align*}&(s_{400} - d_{11}) X^2 - 2 (s_{301}-d_{13})(s_{310}-d_{12}) X + (s_{202}-d_{33})(s_{310}-d_{12})^2 + (s_{220}-d_{22})(s_{301}-d_{13})^2 \\ &\quad - (s_{400} - d_{11}) (s_{220}-d_{22}) (s_{202}-d_{33}) = 0\end {align*}


$(s_{400} - d_{11}) > 0$


$G_{211} = G_{211,a} G_{211,b} \ge 0$


\begin {gather*}G_{211,a} = (s_{400} - d_{11}) (s_{220}-d_{22}) - (s_{301}-d_{13})^2 \quad \text {and} \quad G_{211,b} = (s_{400} - d_{11}) (s_{202}-d_{33}) - (s_{310}-d_{12})^2 .\end {gather*}


$G_{211,a}, G_{211,b} \ge 0$


$(s_{220}-d_{22})>0$


$(s_{202}-d_{33})>0$


\begin {equation*}s_{220} \ge d_{22} + \frac {(s_{301}-d_{13})^2 }{s_{400} - d_{11}} \quad \text {and} \quad s_{202} \ge d_{33} + \frac {(s_{310}-d_{12})^2 }{s_{400} - d_{11}} ,\end {equation*}


$d_{12} \leftrightarrows d_{13}$


$G_{211}$


$G_{211}$


$G_{121} = G_{121,a} G_{121,b} \ge 0$


$G_{112} = G_{112,a} G_{112,b} \ge 0$


\begin {gather*}G_{121,a} = (s_{040} - d_{44}) (s_{220}-d_{22}) - (s_{031}-d_{45})^2 \quad \text {and} \quad G_{121,b} = (s_{040} - d_{44}) (s_{022}-d_{55}) - (s_{130}-d_{24})^2 ,\end {gather*}


\begin {gather*}G_{112,a} = (s_{004} - d_{66}) (s_{022}-d_{55}) - (s_{103}-d_{36})^2 \quad \text {and} \quad G_{112,b} = (s_{004} - d_{66}) (s_{202}-d_{33}) - (s_{310}-d_{12})^2 .\end {gather*}


$G_{211,a}, G_{121,a} \ge 0$


$s_{220}$


$d_{11} \leftrightarrows d_{44}$


\begin {equation}\label {cons220final} s_{220} \ge d_{22} + \max \left ( \frac {(s_{301}-d_{13})^2 }{s_{400} - d_{11}}, \frac {(s_{031}-d_{45})^2 }{s_{040} - d_{44}} \right ) ,\end {equation}


$s_{202}$


$s_{022}$


$s_{310}$


$(s_{220}, s_{202}, s_{022})$


$s_{220}$


$s_{310}$


$(s_{220},s_{202})$


$s_{211}$


\begin {equation}\label {cons211final} d_{23} + \frac {b_{211} - G_{211}^{1/2}}{s_{400} - d_{11} } < s_{211} < d_{23} + \frac {b_{211} + G_{211}^{1/2}}{s_{400} - d_{11} },\end {equation}


$b_{211} = (s_{301}-d_{13})(s_{310}-d_{12})$


$s_{121}$


$s_{112}$


$s_{310}$


$s_{211}$


$(s_{310},s_{031}$


$s_{220}$


$s_{220}$


$(s_{220},s_{202},s_{022})$


$(s_{220},s_{202},s_{022})$


$\varDelta _2^*$


$s_{310}$


$s_{211}$


$\varDelta _2^*$


$e_{ij}$


\begin {gather*}(X,Y,Z)= (e_{14},e_{16},e_{46}) = (s_{220}-d_{14},s_{202}-d_{16},s_{022}-d_{46}) \ge 0\end {gather*}


\begin {gather*}(e_X,e_Y,e_Z) = (e_{22}-e_{14},e_{33}-e_{16},e_{55}-e_{46}) = (d_{14}-d_{22},d_{16}-d_{33},d_{46}-d_{55}) \ge 0.\end {gather*}


\begin {gather*}D_1 = \begin {vmatrix} e_{11} & e_{12} & e_{13} & X \\ e_{12} & X + e_X & e_{23} & e_{24} \\ e_{13} & e_{23} & Y + e_Y & e_{34} \\ X & e_{24} & e_{34} & e_{44} \end {vmatrix} = \begin {vmatrix} e_{11} & e_{12} & e_{13} \\ e_{12} & X + e_X & e_{23} \\ e_{13} & e_{23} & Y + e_Y \end {vmatrix} D_1^* > 0,\end {gather*}


$X$


$Y$


$D_1^* > 0$


\begin {gather*}D_1^*(X,Y) = e_{44} - \begin {bmatrix} X \\ e_{24} \\ e_{34} \end {bmatrix}^t \begin {bmatrix} e_{11} & e_{12} & e_{13} \\ e_{12} & X + e_X & e_{23} \\ e_{13} & e_{23} & Y + e_Y \\ \end {bmatrix}^{-1} \begin {bmatrix} X \\ e_{24} \\ e_{34} \end {bmatrix},\end {gather*}


$e_{44}=s_{040}-d_{44}$


$D_1^*=0$


$X$


$Y$


$(ijk) \to (jik)$


$D_1^*(X,Y) \to D_1^*(Y,X)$


$(ijk) \to (kji)$


$D_1^*(X,Y) \to D_1^*(Z,Y)$


$(ijk) \to (ikj)$


$D_1^*(X,Y) \to D_1^*(X,Z)$


$D_1^* \ge 0$


$D_1^* (X,Y)=0$


$D_1^* (X,Z)=0$


$R_1 \le R_2 \le R_3$


$Y$


$Z$


$X$


$R_{X,2}(Y) < X < R_{X,3}(Y))$


$R_{X,2}(Z) < X < R_{X,3}(Z))$


$X$


\begin {equation}\label {cons::XYZa} \max (0 , R_{X,2}(Y) , R_{X,2}(Z) ) < X < \min (R_{X,3}(Y) , R_{X,3}(Z) ).\end {equation}


$Y$


$Z$


$X>0$


\begin {gather*}D_2 = \begin {vmatrix} e_{11} & e_{12} & e_{13} & X & e_{15} \\ e_{12} & X + e_X & e_{23} & e_{24} & e_{25} \\ e_{13} & e_{23} & Y + e_Y & e_{34} & e_{35} \\ X & e_{24} & e_{34} & e_{44} & e_{45} \\ e_{15} & e_{25} & e_{35} & e_{45} & Z + e_Z \end {vmatrix} = D_1 D_2^* > 0\end {gather*}


$X$


$Y$


$Z$


$D_1 > 0$


$D_2^* > 0$


\begin {gather*}D_2^*(X,Y,Z) = Z + e_Z - \begin {bmatrix} e_{15} \\ e_{25} \\ e_{35} \\ e_{45} \end {bmatrix}^t \begin {bmatrix} e_{11} & e_{12} & e_{13} & X \\ e_{12} & X + e_X & e_{23} & e_{24} \\ e_{13} & e_{23} & Y + e_Y & e_{34} \\ X & e_{24} & e_{34} & e_{44} \\ \end {bmatrix}^{-1} \begin {bmatrix} e_{15} \\ e_{25} \\ e_{35} \\ e_{45} \end {bmatrix} .\end {gather*}


$Z$


$X=Y=0$


$X$


$Y$


$(ijk) \to (jik)$


$D_2^*(X,Y,Z) \to D_2^*(X,Z,Y)$


$Y$


$Z$


$(ijk) \to (ikj)$


$D_2^*(X,Y,Z) \to D_2^*(Y,X,Z)$


$X$


$Y$


$Z$


$| \varDelta _2^* |$


$(X,Y,Z)$


\begin {gather*}D_3 = \begin {vmatrix} e_{11} & e_{12} & e_{13} & X & e_{15} & Y \\ e_{12} & X + e_X & e_{23} & e_{24} & e_{25} & e_{26}\\ e_{13} & e_{23} & Y + e_Y & e_{34} & e_{35} & e_{36}\\ X & e_{24} & e_{34} & e_{44} & e_{45} & Z \\ e_{15} & e_{25} & e_{35} & e_{45} & Z + e_Z & e_{56}\\ Y & e_{26} & e_{36} & Z & e_{56} & e_{66} \end {vmatrix} = D_2 D_3^* > 0.\end {gather*}


$D_2 > 0$


$D_3^*>0$


\begin {gather*}D_3^*(X,Y,Z) = e_{66} - \begin {bmatrix} Y \\ e_{26} \\ e_{36} \\ Z \\ e_{56} \end {bmatrix}^t \begin {bmatrix} e_{11} & e_{12} & e_{13} & X & e_{15} \\ e_{12} & X + e_X & e_{23} & e_{24} & e_{25} \\ e_{13} & e_{23} & Y + e_Y & e_{34} & e_{35} \\ X & e_{24} & e_{34} & e_{44} & e_{45} \\ e_{15} & e_{25} & e_{35} & e_{45} & Z + e_Z \end {bmatrix}^{-1} \begin {bmatrix} Y \\ e_{26} \\ e_{36} \\ Z \\ e_{56} \end {bmatrix}\end {gather*}


$e_{66}$


$(X,Y,Z)$


$D_3^*(X,Y,Z)>0$


$(X,Y,Z)$


$D_3^*(X,Y,Z) > 0$


$(X,Y,Z)$


$\bfM _4$


$\bfM _{4}$


\begin {equation}\label {X3D16} X = \left [{ \begin {aligned} &m_{000} \ m_{010} \ m_{020} \ m_{030} \ m_{040} \ \ m_{001} \ m_{002} \ m_{003} \ m_{004} \ \ m_{011} \\ &m_{100} \ m_{110} \ \phantom {m_{120}} \ \phantom {m_{130}} \ \phantom {m_{230}} \ \ m_{101} \\ &m_{200} \\ &m_{300} \\ &m_{400} \end {aligned} }\right ],\end {equation}


\begin {equation*}[ m_{500} \ m_{410} \ m_{401} \ m_{310} \ m_{301} \ m_{210} \ m_{201} \ m_{140} \ m_{130} \ m_{120} \ m_{111} \ m_{104} \ m_{103} \ m_{102} \ m_{050} \ m_{041} \, m_{031} \ m_{021} \ m_{014} \ m_{013} \ m_{012} \ m_{005} ].\end {equation*}


$m_{111}$


\begin {equation}s_{111} = \frac {1}{3} ( s_{110} s_{101} s_{300} + s_{110} s_{011} s_{030} + s_{101} s_{011} s_{003} ). \label {Xeqn67-79}\end {equation}


$(s_{110},s_{101},s_{011})$


$S_2 \ge 0$


$x_1$


\begin {equation}\label {X3d26} X = \left [{ \begin {aligned} &m_{000} \ m_{010} \ m_{020} \ m_{030} \ m_{040} \ \ m_{001} \ m_{002} \ m_{003} \ m_{004} \ \ m_{011} \ m_{021} \ \ m_{012} \ m_{022} \\ &m_{100} \ m_{110} \ m_{120} \ \phantom {m_{130}} \ \phantom {m_{230}} \ \ m_{101} \ m_{102} \ \phantom {m_{103}} \ \phantom {m_{230}} \ \ m_{111} \\ &m_{200} \ m_{210} \ m_{220} \ \phantom {m_{230}} \ \phantom {m_{230}} \ \ m_{201} \ m_{202} \\ &m_{300} \\ &m_{400} \end {aligned} }\right ].\end {equation}


\begin {equation}\label {3d26closure} s_{211} = s_{011} + s_{300} s_{111}, \quad s_{310} = s_{110}s_{400} + \frac {3}{2} s_{300} (s_{210} - s_{110} s_{300}),\end {equation}


$m_{310}$


$m_{211}$


\begin {equation}\label {X3D} X = \left [{ \begin {aligned} &m_{000} \ m_{010} \ m_{020} \ m_{030} \ m_{040} \ \ m_{001} \ m_{002} \ m_{003} \ m_{004} \ \ m_{011} \ m_{021} \ m_{031} \ \ m_{012} \ m_{013} \ m_{022} \\ &m_{100} \ m_{110} \ m_{120} \ m_{130} \ \phantom {m_{230}} \ \ m_{101} \ m_{102} \ m_{103} \ \phantom {m_{230}} \ \ m_{111} \ m_{121} \ \phantom {m_{230}} \ \ m_{112} \ \phantom {m_{230}} \ \phantom {m_{230}} \\ &m_{200} \ m_{210} \ m_{220} \ \phantom {m_{230}} \ \phantom {m_{230}} \ \ m_{201} \ m_{202} \ \phantom {m_{230}} \ \phantom {m_{230}} \ \ m_{211} \\ &m_{300} \ m_{310} \ \phantom {m_{230}} \ \phantom {m_{230}} \ \phantom {m_{230}} \ \ m_{301} \\ &m_{400} \end {aligned} }\right ],\end {equation}


$X$


\begin {equation*}[ m_{500} \ m_{410} \ m_{320} \ m_{230} \ m_{140} \ m_{401} \ m_{302} \ m_{203} \ m_{104} \ m_{311} \ m_{221} \ m_{131} \ m_{212} \ m_{113} \ m_{122} \ m_{050} \ m_{041} \ m_{032} \ m_{023} \ m_{014} \ m_{005} ].\end {equation*}


$m_{311}$


$m_{221}$


\begin {align}\label {closure3D} &s_{311} = \frac {3}{2} s_{300} s_{211} + \frac {1}{2}( 2 s_{400} - 3 s_{300}^2 ) s_{111} - \frac {1}{2}s_{300} s_{011} , \notag \\& s_{221} = s_{300} (s_{121} - s_{101}) + s_{030} (s_{211} - s_{011}) + s_{201} + s_{021} - s_{300} s_{030} s_{111} .\end {align}


$(m_{011}, m_{111}, m_{211})^t$


$(m_{111}, m_{211}, m_{311})^t$


$x_1$


\begin {gather*}\begin {bmatrix} 0 & 1 & 0 \\ 0 & 0 & 1 \\ - s_{300}/2 & ( 2 s_{400} - 3 s_{300}^2 )/2 & 3 s_{300}/2 \end {bmatrix} ,\end {gather*}


$\calU _{3}(x) = 0$


$(m_{021}, m_{121})^t$


$(m_{121}, m_{221})^t$


\begin {gather*}\begin {bmatrix} 0 & 1 \\ 1 & s_{300} \end {bmatrix} ,\end {gather*}


$\calU _{2}(x) = 0$


$(m_{012}, m_{112})^t$


$(m_{112}, m_{212})^t$


$\calU _{2}(x) = 0$


$m_{031}$


$m_{131}$


$m_{013}$


$m_{022}$


$R_3$


$s_{110}$


$s_{110} = \pm 1$


$\Ma $


$\Kn $


$\Ma =70$


$\Kn =1$


$t$


$| \varDelta _1 | \approx 0$


$s_{110} = \pm 1$


$\Ma =70$


$\Kn =1$


$t=0.004$


$s_{004}$


$s_{022}$


$\Ma =10$


$\Kn =1$


$t=0.004$


$\Ma $


$\Kn $


$\Ma $


$\Kn =1$


$H_{002}$


$s_{004}$


$c_{002}$


$c_{200}$


$c_{002}$


$c_{200}$


$| \varDelta _1 |$


$| \varDelta _2^*|$


$100^3$


$\Delta _1$


$\Delta _2^*$


$6\times 6$


$\Ma $


$\rho =1$


$\rho =0.01$


$\Ma =3$


$-$


$-$


$-$


$(s_{110},s_{101},s_{011}) = (1,-1,-1)$


$\Ma $


$\Ma $


$\Ma =3$


$\Ma =3$


$t=0.015$


$\Kn =0.001$


$\Kn =1$


$m_{000}$


$\Kn =0.001$


$\Kn =1$


$\Kn $


$\Kn $


$\Kn $


$\Ma $


$\Ma $


$\bfM _{2n+1}$


$\bfM _{2n}$


$Q_n(x)$


$n$


$\langle \calU _{i} \calV _{j} \calW _{k} \rangle = 0$


$i+j+k=2n+1$


$s_{i j k}$


$2n+1$


$2n$


$n$


$\bfM _{2n}$


$n$


$n=2$


$n$


$\Kn $


$n$


$R_3$


$\Kn $


$R_{n+1}$


$n$


$n$


$\Kn = 1$


$6 \times 6$


$R_3$


$6 \times 6$


$\Ma $


$\bfM _{4}$


$i+j=n$


$P_{i,j}(u,v)$


$n=2$


$P_{0,0}=1$


$P_{1,0}=u$


$P_{0,1}=v$


\begin {equation}\label {2Dpolys} \begin {aligned} P_{2,0} &= | \Delta _1| (u^2 - 1) &+ \ \ (s_{11} s_{21}-s_{30}) u + (s_{11} s_{30}-s_{21} ) v, \\ P_{1,1} &= | \Delta _1| (uv - s_{11}) &+ \ \ (s_{11} s_{12}-s_{21}) u + (s_{11} s_{21}-s_{12}) v, \\ P_{0,2} &= |\Delta _1| (v^2 - 1) &+ \ \ (s_{11} s_{03}-s_{12}) u + (s_{11} s_{12}-s_{03}) v , \\ \end {aligned}\end {equation}


$|\Delta _1| = 1 - s_{11}^2 > 0$


$\langle P_{0,1} P_{1,1} \rangle =0$


\begin {equation}\label {2dvector} \bfp _{0} := [ P_{0,0} ], \quad \bfp _{1} := \begin {bmatrix} P_{1,0} \\ P_{0,1} \end {bmatrix}, \quad \bfp _{2} := \begin {bmatrix} P_{2,0} \\ P_{1,1} \\ P_{0,2} \end {bmatrix} = | \Delta _1 | \begin {bmatrix} u^2-1 \\ uv-s_{11} \\ v^2-1 \end {bmatrix} + \bfR _2 \begin {bmatrix} u \\ v \end {bmatrix} \ \ \text {with} \ \
\bfR _2 = \begin {bmatrix} s_{11} s_{21}-s_{30} & s_{11} s_{30}-s_{21} \\ s_{11} s_{12}-s_{21} & s_{11} s_{21}-s_{12} \\ s_{11} s_{03}-s_{12} & s_{11} s_{12}-s_{03} \end {bmatrix}\end {equation}


$\bfR _2$


$\hat {\bfp }_n = \bfp _n / |\Delta _1|$


$\bfp _n$


$\langle \bfp _k \bfp _k^t \rangle $


$(k+1) \times (k+1)$


$2k$


$\langle \bfp _k \bfp _k^t \rangle $


$\Delta _2^*$


$\bfR _3$


$\bfS _4$


$\bfS _4$


$\langle \bfp _{2} \bfp _{2}^t \rangle _G$


$\bfR _2$


$\bfR _3$


$s_{40}=s_{04}=3$


\begin {equation}\langle \bfp _{2} \bfp _{2}^t \rangle = \langle \bfp _{2} \bfp _{2}^t \rangle _G . \label {Xeqn75-A.4}\end {equation}


$s_{11}=0$


$s^2_{11}=1$


$| \langle \bfp _{2} \bfp _{2}^t \rangle |$


$\bfS _4$


$|\langle \bfp _{2} \bfp _{2}^t \rangle _G | > 0$


$|\langle \bfp _{2} \bfp _{2}^t \rangle | = 0$


$n=2$


$|\langle \hat {\bfp }_2 \hat {\bfp }_{2}^t \rangle | = |\Delta _2^*|$


$(s_{11},s_{21},s_{12})$


$|\Delta _2^*| \to 0$


$|\Delta _1| \to 0$


$v = s_{11} u$


$\langle \hat {\bfp }_{2} \hat {\bfp }_{2}^t \rangle \to H_{20} \bfR _1$


$H_{20} = s_{40} - s_{30}^2 - 1 > 0$


$\sigma $


$s_{11}$


$| \Delta _1 | = 1$


$H_{02} = s_{04} - s_{03}^2 - 1 > 0$


$\langle \hat {\bfp }_{2} \hat {\bfp }_{2}^t \rangle $


$2n+1$


$n>0$


\begin {equation}\label {Aun} \alpha ^u_n := \langle u \bfp _{n} \bfp _{n}^t \rangle = \hat {\alpha }^u_n \langle \bfp _{n} \bfp _{n}^t \rangle , \quad \alpha ^v_n := \langle v \bfp _{n} \bfp _{n}^t \rangle = \hat {\alpha }^v_n \langle \bfp _{n} \bfp _{n}^t \rangle \end {equation}


$\alpha ^u_n$


$\alpha ^v_n$


$\hat {\alpha }^u_n$


$\hat {\alpha }^v_n$


$(n+1) \times (n+1)$


$a^u_n$


$a^v_n$


$n=2$


$(a^u_2,a^u_1,a^u_0) = (s_{30}/2,s_{30},0)$


$(a^v_0,a^v_1,a^v_2) = (0, s_{03},s_{03}/2)$


$n>0$


$|\Delta _1| = 1$


\begin {equation}\label {Aunindep} \hat {\alpha }^u_{n}=\diag ( 0, \ \ a^u_{n-1} - a^u_n , \ \ \cdots \ \ a^u_{0} - a^u_n ) , \quad \hat {\alpha }^v_{n}=\diag ( a^u_{0} - a^v_n, \ \ \cdots \ \ a^v_{n-1} - a^v_n, \ \ 0) .\end {equation}


$(\hat {\alpha }^u_{n}, \hat {\alpha }^v_{n} )= \bfzero $


$\langle u \bfp _{2} \bfp _{2}^t \rangle $


$\langle v \bfp _{2} \bfp _{2}^t \rangle $


$\bfp _{2}$


\begin {equation}\label {Au2} \bfS _5^u = \hat {\alpha }^u_2 \langle \hat {\bfp }_{2} \hat {\bfp }_{2}^t \rangle + \bfR ^u_5, \quad \bfS _5^v = \hat {\alpha }^v_2 \langle \hat {\bfp }_{2} \hat {\bfp }_{2}^t \rangle + \bfR ^v_5\end {equation}


$\bfR _5^u$


$\bfR _5^v$


\begin {equation}\label {R5u} \bfR _5^u = a^u_2 \langle \hat {\bfp }_{2} \hat {\bfp }_{2}^t \rangle + \bfR ^u_3 - \frac {1}{| \Delta _1|} (\bfR ^u_2 \bfR _2^t + \bfR _2 \bfR ^{ut}_2) - \frac {1}{|\Delta _1|^2} \bfR _2 \bfR ^u_1 \bfR _2^t\end {equation}


$a^u_2 = \frac {1}{2} s_{30}$


$\bfR _5^v$


$|\Delta _1|^2 \bfR _5^u$


$a^u_2$


$(\hat {\alpha }^u_{2}, \hat {\alpha }^v_{2}) \to \bfzero $


$n=2$


$\bfR _5^u$


$\bfR _5^v$


$\hat {\alpha }^u_2$


$\hat {\alpha }^v_2$


$|\Delta _1| \to 0$


$\bfR _2/|\Delta _1|$


$\bfR _5^u \to s_{50} \bfR _1$


$\bfR _5^v \to s_{05} \bfR _1$


$\bfS _5^u \to s_{50} \bfR _1$


$\bfS _5^v \to s_{05} \bfR _1$


$s_{05} = \sigma s_{50}$


$(s_{50},s_{05})$


$\langle \hat {\bfp }_{2} \hat {\bfp }_{2}^t \rangle $


$\hat {\alpha }^u_2$


$\hat {\alpha }^v_2$


$\hat {\alpha }^u_n$


$\hat {\alpha }^v_n$


\begin {equation}\label {Aunsym} \hat {\alpha }^u_n \langle \bfp _{n} \bfp _{n}^t \rangle = \langle \bfp _{n} \bfp _{n}^t \rangle \hat {\alpha }^{ut}_n , \quad \hat {\alpha }^v_n \langle \bfp _{n} \bfp _{n}^t \rangle = \langle \bfp _{n} \bfp _{n}^t \rangle \hat {\alpha }^{vt}_n .\end {equation}


$n=2$


\begin {equation}\label {Auncum} \beta ^u_{n-1} \langle \bfp _{n} \bfp _{n}^t \rangle ^{-1} \alpha ^v_{n} + \alpha ^u_{n-1} \langle \bfp _{n-1} \bfp _{n-1}^t \rangle ^{-1} \beta ^v_{n-1} = \beta ^v_{n-1} \langle \bfp _{n} \bfp _{n}^t \rangle ^{-1} \alpha ^u_{n} + \alpha ^v_{n-1} \langle \bfp _{n-1} \bfp _{n-1}^t \rangle ^{-1} \beta ^u_{n-1}\end {equation}


$n \times (n+1)$


$\beta ^u_{n-1}$


$\beta ^v_{n-1}$


$n>0$


\begin {equation}\label {beta} \beta ^u_{n-1} := \langle u \bfp _{n-1} \bfp _{n}^t \rangle = \hat {\beta }^u_{n-1} \langle \bfp _{n} \bfp _{n}^t \rangle , \quad \beta ^v_{n-1} := \langle v \bfp _{n-1} \bfp _{n}^t \rangle = \hat {\beta }^v_{n-1} \langle \bfp _{n} \bfp _{n}^t \rangle .\end {equation}


$2n$


$\hat {\beta }^u_1 = [\bfI _2 \ \ \bfzero ]$


$\hat {\beta }^v_1 = [\bfzero \ \ \bfI _2 ]$


$\hat {\alpha }^u_{2}$


$\hat {\alpha }^v_{2}$


\begin {equation}\label {Au2cum} [\bfI _2 \ \ \bfzero ] \hat {\alpha }^v_{2} - [\bfzero \ \ \bfI _2 ]\hat {\alpha }^u_{2} = |\langle \bfp _{1} \bfp _{1}^t \rangle | \hat {\alpha }^v_{1} [\bfI _2 \ \ \bfzero ] - |\langle \bfp _{1} \bfp _{1}^t \rangle | \hat {\alpha }^u_{1} [\bfzero \ \ \bfI _2 ] = \bfC \end {equation}


$\hat {\alpha }^u_{2}$


$\hat {\alpha }^v_{2}$


$\bfC $


$\bfS _5^u$


$\hat {\alpha }^u_{2}$


$\bfS _5^u$


$\hat {\alpha }^u_{2}$


$\hat {\alpha }^u_{2}$


$\hat {\alpha }^u_{2}$


$\hat {\alpha }^u_{2} = [u_{ij}]$


$\hat {\alpha }^v_{2} = [v_{ij}]$


$\bfC = [c_{ij}]$


$\hat {\alpha }^u_{2}$


$\hat {\alpha }^v_{2}$


\begin {equation}\label {diagn=2} u_{21} = v_{11} - c_{11}, \
u_{31} = v_{21} - c_{21}, \
u_{32} = v_{22} - c_{22}, \
v_{12} = u_{22} + c_{12}, \
v_{13} = u_{23} + c_{13}, \
v_{23} = u_{33} + c_{23}.\end {equation}


$(u_{12}, u_{13}, u_{23}, v_{21}, v_{31}, v_{32})$


$u_{11},u_{22},u_{33},v_{11},v_{22},v_{33}$


$\hat {\alpha }^u_{2}$


$\hat {\alpha }^v_{2}$


$\hat {\alpha }^u_{2}$


$\hat {\alpha }^v_{2}$


\begin {equation}\label {diagn=2a} u_{11} = u_1, \
u_{22} = \hat {\alpha }^u_{1,11} - a^u_2 + u_2, \
u_{33} = \hat {\alpha }^u_{1,22} - a^u_2 + u_3, \ \
v_{11} = \hat {\alpha }^v_{1,22} - a^v_2 + v_1, \
v_{22} = \hat {\alpha }^v_{1,11} - a^v_2 + v_2, \
v_{33} = v_3\end {equation}


$a^u_2 = \frac {1}{2} s_{30}$


$a^v_2 = \frac {1}{2} s_{03}$


$\hat {\alpha }^u_{1}$


$\hat {\alpha }^v_{1}$


\begin {equation*}\hat {\alpha }^u_{1,11} = \frac {1}{| \Delta _1 |} (s_{30}-s_{11}s_{21}), \quad \hat {\alpha }^u_{1,22} = \frac {1}{| \Delta _1 |} (s_{12}-s_{11}s_{21}), \quad \hat {\alpha }^v_{1,11} = \frac {1}{| \Delta _1 |} (s_{21}-s_{11}s_{12}), \quad \hat {\alpha }^v_{1,22} = \frac {1}{| \Delta _1 |} (s_{03}-s_{11}s_{12}).\end {equation*}


$(u_{21}, u_{31}, u_{32}, v_{12}, v_{13}, v_{23})$


$(u_{12}, u_{13}, u_{23}, v_{21}, v_{31}, v_{32})$


$\hat {\alpha }^u_{2}$


$\hat {\alpha }^v_{2}$


$n$


$(u_1,u_2,u_3) = (v_1,v_2,v_3) = 0$


$u_1$


$v_3$


$s_{50}$


$s_{05}$


$\hat {\alpha }^u_{2}$


$\hat {\alpha }^v_{2}$


$5 \times 5$


$(u_2,u_3)$


$(v_1, v_2)$


$10 \times 10$


\begin {equation}\label {Aunsymb} \alpha ^u_n := \langle u \bfp _{n} \bfp _{n}^t \rangle = \langle \bfp _{n} \bfp _{n}^t \rangle ^{1/2} \tilde {\alpha }^u_n \langle \bfp _{n} \bfp _{n}^t \rangle ^{1/2} , \quad \alpha ^v_n:= \langle v \bfp _{n} \bfp _{n}^t \rangle = \langle \bfp _{n} \bfp _{n}^t \rangle ^{1/2} \tilde {\alpha }^v_n \langle \bfp _{n} \bfp _{n}^t \rangle ^{1/2}\end {equation}


$\tilde {\alpha }^u_n$


$\tilde {\alpha }^v_n$


$\hat {\alpha }^u_n = \langle \bfp _{n} \bfp _{n}^t \rangle ^{1/2} \tilde {\alpha }^u_n \langle \bfp _{n} \bfp _{n}^t \rangle ^{-1/2}$


$\hat {\alpha }^u_n$


$\tilde {\alpha }^u_n$


$(u_1,u_2,\dots , u_n)$


$(v_1,v_2,\dots v_n)$


$\langle \bfp _{n} \bfp _{n}^t \rangle ^{1/2}$


$\tilde {\alpha }^u_n$


$\tilde {\alpha }^v_n$


$n=2$


$(u_1,u_2,\dots , u_n) = (v_1,v_2,\dots v_n) = 0$


$n=2$


\begin {equation}\label {Au2sym5} \bfS _5^u = \langle \hat {\bfp }_{2} \hat {\bfp }_{2}^t \rangle ^{1/2} \tilde {\alpha }^u_2 \langle \hat {\bfp }_{2} \hat {\bfp }_{2}^t \rangle ^{1/2} + \bfR ^u_5, \quad \bfS _5^v = \langle \hat {\bfp }_{2} \hat {\bfp }_{2}^t \rangle ^{1/2} \tilde {\alpha }^v_2 \langle \hat {\bfp }_{2} \hat {\bfp }_{2}^t \rangle ^{1/2} + \bfR ^v_5.\end {equation}


$\langle \bfp _2 \bfp _2^t \rangle $


$n$


$\bfq _n = \langle \bfp _{n} \bfp _{n}^t \rangle ^{-1/2} \bfp _n$


$s_{50}$


$|\langle \bfp _2 \bfp _2^t \rangle |$


$s_{32}$


$s_{03}$


$\times $


$\times $


$s_{05}$


$s_{14}$


$s_{23}$


$x_1$


$P_{15}= R_3 Q_2 Q_4 Q_3 P_3$


$P_{3}$


$s_{21}=0$


$s_{22} \ge 1/3$


$|s_{11}|$


$s_{21}=0$


$s_{22} \ge 1/3$


$R_3$


$Q_4$


$P_3$


$y$


$s_{12}$


$(u_1,u_2,u_3, v_1, v_2, v_3)$


$\langle \bfp _2 \bfp _2^t \rangle $


$\lambda _{1}$


$\langle \bfp _2 \bfp _2^t \rangle $


$\lambda _{1} < \lambda _{\min }$


$s_{ij}$


$i+j > 2$


$S_{ij}$


$\langle \bfp _2 \bfp _2^t \rangle $


$\lambda _{\min } \ge 0$


$\lambda _{\min }=0$


$s_{03}=s_{11}s_{30}$


$s_{04}=s_{40}$


\begin {equation*}S_{11} = s_{11}, \
S_{30}=S_{21}=S_{12}=S_{03}=0, \
S_{40} = S_4, \ S_{31} = s_{11} S_4, \
S_{13}=s_{11} S_4, \ S_{04} = S_4\end {equation*}


$S_{22}$


$|\langle \bfp _2 \bfp _2^t \rangle | = 0$


$S_{22}=S_4 \ge 1$


$s_{11}=0$


$S_{22}=0$


$s_{11} = \pm 1$


$S_{22}=S_4$


$S_{21}=0$


$S_{12}=0$


$S_{22} \ge 1/3$


\begin {equation*}S_{22} = \frac {1}{2} \left [ \left ( 4 s_{11}^2 S_4 ( 2 S_4 - 1) + (S_4 - 1)^2 \right )^{1/2} - (S_4 - 1) \right ]\end {equation*}


$S_4$


$(s_{40} + s_{04})/2$


$s_{22}=0$


$\rho ^2=u^2+v^2$


$S_{22} \ge 1/3$


$S_{22}=1/3$


$s_{11} = \pm 1$


$S_{4}=1$


$\langle \bfp _2 \bfp _2^t \rangle $


$s_{11}= \pm 1$


$S_{22}$


$| \langle \bfp _2 \bfp _2^t \rangle |=0$


$S_3$


$S_2= 0$


$S_2,S_3,S_4$


$S_4 = 1 + S_3^2 + 2 S_2$


$S_{2}=1$


$S_{3}=0$


$S_3$


$S_{30}$


$S_{03}$


$sign(s_{11})$


$S_2 \to 0$


\begin {equation}\label {highMaVDF} f(\tu ,\tv ) = p_1 \delta ( \tu - \tu _1 ) \delta (\tv - \tv _1) + p_2 \delta ( \tu - \tu _2 ) \delta ( \tv - \tv _2),\end {equation}


$S_{11}=sign(s_{11})$


$S_4 = 1 + S_3^2$


$s_{40}-s_{30}^2-1 \approxeq 0$


$S_{ijk}$


$|s_{011}|$


$S_{011}=s_{110}s_{101}$


$S_2,S_3,S_4$


$s_{110}^2 + s_{101}^2 + s_{011}^2 \le 3/4$


$S_{220} = S_{202} = S_{022} = S_4$


$n \ge 1$


\begin {equation}\label {3dhyqmom} g(u,v,w) = f_1(u) f_2(v) f_3(w) \sum _{i+j+k =0}^{2n} \kappa _{ijk} \calU _{i}(u) \calV _{j}(v) \calW _{k}(w)\end {equation}


$i,j,k \ge 0$


$i+j+k \le 2n$


$\kappa _{ijk}$


\begin {equation}\label {2dkappa} \kappa _{ijk} = \frac { \langle \calU _{i} \calV _{j} \calW _{k} \rangle }{\langle \calU _{i}^2 \rangle \langle \calV _{j}^2 \rangle \langle \calW _{k}^2 \rangle } ,\end {equation}


$\bfS _{2n}$


$\kappa _{000} = 1$


$i+j+k > 2n$


$\langle \calU _{i} \calV _{j} \calW _{k} \rangle = 0$


$g(u,v,w)$


$\kappa _{ijk}$


$\Ma $


$\Kn $


$N$


$2N$


$p_2=1-p_1$


$\tv = s_{11} \tu $


$s_{11}= \pm 1$


$s_{30}$


$0 < p_1 < 1$


\begin {equation}\label {cjweight} p_1 = \frac {1}{2} \left ( 1 + \frac {s_{30}}{\sqrt {s_{30}^2+4}} \right ),\
\tu _1 = \left ( \frac {1-p_1}{p_1} \right )^{1/2},\ \tu _2 = - \left ( \frac {p_1}{1-p_1} \right )^{1/2}, \quad \tv _1 = \pm \tu _1,\ \tv _2 = \pm \tu _2.\end {equation}


$\tv _1=\tu _1$


$s_{11}=1$


$\tv _1= - \tu _1$


$s_{11}=-1$


$\Ma $


$H_{20}, H_{02} \to 0$


$|\Delta _1|$


$|\Delta _2|$


$(s_{11}=\pm 1, s_{30})$


$(c_{20},c_{02})$


$H_{20}$


$H_{02}$


$|\Delta _1|$


$|\Delta _2|$


$s_{11}^2 > 1$


$s_{11}^2 = 1$


$s_{11}$


$s_{30}^2 = s_{03}^2 = s_3^2$


$s_3= \max _{|.|} (s_{03} , s_{30})$


$s_{40} = s_{04} = s_{4}$


$s_4 = 1+s_3^2+\min (H_{20},H_{02})$


$\Ma $


$\Ma $


$s_{30}$


$s_{03}$


$|s_{30}|$


$|s_{03}|$


$s_{40}$


$s_{04}$


$H_{20}$


$H_{02}$


$s_{30}$


$p_1$


$|s_{30}| \le 4 + \Ma /2$


$\max (|u_1|,|u_2|)$


$\Ma $


$\Ma =4$


$100$


$\Kn $


$|s_{30}|$


$|s_{03}|$


$\delta ( \tw - \tw _i)$


$i \in \{1,2 \}$


$\tw $


$x_3$


$\tv = s_{110} \tu $


$\tw = s_{101} \tu $


$s_{110}, s_{101} = \pm 1$


$s_{011} = s_{110} s_{101}$


$i+j+ k > 2$


$s_{ijk} = s_{110}^j s_{101}^k s_{i+j+k \, 00}$


\begin {align}\label {highMaVDFsmom3D} &s_{030}=s_{110}s_{300},\ s_{003}=s_{101}s_{300},\ \notag \\& s_{210}=s_{110}s_{300},\ s_{201}=s_{101}s_{300},\ s_{120}= s_{300},\ s_{102}= s_{300},\ s_{021}=s_{101} s_{300},\ s_{012}=s_{110} s_{300}, \notag \\& s_{111}=s_{011} s_{300},\
s_{400} = s_{040} = s_{004} = 1 + s_{300}^2,\ s_{220} = s_{202} = s_{022} = s_{400}, \notag \\& s_{310} = s_{110} s_{400},\ s_{301} = s_{101} s_{400},\ s_{130} = s_{110} s_{400},\ s_{103} = s_{101} s_{400},\ s_{031} = s_{011} s_{400},\ s_{013} = s_{011} s_{400}, \notag \\& s_{211} = s_{011} s_{400},\ s_{121} = s_{101} s_{400},\ s_{112} = s_{110} s_{400},\end {align}


$s_{300}$


$S_2(s_{110}, s_{101},s_{011}) \ge 0$


$s_3= \max _{|.|}(s_{300},s_{030},s_{003})$


$s_4 = 1 + s_3^2 + S_2$


$(s_{310},s_{111})$


$s_{220}$


\begin {gather*}\begin {vmatrix} s_{400}-d_{11} & s_{310} - d_{12} \\ s_{310} - d_{12} & s_{220} - d_{22} \end {vmatrix} = ( s_{400}-d_{11} )( s_{220} - d_{22} ) - (s_{310} - d_{12})^2 > 0\end {gather*}


$d_{12}$


$d_{22}$


$s_{111}$


\begin {gather*}d_{12} = | \varDelta _1 |^{-1} (a s_{111} + b), \ \ d_{22} = | \varDelta _1 |^{-1} ( c s_{111}^2 - 2~d s_{111} + e) > 0\end {gather*}


$(a, b, c, d, e )$


\begin {align*}&a = (1 - s_{110}^2) s_{201} + (s_{101} s_{110} - s_{011}) s_{210} + ( s_{011} s_{110} - s_{101} ) s_{300} \\& b = | \varDelta _1 | s_{110} + (s_{011} s_{101} - s_{110}) s_{210}^2 + (1 - s_{101}^2) s_{210} s_{120} + (s_{011} s_{110} - s_{101}) s_{210} s_{201} \\& + (1 - s_{011}^2) s_{210} s_{300} + (s_{101} s_{110} - s_{011}) s_{120} s_{201} + (s_{011} s_{101} - s_{110}) s_{120} s_{300} \\& c = 1 - s_{110}^2 \\& d = (s_{101} - s_{011} s_{110}) s_{210} + (s_{011} - s_{101} s_{110} ) s_{120} \\& e = | \varDelta _1 | s_{110}^2 + \begin {bmatrix} s_{210} \\ s_{120} \end {bmatrix}^t \begin {bmatrix} 1 - s_{011}^2 & s_{011} s_{101} - s_{110} \\ s_{011} s_{101} - s_{110} & 1 - s_{101}^2 \end {bmatrix} \begin {bmatrix} s_{210} \\ s_{120} \end {bmatrix}\end {align*}


$c,e >0$


$d^2 < c \, e$


$d_{22} > 0$


$s_{310}$


$s_{111}$


$(s_{310},s_{111})$


$s_{220}$


$s_{220}$


\begin {equation}\label {c220} 0 \le | \varDelta _1 |^{-1} ( c \,e - d^2)/c \le s_{220} .\end {equation}


$s_{111}$


$(c,d,e)$


$(s_{310},s_{220},s_{111})$


$(s_{130},s_{220},s_{111})$


$(s_{301},s_{202},s_{111})$


$(s_{103},s_{202},s_{111})$


$(s_{013},s_{022},s_{111})$


$(s_{031},s_{022},s_{111})$


$(s_{310} - (ad+bc)/(c |\varDelta _1|),s_{111}-d/c)$


$\bfV = \bfR [s_{310} - (ad+bc)/(c |\varDelta _1|),s_{111}-d/c]^t$


$d/c$


$\bfV $


$s_{111}$
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MOM) developed and validated in Fox and Laurent[12], Laurent and Fox [13] to handle 2D and 3D moment systems. Unlike earlier
quadrature-based closures [18-20], HyQMOM does not use 1D Gaussian quadrature points to represent the VDF (or, in fact, any
VDF reconstruction [21]). Instead, the 1D orthogonal polynomials associated with the VDF are used directly to define the moment
needed to close the free-transport term [12,17]. (See Yilmaz et al. [14], Morin and McDonald [16], Boccelli et al. [22], Taunay and
Mueller [23], Berger et al. [24], Bryngelson et al. [25], Charalampopoulos et al. [26], Huang et al. [27] for related work.) In other
words, given the vector of velocity moments up to order 2n used to define the moment system, 1D HyQMOM provides a closure for
the moment of order 2n + 1. As discussed in Section 2 below, the properties of the 1D orthogonal polynomials guarantee that the 1D
HyQMOM closure yields a globally hyperbolic conservation law for arbitrary » that generates solutions with realizable moments.

In the context of a multivariate VDF, avoiding the need for quadrature points to define the moment closure is a marked advantage
since such points are not well defined nor easy to compute [28]. In contrast, multivariate orthogonal polynomials are well defined [29,
30] and can be constructed from the moments of the VDF [29-31]. Thus, as in 1D HyQMOM, the unclosed moments of order 2n + 1
can be found from the known moments up to order 2n by using the orthogonality property of polynomials of different degrees, e.g.,
degrees n and n + 1. Specifically, the moments up to order 2n define the polynomials up to degree n, while the polynomials of degree
n+ 1 depend on the moments of orders 2n + 1 and 2n + 2. The goal is then to define the polynomials of degree n + 1 to achieve the
desired properties of the characteristic polynomial for the moment system with arbitrary »n. In 1D HyQMOM, the choice is unique
and follows from the three-term recursion formula for the orthogonal polynomials [12,17]. In higher dimensions, a similar three-
term formula (using matrices) also exists [29,30]; however, it is more difficult to manipulate since there are several multivariate
polynomials for a given degree (e.g., in 2D there are n + 1 polynomials of degree n [28], see example in Appendix A).

In this work, we investigate a simplified closure starting from the multivariate polynomials for a tensor-product VDF [28]. As
shown in Section 3.2, the resultant multivariate HyQMOM closure is nonlinear in the univariate moments, but linear in the cross
moments. Moreover, the closure is exact for perfectly correlated variables, reducing to the 1D HyQMOM closure. However, because
of this linearization, there is no guarantee that the solution to the moment system will be realizable after the free-transport step when
the VDF is far from a tensor product [32]. Thus, unlike in Rice et al. [10], Rice [11] where only hyperbolicity is considered, an equally
important part of our closure algorithm will be the detection and correction of non-realizable moments after the free-transport step. In
2/3D, the realizability constraints are formulated in terms of symmetric matrices A, involving all moments up to order 2k [28-31,33].
The moment matrices for k =0, 1, ...,2n must be positive definite for the orthogonal polynomials up to degree n to be well defined.
In 1D, these matrices yield the Hankel determinants [34,35]. Here, the realizability and correction algorithms are derived for n =2
based on Sylvester’s criterion [36] and moment projection (Appendix B) for the 2D and 3D moment systems. In principle, the same
method can be used for arbitrary n, but given the number of 3D moments of order 2n, it may become computationally intractable for
larger n. Thus, we focus on the properties of the fourth-order HyQMOM moment system in this work.

The remainder of this article is organized as follows. In Section 2 we provide a brief overview of 1D HyQMOM for the 1D VDF,
including its relationship to the 1D orthogonal polynomials. In Section 3 we describe an extension of HyQMOM to a 2D VDF, which
is based on the theory of multivariate orthogonal polynomials. The importance of 2D moment realizability is addressed, along with
an algorithm for checking the realizability of moments up to fourth order. The 2D HyQMOM closures for the fifth-order moments
are derived, and the hyperbolicity of the 2D moment system is investigated. In Section 4, numerical examples for the 2D moment
system with 15 moments are provided to illustrate its behavior over a wide range of Knudsen (Kn) and jet Mach numbers (Ma).
Next, in Section 5, the extension of HyQMOM to a 3D VDF is derived for 16, 26, and 35 moments up to fourth order [37-39]. It is
demonstrated that the hyperbolicity of the 3D moment system is equivalent to that of the 2D system. The main challenge is thus to
develop an algorithm to check the realizability of the 3D moment vector, which is again based on the theory of multivariate moment
matrices. Using the 2D hyperbolic solver from Section 4, extended to 3D moments, Section 5 concludes with numerical examples
illustrating the robustness of the 3D HyQMOM closures over a wide range of Kn and Ma. Lastly, in Section 6, we conclude with
comments on the performance of the fourth-order HyQMOM, possible routes for improvement, and the feasibility of extending it to
higher-order (n > 2) moments.

2. Overview of 1D HyQMOM

The 1D kinetic equation, including only free transport, for the VDF f (¢, x, u) is

o, f +ud, f =0, (@9)]
where 1 € RT is time, x € R is space and u € R is velocity. The ith-order velocity moments of f is defined as m; = [ u' fdu, and the
1D moment system for the set of moments M,, := (mg, my, ...,m,,)" with n € N found from (1) is

oM,, + 0, F(M,,) =0 2)

with flux vector F(M,,) := (m,m,, ..., my,,;)". HYQMOM provides a closure for the odd-order moment m,,,; given M,, [12,13].

In general, except on the boundary of moment space, HyQMOM does not use a reconstructed VDF to define the flux closure.
However, in 1D the generalized quadrature moment methods (GQMOM) [40] can be used with the moments (M,,, m,,.) to find
an N-node Gaussian-quadrature approximation for any integer N > n. In doing so, GQMOM provides closures for all moments of
order greater than 2n, i.e., for m; with i > 2n given M,,. For example, with n = 1, the Gaussian-GQMOM closure corresponds to
Gaussian moments [40]. Furthermore, when needed for the evaluation of source terms, it is possible to approximate the VDF using
the Grad-HyQMOM approximation in Appendix C.
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2.1. 1D central and standardized moments

For m > 0, the central moments are given by
k

6=y, <’j>(—a)k-":—; 3)

i=0
with & = m; /m,. By definition, ¢, = 1 and ¢, = 0. The central moment ¢, > 0 is the velocity variance. The HyQMOM closure can be
expressed in terms of ¢,,, or m,,, . Hereinafter, we assume that ¢, > 0 and work mainly with the standardized moments defined by

G

Cr ~k . - u-—
s, = —— = (ii with = .
k K2 (@) 2
2 2

By definition, so=1, s, =0 and s, =1 and S,, =(sg,...,5,,). The HyQMOM closure depends on the standardized moments
52,41(835 ... 89,,). In general, knowing (my, i1, c,, s3, ..., $,,1) is equivalent to knowing (M,,,, m,,{).

When Gaussian-GQMOM is applied with (S,,, s,,,) it provides closures for s,(s3,...,s,,) for i > 2n+ 1. These closures can be
computed using the inverse Chebyshev algorithm [40]. By construction, if s,, is strictly realizable, then so are s; for all i € N. The
univariate VDF with these standardized moments will be denoted as f; such that

s5; = / @ f (@) di
R

are the standardized moments. In 2D cases, we will denote the univariate VDFs in each direction as f; and f,. Hereinafter, for
simplicity, we use the standardized VDF with moments s; unless stated otherwise.

2.2. 1D HyQMOM closure and its properties

Mathematical details on 1D HyQMOM can be found elsewhere [12,13]. Here we review the salient points.

2.2.1. 1D HyQMOM closure for s,,,
For k=0,1,...,n—1; let a;, b;, and b, be the recurrence coefficients found from S,, using the Chebyshev algorithm [41,42], and
define two additional coefficients as

n—1
1 2n+1
an:=;k§ak and f, 1= ==—b,. (5)

The HyQMOM closure for s,,,; is found by setting a, = a,,.

2.2.2. Realizable moments
The 1D moment vector S,, is realizable if and only if b, > 0 for all k =0, 1, ..., n; and strictly realizable if b, > 0 [35].

2.2.3. Interior of moment space

The 1D moment vector S,, is in the interior of moment space if and only if b, > 0 for all k=0,1,...,n; i.e., if it is strictly
realizable [35]. Hereinafter, we assume that S,, is strictly realizable. In practice, this assumption can be verified by applying the
Chebyshev algorithm [41].

The lower bound for s,, (i.e., the even-order moments) is found from b, = 0. In contrast, for the truncated Hamburger moment
problem [34], if b, > 0 for all k =0, ..., n, the odd-order standardized moment s,,,; can take on any finite real value.

2.2.4. Globally hyperbolic

A moment system is hyperbolic if all eigenvalues of the Jacobian matrix found from the flux vector F(M,,) are real with a full set
of eigenvectors. A moment system is globally hyperbolic if it is hyperbolic for every standardized moment vector S,, in the interior
of moment space.

2.3. Characteristic polynomial

Using the 1D HyQMOM closure in Section 2.2.1, the characteristic polynomial P,,,, for the Jacobian matrix found from F(M,,)
has the form [12]

Pyp1(x) = Q,(0)R, 1 (X). (6
Here, Q, is the orthogonal polynomial found from the three-term recurrence formula with O_; =0 and Q, = 1:
Qp1(¥) = (x —a,)Q,(x) — b,Q,,_1(x) ]
where the recurrence coefficients are related to the standardized VDF f, by
02 2
I (i ®)

“Ten T )
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and ((1)) = fR(~)fl (x)dx with (Q;Q;) = 0 for i # j. The polynomial R, is defined by
R, (x) = (x-,)0,(x) - f,0,_;(x). (C)]

If b, > 0, the n+ 1 simple roots of R, separate and bound the n roots of Q, so that the polynomial P,,,, has 2n + 1 simple roots.
Thus, the moment system in (2) is globally hyperbolic for arbitrary n.

The coefficients of the polynomial P,,,; depend only on S,, [12] (i.e., they do not depend on @ and ¢,). Thus, the 2n + 1 roots of
P,,,,1(x), denoted by &, depend only on S,,. The characteristic polynomials for n = 0, 1,2 are P,(x) = x, P3(x) = x> — 3x, and

5 1 1 1 1
Ps(x) = X = §s3x4 + E(l + 9s§ - 5s4)x3 + zs3(1 - 6s§ + 5s4)x2 - 5(3 +7s§ —5854)x — §s3 (10)

where realizability requires b, = (Q%) =5y - s§ — 1> 0. Due to orthogonality, (Ps) = 0; hence, the HyQMOM closure for s5 can be
found from

5 1 1 1
0=s55- 55354 + 5(1 +9s§ —554)83 + §s3(1 —6s§ +554) — 553

As described in Sections 3.2 and 5.4, the multivariate HyQMOM closure is found similarly.

2.3.1. Roots
Let P,,,;(u) be the monic polynomial defined by
Py () = C;2n+])/2P2n+l (” ;214 > - céznﬂ)/zPZnH (@). 11
C
2

The 21 + 1 roots of P, (u) and Py, (@) are related by u;, = i + c;/zﬁk.

In summary, for any strictly realizable 1D moment vector with 2»n + 1 components in the form of M,,, a, = a,, from Section 2.2.1
provides the closure m,,,; that yields a globally hyperbolic moment system. In practice, using the inverse Chebyshev algorithm [12],
my,,; is found directly from M,, without computing S,,.

3. 2D kinetic equation and selected moment systems

In this section, we discuss the 2D moment system, which extends the 1D system introduced in the previous section for n = 1 and
2. First, the requirements for 2D moments up to fourth order to be (strictly) realizable are described, leading to inequality constraints
on the cross moments. Next, the methodology for finding HyQMOM closures for the cross moments is presented in Section 3.2.
This method employs the 1D orthogonal polynomials written in terms of the 2D standardized moments denoted by s;; with i, j € N
(see (3) and (4) for definitions), e.g., s;; = ¢;;/4/c20¢p; Where ¢y and ¢, are positive. The Hankel determinants in each direction
are defined by Hy, = s49 — Sgo —1>0and Hy = sy — 533 — 1> 0. The primary focus for each selected moment set is to determine
whether the closed moment system is globally hyperbolic and realizable after the free-transport step. Numerical examples for the
15-moment system are provided in Section 4 to illustrate the robustness of the 2D HyQMOM closure when combined with the moment
realizability and hyperbolicity constraints derived in this section.

3.1. 2D moment realizability

Like the Hankel determinants H,, for 1D orthogonal polynomials [8], 2D orthogonal polynomials have realizability constraints
based on matrix determinants (see example in Appendix A) [8,29-31]. In terms of the standardized moments, the first two are |A;| > 0
and |A,| > 0, where the symmetric moment matrices are

1 S11 1

1 0 0 A S30  S21 Si2
N N N

Ar=|0 1 s;y| and A, = N § 12)

0 s 1 1 S30  S21 Sa0 S31 S»

11

St S Si2 S31 S 83

1 Si2 So3 S22 S13 So4
and s;; are the 2D standardized integer moments. These matrices yield |A;| =1 - s%l > 0 so that sfl < 1. (See Appendix D for the case

with |A, | = 0.) Likewise, |A,| = 0 places bounds on the third- and fourth-order moments.
Expanding the determinant in block matrices, |A,| can be expressed as |A,| = |A] |A3] where

Si0  S31 S» L sy s |f 1A 0 0 L sy 1
* _ —
Al =(s33 s» s;3|—-D and D = _|A | s;1 sy sl O 1 =sullss:0  s2 szl (13)
1
Sy S13 Sw L spp seaff O =11 I flsor sz So3

from which it can be observed that |A,| = 0 implies |A,| = 0, but not vice versa. Hereinafter, the components of the symmetric matrix
D will be denoted as d;;. We will also use the fact that by permuting the indices, a condition on s;; provides the same condition for

S
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It is important to observe that D only depends on the moments up to third order, i.e., it does not depend on the fourth-order
moments. Recall that the univariate moments are assumed to be realizable; hence, we are interested in the realizability constraints
for the cross moments. We apply Sylvester’s criterion [36] to the matrix A} to generate sufficient conditions for A, to be positive
definite.

3.1.1. Realizability constraint on third-order moments
For realizable moments, the matrix A7 must be non-negative. If the 2D standardized VDF corresponds to independent variables
(i-e., 5;; = si050;), then |AJ| = Hy,Hp. In general, the 3 X 3 symmetric matrix A} must be positive definite for realizable moments
given that H,,, Hy, > 0 for any given (s3g, 593)- A necessary condition is that the diagonal elements of A’ be positive. Using the first

leading principal minor of A%, i.e., (s49 — d;;), to check for positive definiteness, we find the following inequalities:
HyglAy] > (53 = s11530)” and  Hpl Ayl > (515 = 511503 14

The right-hand sides of these inequalities can be rewritten as quadratic equations with real roots, giving the realizability bounds for
s,; and s,,, respectively, i.e.,

—(Hy|A D' < 53y = 511530 < (Hyol A '/,

(15)
—(Hop| A1 D'? < 513 = 511503 < (Hop A2,

is necessary for A7 to be positive. The limit |A;| = 0 gives s,; = 5,539 and s|, = 5,503 as expected (see Appendix D). It is noteworthy
that (15) puts bounds on the energy fluxes ¢; = (c3y + ¢15)/2 and g, = (¢co; + €p3)/2.

3.1.2. Realizability constraint on fourth-order moments
A first set of constraints on s,, can be found using the variables X = #> — 1 and Y = & — 1, where (i, 0) are the standardized 2D
velocity components. For these variables, the determinant of the correlation matrix gives

(5393 = )% < (549 = D(s04 = D).

The right-hand side is positive, so the inequality yields

1= /(530 = D(sgs = 1) < 535 < 1+ /(540 — D504 — 1) (16)

where the lower limit applies when (s, — 1)(sg4 — 1) < 1. Likewise, setting Z = iid such that Z? = #?#?, we find another lower limit:
Syp > s%l. The larger of the two provides a lower bound for s,,.

The remaining two leading principal minors of A7 depend on the fourth-order cross moments (s3;, 52, 5;3) and must be positive
as well. The second leading principal minor provides realizability bounds for s;; and s,3 subject to the condition s,, > d,,. Using s3;
as an example, we have

s40 — dyy 531 —dpp

=(s40—d —dy) = (531 — dp)?* > 0,
sy —diy Sy — doy (540 = d11)(s22 = dpp) = (531 = d12)

which provides a quadratic equation for (s3; — d|,) whose solution yields

2 1/2 2 1/2
512821 + 521530 — S1155; — 11512530 — G5} S12591 + 521530 — S1185; — 11512830 + G5;
<531 =89 < . a7
[A;] [A]
The discriminant G5; depends on s,, and is non-negative if
2 2 2 2
G3p = (1A |(sop = s7)) = 57, + 2511512521 — 85 )(|A [ Hpg — (51 — 511530)7) = 0. 18)

From (15), the second term in Gj, is non-negative (i.e., it is s4, — d,;), so this inequality requires the first term (which comes from
59y — dy)) to be positive:

t
2 1 |52 1 =S11| [$21
> _— R 19
2=t [A;] [512] [—Sll 1 ]le] (19

which, along with (16), sets another lower bound on s,,. Note also that (19) is invariant under permutation of the indices. The
realizability bounds for s3; are found from (17) and, by permuting the indices, those for 55 as well. If (19) is satisfied, then s,, can
be held constant while adjusting s, and s, to satisfy (17).

The third leading principal minor of A} is

s40 —dqy s31—dpp sp—dp

*
s31=dip sy —dy  si3—dy| =A% >0,
s;p—diz s;3—dyy Spy—das

and yields a third-order polynomial in s,, with leading term |A, |s§2 and all coefficients are invariant under permutation. Thus, the
three roots of the polynomial are also invariant under permutation. For independent Gaussian moments, the three roots are (-1, 0, 3)
and s,, = 1. The upper bound on s,, is the largest root of this polynomial, and the left-hand side of the inequality (19) is near or
below the second-largest root. In any case, (16) is a necessary (but not sufficient) condition for a positive element where equality
holds when |A;| =0 or Hyy = Hy, =0.
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To obtain accurate realizability bounds for s,,, the three real roots of the polynomial are found symbolically, and the middle (R,)
and largest (R;) roots can be used to determine the lower and upper bounds:

$22.min = max (52,1 = V(g0 — Dogs — DRy )
(20)
522, max = Min (1 + /G20 — DGsga — 1. R3)A

In simulations, complex roots R, and R; are sometimes observed, in which case s,, is left unchanged.! Otherwise, for a given
non-realizable moment set with H,,, Hy,, |A;| > 0, the inequalities (15), (17), and (20) can be used to bound the standardized cross
moments (s,;, 512, 531, S22, 513) such that the moment set is realizable. Note that during this process, the univariate moments and m,
remain unchanged.

3.1.3. Realizability-correction algorithm

In the simulation code for 2D moment systems, the constraints derived above are enforced to ensure that the moments remain
realizable after the spatial fluxes are applied. For the special case where |A,| = 0, the realizable standardized moments are determined
as described in Appendix D. We must emphasize that the realizability-correction algorithm is an integral part of the 2D HyQMOM
closure developed in this work. Without it, simulation of high-speed flows is not possible because the free-transport fluxes can generate
non-realizable moments. Generally speaking, based on numerical experiments, low-speed flows satisfy the realizability constraints
for arbitrary Kn, and hence the realizability-correction algorithm is not needed.

3.2. Higher-order HyQMOM moment closures for 2D velocity distributions

Our methodology for finding a 2D HyQMOM closure for the higher-order cross moments is based on the univariate orthogonal
polynomials. (See Appendix A for an alternative approach using the multivariate orthogonal polynomials.) In 2D, let U} (x) and V,(y)
be the orthogonal monomials of degree k found from the univariate standardized moments in each direction. Note that there is a
set of recurrence coefficients for each direction, e.g., for the x direction a, ; and b, ;. In the following, we include the direction only
when needed to avoid confusion. For a given » and 1D moments M,,,, the coefficients up to a,_; and b, are known functions of the 1D
standardized moments S,, [12]. The 1D HyQMOM closure provides a,, which gives us the closure for s,, . Thus, using the recurrence
formula, we have the following orthogonal polynomial of degree n + 1:

0,11(0) = (x = 4,)0,(x) = ,0,_1 (x), @D
which depends only on the known moments S,,. For example, for n = 1 we have gy =a; =0 and b, =1, so that O, =1, O, = x and
0, =x*—1and s; = (Q,0,) = 0. Note that the polynomial O, # Q, = x2 — s;x — 1 because Q, depends on s;, which is not included
in S,. However, they will be equal once the 1D HyQMOM closure s; = 0 is applied. Thus, for simplicity, we will use the same notation
O, for all polynomials of degree k > n + 1, keeping in mind that the coefficients depend on » through the known moments.

Continuing with n = 1, the directional polynomials are ¥y =1, U} =x and UV, =x*> — l;and ¥, = 1, ¥, = y and ¥, = y* — 1. For
the anisotropic Gaussian (AG) model [43], we require closures for s,, and s,,, given that from 1D HyQMOM we have s3, = 553 = 0.
These closures are found, respectively, using that (,V,) = 0 and (U, V,) = 0, which yields s,, = s,, = 0. For larger n, the closure for
the unknown cross moment s;; is found from

(U;v;)=0 fori+j>2n+1withi,j>0, (22)

and 1D HyQMOM is used for i = 0 or j = 0. Notice that for n > 1, we must define (Q,,,,, ..., Q,,) in terms of the known 1D moments
S,, where Q,,; follows from (21). In practice, we must find closures for the coefficients (a,,,...,a,,_1) and (b,,, ..., b,,_;) wWith
b, > 0. Such polynomials could be defined using GQMOM [40], but other definitions may be needed to ensure global hyperbolicity.
Indeed, the main constraint for choosing these coefficients is that the resulting moment system must be globally hyperbolic [12].
Here, consistent with 1D HyQMOM, we assume that for k > n, a; = a, and b, = b, where the , > 0 are rational numbers and
independent of the directions.? As in GQMOM, we use b, to define b, so that the system degenerates correctly at the boundary of
moment space where b, = 0. These assumptions leave n — 1 degrees of freedom for choosing the g,. Thus far, only a few cases have
been explored. Below, we consider special cases with n = 1 and n = 2. In Section 3.4 we begin with cases using a subset of the moments
in S,,, i.e., only the pure moments s, and s, for which closures are needed for s;; and s;. Such unknown moments are found from

(U,-V,-> =0.
Using (21) for the V), results in
(Ui V1) = UV — a, (Ui V) = b (U V) fori > 1. (23)

Then, since none of the cross moments are known, we have (V;V;) =0 for i > 0 and thus the closure reduces to (xV;(x)V,(y)) =
(xyU;(x)) = 0.2 This result does not depend on the choice of f, and reduces to s;; = s;; = 0. Likewise, in Section 3.5, we consider the
extended AG model, where all second-order moments are known, i.e., the cross moment s;; can be nonzero. In this case, the closures
found from (23) depend on s, as seen in (32).

1 The smallest root is negative, so no value of s,, exists that makes A, positive.
2 We could also let §, be a free parameter as in HyQMOM [12]. However, only f, = 1 yields the correct behavior when sfl =1.
3 Since U; is a polynomial of degree i, setting i = 0 yields s;; = 0. This pattern continues for all i.
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In summary, the closures found from (22) are exact only for the case where the 2D VDF is separable. Indeed, for a 2D
tensor-product VDF, the 2D orthogonal polynomials of degree n are Q;, ;(x,y) = V;(x)V,_;(y) for i € (0,...,n) where Q, =1 and
[010(x,) Qg1 (x, W] = [x yI', etc. [28,29,31]. Since polynomials with different degrees are orthogonal, (V;v;) =0 for i # j is exact
for a tensor-product VDF (e.g, the Maxwellian). The same theory holds in 3D [29,30]. In general, the 2D VDF will not be separable,
and (22) can generate non-realizable cross moments when used to close the free-transport flux for the moment system (e.g., with
large-Mach-number flows). One possible solution is to use the 2D orthogonal polynomials directly (see Appendix A); however, the
resulting closures are more complicated to analyze. Instead, here we will use (22) along with the realizability corrections derived in
Section 3.1 to define the 2D HyQMOM closures. We shall see that the proposed closures are nonlinear in the univariate standardized
moments but linear in the standardized cross moments. If the 2D orthogonal polynomials were used, then the closures would be
nonlinear in all the standardized moments.

3.3. 2D kinetic equation

Consider the 2D VDF £(t,x,u) defined for (¢,x,u) € R* x R? x R2. This VDF is non-negative and its moments with respect to the
velocity vector u = (u; u,)" are finite. The kinetic equation for the 2D VDF, including only free transport, is

of+u-o,f=0 24)

with initial condition f(0,x,u) = fy(x, u).

If collisions are included using the BGK model [44,45], then there will be an additional term on the right-hand side that depends
on the Knudsen number (Kn). However, since this term will be closed when working with the moments, for clarity, we do not include
it in the discussion below. The velocity vector can be written in terms of the Cartesian direction vectors e; for i € 1,2. For example,
in 2D, u = u,e; +u,e, and (24) becomes

o f +e -0y f)=0 (25)

where repeated Roman indices imply summation.

In this section, we seek to approximate a selected set of 2D moments of increasing order using a moment system found from (24).
Selected moment systems based on specific assumptions and their closures are formulated in 2D for clarity, but can easily be extended
to three dimensions [2]. In 2D, the integer moments are denoted by

m;; = /[Rz u’iuéf duy du, (26)

fori+j € (0,1,...,2n) for a given integer n > 1. For clarity, in this work, we consider only n = 1 and n = 2. The extension to 3D integer
moments m;; is straightforward for each case. However, in general, a well-posed extension to include moments up to a given order
I=1i+j+k>4is an open problem. We begin with a 2D moment system where the joint VDF has a tensor-product form, and then
extend the analysis up to the moment system with all fourth-order moments.

3.4. Independent moment system

For independent moments, we have m;;my, = m;ymy; so that the cross moments do not provide additional information. In this case,
the VDF has a tensor-product form f(u) = f,(u;)f,(u,). Note that f, and f, need not be the same distributions.

341 n=1
For this case, the 2D moment system has five moments up to second order (denoted by m;, and m,; with i € (0, ...,2)). The kinetic
equation for free transport yields

Moy Mo Mgy my  dymgp dpmy Moy My M3
0, myg + 0y, | mao + 0y, dymyg =0 27)
my msy, iy 1y

with mean velocities @; = my/mq, and i, = mgy; /m, and 1D HyQMOM closures
msy = mooﬁ](ﬁ% +3¢y), myz = mooﬁz(ﬁg +3c¢gp) (28)

where ¢, and ¢, are the second-order central moments. For isotropic moments, c,, = ¢y, and the system reduces to the Euler equa-
tions.* Otherwise, the system is globally hyperbolic with an anisotropic pressure tensor due to ¢y, # cg,-

4 The total energy is %(mzo + my,) and the pressure is %moo(czo + ¢y,). Similar variables can be defined using the even-order moments with larger n.

7



S.H. Bryngelson, R.O. Fox and F. Laurent Journal of Computational Physics 566 (2026) 115242

342 n=2
For this case, the moment system has nine moments up to fourth order (denoted by m,, and m; with i € (0, ...,4)). The moment
system is

Moy Moy Moy Moz Moy

mo
0| mag

m3q

Myo
myy  dymgp WMy dymgz  dymgy mo; My Moz Moy Mos
My ymyg

+ 0y [ m3o + 0y, | 1amyg =0. (29)
My iy ms3
Mmso UpMmyg

The Jacobian matrix can be written in terms of two block-diagonal matrices. One is the identity matrix of size four multiplied by
i;, and the other is the 1D HyQMOM Jacobian. Thus, the system is globally hyperbolic. The same pattern continues for n > 2 and
arbitrary dimensions. Like the Euler equation, this model ignores correlations between velocity components, but can capture particle
trajectory crossing (see Appendix D).

3.5. Anisotropic gaussian system

For the AG system [2,43], the 2D moment system includes the second-order cross-moment m;;.

351 n=1
For the AG model [46], the 2D moment system with six moments is

Moo Mop Moy my  mypy My Moy My M3
Olmyy  myy +0,,|my  my +0y,|my mp =0, (30)
Mo m3o ma

which requires closures for the third-order moments. In terms of the central moments, the closures are ¢35 = ¢;; = ¢}, = ¢p3 = 0. This
moment system is globally hyperbolic for arbitrary dimensions [46]. While the AG model accounts for correlations between the
velocity components, it cannot represent a bi-modal VDF (i.e., particle trajectory crossing). The latter requires at least n =2 (see
Appendix D).

3.6. 2D 10-moment extended AG closure

For this model, the moment system for free transport is

Moo Moy Moy Moz Moy

my  myy
0| mag

m3q

Mo
my  mypy mp  myz My Moy My Moz Moy Mos
myy My myy m;

+ 0y, [ m30 + 0y, [ my =0, (31)
My ms3;
mso myy

which requires closures for the third- and fourth-order cross moments, e.g., m,; and m;,, as well as the fifth-order pure moments.
This 10-moment system suffices for simulating 2D high-speed crossing jets.

The closures are most easily written in terms of the standardized moments (see (3) and (4) for definitions, e.g., s;; = ¢;;/ M).
The closures for the standardized cross moments are

S21 = S30511> S12 = 5035115 S31 = S40511> S13 = S04511>  S41 = S50511> S14 = S055115 (32)
and the fifth-order pure moments are closed with 1D HyQMOM:

1 1
850 = 530(5520 = 352, — 1), sp5 = 5 503(5504 = 352, — ). (33)
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Notice that when s,; = 0 (uncorrelated) and s,; = +1 (perfectly correlated), the closures in (32) are exact.® Unlike for the second-
order moment AG model, we do not assume that the moments s3, and s(; are zero. Compared to the independent 9-moment system
in Section 3.4, here we do not assume s;; = 0 so that s,; can take any value in the interval [—1, 1]. Nevertheless, as shown below, if
511 = 0 then the two models have nearly the same characteristic wave speeds.® The closures in (32) and 1D HyQMOM can be easily
extended to n > 2.

Arranging the ten variables as

X = [mgg, myg, myg, M3g, Mag, Moy, My, Moy, M3, Moyl

the Jacobian for direction x, is lower-block-diagonal with three diagonal blocks. The first 5 x 5 block comes from 1D HyQMOM with
characteristic polynomial Q,(x)R5(x) [12].” The second 2 x 2 block has characteristic polynomial Q,(x). The third 3 x 3 block has a
characteristic polynomial S5 defined by

3
S3(0) =y — a)Qs2(y) — Eszl(y) (€L
where y = x/s,; and a, = s¢3/2 and by = sy — s(z)3 — 1.8 In summary, the characteristic polynomial has the form

Pyo(x) = Q3(X)R3(x)S5(3).

Thus, the ten eigenvalues of the system in (31) are real-valued, and the repeated eigenvalues from Q, have independent eigenvectors;
therefore, the system is globally hyperbolic.

Numerical tests suggest that the model does not produce non-realizable moments, even when initialized with s,, = +1. Moreover,
without collisions, such moments remain perfectly correlated. Also notice that on the boundary of moment space where b, =0, we
have S5 = R; so that all eigenvalues are found from Q, = 0 and x = a,,° i.e.,

Pio(x) = Q3(0)Q;(5)(x = $30/2)(x = 511503/2).
In general, the eigenvalues with the largest magnitude will come from the roots of R; or .53, which depend on (s3. 549) and (s, o3> Soa)»
respectively. However, since the zeros of .S are scaled by s;;, Ry will likely determine the fastest wave speeds in most applications.
3.7. Third-order anisotropic model with n = 2
For this case, the 2D moment system with twelve moments includes the third-order cross moments m,, and m;,. The 2D moment

system for free transport is

Moo Moy Moy Moz Moy
my My m;
O[my  my

m3o
My
my  myp mypy myz My my My Moz Mgy Mps
myy My my myy mp  mp3
+ 0y [m3g  my +0y,[my  my =0, (35)
myg ms,
Mso myy

which requires closures for the fourth-order cross moments, e.g., ms; and m,,, as well as some fifth-order moments. The closures are
most easily written in terms of the standardized moments.

For this case, we require closures for (s3;, 5,5, 54;), which are found, respectively, from (V3V,) =0, (V,V,) =0 and (V,V,) =0.
(The closures for (s;3,5,4) are found by permuting the indices.) The polynomials U, and ¥, are known in closed form, e.g., U, =

x% — 530x — 1, hence the closure for s,, has no free parameters. Using (21), we have

V3(x) = (x = a, )V (x) = b p V1(x),  Vy(x) = (x — a, p)U3(x) — B3, s U5 (%), (36)
with a,, = 530/2 and b, , = 549 — s§0 — 1. The resulting closures for s3; and s4, are found, respectively, from

(xyU3) = a , (YUs) +bynsyy,  (xyUs) = a2 (yU3) + B3by , (YU3)- (37)

Notice that the closure for s,; depends on f;.

5 When s,, = +1, the moments are related by s5, = 5,503 and s, = sos. In general, the conditional mean of Y given X is (Y|X) = 5,, X. Thus, the
conditional part of the moments is ((Y|X)/) = s{l s;0- Perfect correlation of standardized variables implies Y = s, X so that (Y/) = s,; = 57 5;, and
(X'YT) =5, = 5] 8;4jo when s, = £1.

6 Since there are ten eigenvalues instead of nine, one eigenvalue splits into two with equal magnitudes. The eight other eigenvalues are the same.

7 Ry(x) = (x — a,)0,(x) — gszl(x) with a, = 55,/2 and b, = 545 — S§0 - 1.

8 When s,, = 0, the three eigenvalues are null. Otherwise, they are scaled by s,;.

9 The zeros of Q,(x) and Q,(y) are real but depend on different moments unless s;; = +1.

9
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Here, we set ;3 = 3/2 to obtain simple expressions for the eigenvalues of the 4 x 4 matrix S, described below. The closures for the
standardized cross moments are then'?

3 3
S31 = 5530(521 —830511) + 5405115 S13 = 5503(512 —503511) + S04511
520 = 1= 530803511 + 530512 + 503521
1 2 1,2 1 2 1,2
Sy = 1(10540 =353, — 6)s31 — Z(3S3O — 4530811, Sia = Z(lOsm — 3553 — O)s12 — Z(3S03 —4d)s3811a (38)

and the fifth-order pure moments are closed with (33). In the limit s,; = s305;; and s, = s¢35;;, the closures reduce to the 10-moment
closure, e.g, s4; = s508;. This limit includes the boundary of moment space where s,, = 549 = s¢4. Also notice that (yU5) = s, — 535,
and thus that the closure for s4; does not depend on f; when b, , = 0 or s,; = 5395,;. Remarkably, in the limit s,; = s395;; we find
541 = S5081; where s5, comes from 1D HyQMOM.

Arranging the twelve variables as

X = [mgy, myg, myg, m3g, Mag, Moy, My, Moy, My, Myp, Moz, Moyl

the Jacobian for direction x, is lower-block-diagonal with three diagonal blocks. The first 5 x 5 block comes from 1D HyQMOM with
characteristic polynomial Q,(x)R;(x) [12]. The second 3 x 3 block has characteristic polynomial Q;(x) based on (s3, s4)-

The third 4 x 4 block has a characteristic polynomial .S, that does not depend on s4,. Thus, if it obeys a 3-term recursion formula,
it depends on b,, and not b, ,. Setting s,; = 53951y, S4 reduces to two 2 x 2 blocks. The first block yields another characteristic
polynomial Q,(x) and the second has real-valued roots that do not depend on s¢,:

1 1 7/ 3 1/
5530 + 5 S%O +4, 2S12 - §S03SH + E 43%1 +S%2.

In general, the four roots of .S, depend on (s, 539, 521, S12, Sg3, So4)- However, on the boundary of moment space where sy, = 1 + 333,
setting s,, = s¢35,; we find the following four roots of .S,:

1 1 1 1
5530 + 3 sgo +4 4 503(52; — 530511)s 5503s11 + Es” \/533 +4.
Notice that the first two roots are the same when s,, = 5345, and the latter must satisfy (15).
Further work is needed to check for global hyperbolicity. Still, all four roots are real-valued near the anisotropic Gaussian VDF,
i.e., (+1,+s;) and near the boundary of moment space.'!

3.8. Fourth-order anisotropic model with n = 2

The case with n = 2 and known fourth-order moments is relatively unexplored [2]. The 2D 15-moment system for free transport
is

Moo Moy Mgy Moz Moy

My My mp  mp3
Oi[my  my my;
mzg M3y
Myo
my My mp Mz My Moy Moy Moz Moy Mos
myy My My My3 my mp  myz My
+0y|myg  my m3 + 0y, My my my =0. (39)
Myy My msy ms;
mso My

Compared to the third-order case, the same orthogonal polynomials are used (with g3 = 3/2), but now the moments (s3;, 555, 5;3) are
known. Thus, the closures for s, and s3, are

1 1
S41 = _ZS3O(SS4O — 9s§0 —4)s + Z(lOs40 - 15s§0 —6)sy1 + 2530531,

1 1 1
S3p = 5(2sqp — 353,)(s12 = So3811) + 55032531 = 3530521) + 55303522 = (40)

and (sy3,514) are found by permuting the indices. As in the previous cases, these closures reduce to the exact expressions for inde-

pendent variables (e.g., 53, = s39), and for s;; = +1 (e.g., s3, = 559). Furthermore, this is true for any choice for g;, which appears in

(541, 514). However, the value of g; will modify the eigenvalues/eigenvectors of the Jacobian for partially correlated moments.
Arranging the fifteen variables as

X = [mgy, myg, mag, m3g, Myg, Moy, Myy, Moy, M3y, Moy, Mo, My, Mo, M3, Moy,

10 This closure for s,, is not exact in the limit s = 1. An alternative is sy = 1+ [s;;14/(s49 — D(so4 — 1).

11 On the boundary of moment space, the 1D VDF consists of two delta functions. While one 1D VDF can be on the boundary and the other can be
continuous, it is more likely that the 2D VDF will consist of two delta functions. In this case, 535 = 5,03, S21 = 839, and s;, = sg3-

10
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the Jacobian for direction x, is lower-block-diagonal with three diagonal blocks. The first 5 x 5 block comes from 1D HyQMOM with
characteristic polynomial Q,(x)R;(x) [12]. The second 4 x 4 block has characteristic polynomial Q, = (x — a,)03 — %szz based on
(5305 $40)- The third 6 x 6 block involves the third- and fourth-order moments in both directions, as well as the cross moments. Except
for the term

3
531 = S11840 + 5530(511530—521) (41)

appearing in row 3/column 4, this matrix decomposes into two 3 x 3 blocks. When (41) is null, the first matrix is Q; based on
(530 $40)> and the second has real eigenvalues for uncorrelated variables. While further work is required to determine the full range of
hyperbolicity of the 6 x 6 block, complex eigenvalues have been observed in simulations with a large Mach number. In the simulation
code, when the eigenvalues are complex, we can recover hyperbolicity by setting the standardized moments as follows:

1,5
S21 = 115305 S12 = 8115035 S31 = S115405 13 = S11504> S22 > 3 + 650351153(» (42)

for which the six eigenvalues are real and distinct. The four equalities eliminate (41) and decouple the two 3 x 3 blocks, while the in-
equality on s,, ensures that the remaining three eigenvalues are real-valued. A simple alternative for maintaining global hyperbolicity
is to use the modified closures in (B.1).

Numerical tests using 1D Riemann problems have been carried out for the 15-moment system. Remarkably, even when the fields
are initialized as bi-variate Gaussian with s,; = %1, all moments remain realizable for any value of Kn. Tests with fully 2D spatial
cases are also promising, but (without enforcing the realizability constraints) non-realizable moments with |A7] <0 and complex
eigenvalues are observed for high-Mach-number crossing jets. Thus, to eliminate these issues, we use (42) point-wise to enforce global
hyperbolicity and the realizability constraints in Section 3.1 and Appendix D after updating the moments due to the free-transport
fluxes.

3.9. Fourth-order, 13-moment system

As discussed above, the Jacobian matrix for the 15-moment system simplifies considerably for a particular choice of s;; and s;3
(see (41)). Using 2D HyQMOM to fix these two fourth-order moments and (40) yields the following closures:

3 3
531 = S1840 + 5330(521 — 511530)> S13 = 511504 + 5503(%2 — 511503)>
1 3 1 1 3 1
S3p = 5(2540 —3s3)s12 + 5530522 = 5530 523 = 5(2504 = 3553050 + 5503522 = 5503,
1 5 1 ) 1 5 1 )
S41 = 1530(4 = 35300511 + Z(lOs4O =353, = 6)s3, S14 = 1503(4 =355 + Z(10s04 = 3555 — 6)s12- (43)

In the limit s%l =1 (i.e., |A;| = 0), the closures for the fifth-order moments reduce to the HyQMOM closures for s5, and sys. Thus,
simulations initialized as bi-variate Gaussian with s;; = +1 should be robust in the 1D (perfectly correlated) limit.
These observations suggest that the 13-moment system keeping only fourth-order moments with even indices:

Moo Moy Moy Moz Moy
mygy my My
O[my  my my

m3o
Mo
my  myp mypy myz My my My Moz Moy Mps
My My my myy mp  mp3
+0y|myg  m3y myp + 0| My my my =0 (44)
My msy
Mmso My

with moment vector
X = [mgy, myg, mag, M3, Myg, Moy, Myy, Moy, Mg, My, Myg, Moz, Moy

may be more robust than the full 15-moment system. The moment closures for spatial fluxes use (43), and the 13 x 13 Jacobian matrix
in each spatial direction is lower-block diagonal with four diagonal blocks of sizes 5, 3, 3, and 2. In the x,-direction, the roots of the
two blocks of size three are found from Q;(x) =0, i.e., they are real-valued and repeated but have independent eigenvectors, while
the block of size 2 has two standardized eigenvalues:

(4s%1 + s%z)l/2
— S
which are always real-valued. The 13-moment system is thus globally hyperbolic. Although it is theoretically possible for the eigen-

values in (45) to have larger magnitude than the roots of Ry from 1D HyQMOM, such behavior is likely to be rare (e.g., only with
large Ma), and hence the roots of R; will usually determine the fastest wave speeds.

3
Alp =255 — 550351 (45)

11
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-04 -03 -02 -0.1 0 01 02 03 04

Fig. 1. Initial conditions in the 2D computational domain. Unless stated otherwise, the dimensionless density my, = 1 on the two central squares
and 0.1 elsewhere. The other velocity moments are joint Gaussian with unit variances, and the correlation coefficient s,, is either 0 or +1. In the
low-density region, the dimensionless mean velocity is found from m, = m,, = 0, while in the high-density squares my, = m;, = +Ma/ \/E where in
the lower square it is positive and in the upper square it is negative. Setting Ma = 0 results in a pressure-driven flow; otherwise, impinging/crossing
jets correspond to large Ma.

In summary, while the closures developed in this section appear promising, in practice, the 13- and 15-moment systems with the
correction step are robust, especially for low-speed flows. For cases with dilute high-speed (relative to fluctuating velocity) crossing
jets'2, the 10-moment system in Section 3.6 suffices for capturing the relevant physics. For the 13- and 15-moment systems, the
correction steps described in Appendix D are essential to avoid unrealizable moments for high-speed crossing jets (i.e., negative 47,
etc.). In the next section, we focus on numerical examples using the 15-moment system with high Mach numbers.

4. Some 2D numerical examples for the 15-moment system

In this section, we present 2D numerical examples using the fourth-order, 15-moment system in Section 3.8 and include the BGK
model for elastic collisions [45]. Our main interest is to test the robustness of the moment-correction algorithm for extremely non-
equilibrium conditions (e.g., hypersonic crossing jets). Indeed, for low-speed cases, the moment-correction algorithm is not needed as
the moments remain realizable for all values of the Knudsen number. Consistent with Rice et al. [10], for 1D spatial domains the 2D
HyQMOM closure was found to be robust for Riemann problems involving a pressure jump for arbitrary Kn. Here “Riemann problem”
denotes the genuine one-dimensional initial-value problem with a single isolated discontinuity; the two-dimensional impinging-
/crossing-jet configurations considered below contain several piecewise-constant states and are referred to as two-state initial-value
problems. Remarkably, this is true when the initial VDF has sfl =1 (i.e., perfectly correlated variables), which is not the case for
the other moment systems with n =2 where |A;| can become negative. In general, if s;; # 0 then both mean-velocity components
are non-zero. Thus, it is of interest to test the 2D HyQMOM closure in a 2D spatial domain with strongly non-equilibrium initial
conditions. Moreover, in the 1D domain, if s;; = 0 for the initial conditions, then it remains zero. Generally speaking, this will not be
the case in 2D domains where the flow generates a non-zero s,; due to the spatial flux.

4.1. 2D test case

The 2D problem on a double-square domain (see Fig. 1) is initialized with two high-density square regions in the center (mg, = 1)
surrounded by a low-density region (my, = 0.1 or 0.01). As in a classical 1D shock tube with initial zero mean velocity [47], the initial
pressure ratio defines a shock Mach number Ma, which is held constant for all cases. Explicitly, Ma, is the Mach number of the shock
generated by the initial pressure (equivalently, for the isothermal initial state, density) discontinuity through the standard shock-tube
relation; it is set by the pressure ratio alone and is distinct from the jet Mach number Ma defined below, which is set by the imposed
mean velocity U. The two Mach numbers are independent control parameters. It is worth noting that the diagonal spatial symmetries
of the initial distribution must be preserved for all subsequent times. The center density normalizes the density N, such that Kn

12 j.e., high-Kn and high-Ma flows.
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defines the dimensionless collision time scale in the BGK model for elastic collision [45], i.e.,

0M2n — G2n - M2n with 7, = Kn
o Te 2myy \/6
where © = (¢, + ¢()/2 is the dimensionless “temperature” and G,, are the Maxwellian moments with the same (m, @1, ®). Thus, at
time zero, the collision time scale in the center squares is 7, = Kn/2, implying that Kn is inversely proportional to Ny, i.e., increasing
Kn corresponds to decreasing N, at a fixed temperature.

The initial rms velocity ' is used to normalize the velocity, and is uniform at time zero such that ®; = 1. To produce imping-
ing/crossing jets, the mean velocity U in the center squares is set equal and opposite, and the jet Mach number is defined by
Ma = U /u’.'3 These initial conditions were chosen because they generate trajectory crossing for large Ma and Kn, as well as non-zero
energy fluxes. The initial VDF is jointly Gaussian with zero mean velocity and unit variances. The initial value of s;; controls the
covariance. Here (and in the Supplementary Material), we show results for s;; =0 and s,, = +1, but any intermediate value also
works. Since the collisions force s;; to zero, only the highest Kn is used with initial condition s;; = +1.

In this work, we are mainly interested in whether the closure is robust for all Kn and Ma, leaving aside the question of accuracy.
Indeed, it is known that with Ma = 0 but large Ma,, 1D HyQMOM with » = 2 is accurate only for relatively small Kn, i.e., one must
increase n to get accurate results for increasing Kn [10,12,13,15,16]. Nonetheless, for large Ma, 1D HyQMOM can accurately capture
jet crossing with n = 2, and the same is true with 2D HyQMOM, as shown below. In contrast, for low-speed flows with small Ma,,
the HyQMOM closures are robust and globally hyperbolic without realizability corrections. Indeed, the eigenvalues for the moment
system are nearly constant for such flows, independent of Kn.'# Similar results were reported for such cases in Rice et al. [10] using
a third-order orthogonal-polynomial-based closure.

4.2. Hyperbolic solver

The numerical solutions reported below used the HLL solver [47,50] for spatial transport from Fox and Laurent[12] (i.e., first
order in space and time). However, we expect the results would be similar using other hyperbolic solvers as done in Rice et al. [10].
The minimum/maximum eigenvalues needed for the HLL fluxes are found from the three roots of the orthogonal polynomial R; and
the six eigenvalues of the 6 x 6 block discussed in Section 3.8. For low-speed flows, the roots of R; suffice, but for high-speed flows,
there are small regions where the HLL fluxes use the six eigenvalues. In any case, the eigenvalues are well defined for any set of
realizable moments. In a 1D domain, it is possible to use a large number of grid cells to test convergence. However, for large Ma in
2D, we are limited by computational cost to a uniform mesh with at most 1024 x 1024 cells.'> Future work along the lines of Fan
etal. [51] is needed to refine the hyperbolic solver to achieve higher-order spatial convergence with guaranteed moment realizability.
The BGK collisions are treated with operator splitting and a semi-implicit scheme [12]. In the figures below and in the Supplementary
Material, contour plots of the principal moments are shown at a dimensionless time chosen to avoid waves leaving the domain. These
plots include the Hankel determinants for the 1D moments H,, and H,, and |A,| and |A%| defined in (12). As they should, all contour
plots exhibit the same diagonal spatial symmetries as the initial distribution in Fig. 1. As discussed in Section 4.3, when a realizability
correction is needed, it occurs at isolated points that are clearly evident in the contour plots of the fourth-order moments (e.g., with
density ratio 0.01, Ma = 100, Kn = 1000 in the Supplementary Material). Likewise, hyperbolicity corrections appear as isolated points
in the contour plots of the flux eigenvalues. For example, high-speed crossing jets without realizability corrections have a contour
plot for |A7| with local negative regions that grow quickly. With realizability corrections, such regions remain positive. In general,
controlling hyperbolicity is necessary for the robustness of the HLL solver, while small regions with non-realizable fourth-order
moments can be tolerated by the solver.

4.3. Grid convergence, correction activity, and rotational invariance

In this section, we quantify the accuracy of the method under mesh refinement, the activity and magnitude of the moment-
correction algorithm, and the rotational invariance of the closure. All computations below use the open-source solver, which repro-
duces the reference implementation to machine precision (maximum absolute difference 2 x 10~!% over all moments). Similar to the
bubble problem in Rice et al. [10], we use a smooth, rotationally symmetric initial condition — an isothermal Gaussian density profile
p(r) = po + Ap exp(—r? /2w?) with zero mean velocity. The shock Mach number Ma, is fixed by the density ratio (p,, + Ap)/p.,. For
the density ratio (i.e., 2) used in Rice et al.[10], moment- and hyperbolicity corrections are never required due to the low-speed
nature of the flow. However, for Ma = 0 and Kn = oo, corrections are required starting at a density ratio around 200. Data for Kn = 1
are discussed below.

13 Impinging jets correspond to small Kn, while crossing jets correspond to large Kn. For pure trajectory crossing, there are no collisions. Cases
with a large Tsien parameter, KnMa [48], are the most difficult to capture with moment methods.

14 1f the initial VDF is non-Gaussian everywhere, then for Kn — oo the eigenvalues will correspond to the zeros of the characteristic polynomial P;.
As Kn — 0, the eigenvalues converge to the roots of Hermite polynomials [49]. In any case, low-Ma cases are straightforward to treat with HyQMOM
because moment realizability is not an issue.

15 With the projection method in Appendix B, cases up to 2048 x 2048 are tractable on a laptop with sufficient memory. In any case, the hyperbolic
solver is highly scalable.
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Table 1

Observed order of accuracy p (den-
sity, L') for the bubble problem,
by Knudsen number. The rate ap-
proaches the design first order under
refinement and is independent of Kn.

256512 512—1024

Kn =0.01 0.96 0.98
Kn=0.1 0.96 0.98
Kn=10 0.96 0.99

Table 2

Correction activity versus Mach number (crossing jets,
2562, density ratio 0.01, Kn = 1): fraction of cells cor-
rected for hyperbolicity and mean correction magni-
tude ||[AM .

Ma  hyperbolicity-corrected fraction mean ||AM||

0 8x107° 8x10°°

2 9% 107* 4%107*

4 1.4x1073 2% 1073
Table 3

Activity of the realizability/hyperbolicity correction for the bubble
problem with Ma = 0 and Kn = 1, versus the initial density ratio.
“Cells corrected” is the fraction of cell updates in which the correc-
tion is active; max ||AM || is the largest moment change applied; the
conservation error is the relative drift of total mass. The corrected-
cell fraction is mesh independent (19.8% at 2567 vs. 19.6% at 512>
for ratio 100).

density ratio cells corrected max ||AM || conservation error
2 0% 0.04 2x 10710
50 20% 1.5 1x1071
100 23% 1.8 7x 10710
150 25% 1.6 5%x10712
200 26% 22 2x 1071

4.3.1. Grid convergence

We refine the mesh through 128%, 2562, 5122, and 1024, and Table 1 reports the observed order of accuracy p =logy(ey /e, /).
The discretization converges at its design first order, with p — 1 under refinement, uniformly across Knudsen numbers spanning the
continuum, transition, and rarefied regimes.

4.3.2. Rotational invariance

For the rotationally symmetric bubble problem from Rice et al. [10], the residual angular variation of the density remains below
0.05%, uniformly in Kn. The moment closure thus preserves rotational symmetry to within a small, quantified bound. This result is
consistent with those reported in Rice et al. [10] for a third-order moment closure.

4.3.3. Activity of the correction algorithm

The realizability/hyperbolicity correction acts as a local safeguard whose footprint scales with Ma. For crossing jets with increasing
Ma, Table 2 reports the fraction of cells receiving a hyperbolicity correction and the mean magnitude ||[AM || of the moment change.
At low speed the hyperbolicity correction is essentially never triggered and the realizability adjustment is negligible in magnitude.
Both grow monotonically and controllably with Ma, consistent with activation near strong shocks. For small Kn neither correction
is needed (cf. Section 6). For the bubble problem in Rice et al. [10] with Ma = 0 and Kn = 1, Table 3 reports similar information for
increasing Ma,. As noted above, larger Ma, leads to a stronger shock, which can active the hyperbolicity correction at isolated regions
in the domain.

4.3.4. Local conservation

The correction algorithm modifies only the standardized moments and leaves the conserved hydrodynamic moments — density,
momentum, and energy — unchanged at each cell to machine precision (~ 10~1 per correction). In most cases, the univariate standard-
ized moments are also unchanged. Thus, for every Kn and Ma examined below, no conservation error is introduced by the correction
algorithm.

14



S.H. Bryngelson, R.O. Fox and F. Laurent Journal of Computational Physics 566 (2026) 115242

Density U velocity V velocity

0.22
0.4 0.4 2 0.4 2
0.2
0.2 o018 0.2 1 0.2 1
0 0.16 0 0 0 0
0.2 i 0.2 1 0.2 -
0.12
-0.4 -0.4 2 -0.4 2
0.1
04 -02 0 02 04 04 -02 0 02 04 04 -02 0 02 04
A,
0.4
4 / 0.99
0.2 '
0.98
. ARG
N A 0.97
2 0.2 ‘/ i~
1 0.4 0.95
04 -02 0 02 04 04 -02 0 02 04 04 -02 0 02 04
H20 H02 AZ
0.4 28 0.4 28 0.4 12
0.2 26 0.2 26 0.2 10
0 24 0 24 0 8
-0.2 22 -0.2 22 -0.2 6
-0.4 -0.4 -0.4
2 2 e

-04 -02 0 02 04

-04 -02 0 02 04

-04 -02 0 02 04

Fig. 2. Ma =4, Kn = 0.001, 7 = 0.05. Low-order moments and Hankel determinants.

4.4. Example results for 2D test case

For Ma = 0, no issues with hyperbolicity were observed for the considered density ratios. The HLL solver ran with CFL = 0.5,
and in all cases, the largest and smallest eigenvalues came from R;. The perfectly correlated cases exhibited small overshoots for
s%l (i.e., negative |A,|), but no remedial corrections were needed to correct the moments. In the 1D cases, such overshoots decrease
on finer meshes and are therefore most likely due to the numerical algorithm rather than the closure. In summary, for low-speed
flows, the 15-moment, 2D HyQMOM closure is remarkably robust from a numerical perspective and requires neither realizability nor
hyperbolicity corrections. It should therefore serve as a good starting point for simulating non-equilibrium flows at small to moderate
Mach and arbitrary Knudsen numbers.

Next, we consider a supersonic case with Ma =4 and vary Kn between 0.001 and 1. Runs with Kn = 1000 are similar to those
with Kn = 1. For each Kn, four sets of contour plots are presented at # = 0.06 in the Supplementary Material. Using Kn = 0.001 as an
example, in Fig. 2 the lower-order moments and Hankel determinants are shown. In Fig. 3 the third- and fourth-order standardized
moments are shown. In Fig. 4 the eigenvalues (top row), Cholesky diagonal elements (middle row), and roots of the third-degree
polynomial found from A} are shown. The first two rows must be positive for the cross moments to be realizable. In Fig. 5, the six
eigenvalues for the 6 x 6 flux Jacobian are shown in the top and middle rows, and the bottom row shows the difference between
two pairs of eigenvalues. These differences must be positive for real, distinct eigenvalues and a hyperbolic system. Note that the
hyperbolicity and realizability plots are used to demonstrate that the constraints on the moments are correctly implemented after the
spatial fluxes. Without these constraints, the code with Ma > 1 (or Ma, > 1) may not be robust.

From the density plots, we see in Fig. 6 that Kn = 0.1 corresponds approximately to the crossover from impinging (Kn < 0.1) to
crossing (Kn > 0.1) jets. In other words, for Kn > 1, the collisions are negligible compared to free transport. From 1D HyQMOM, we
know that the accurate representation of free transport requires higher-order velocity moments than fourth order.'® However, the
results for larger Ma and Kn demonstrate that the simulation algorithm produces realizable moments even if they are not accurate.
Indeed, without the correction algorithms described in Appendix D, the high-Ma cases can only be run with small MaKn (i.e., near
the AG/Euler limit).

16 The pure crossing jet discussed in Appendix D is an exception because it depends only on moments up to third order.
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Fig. 3. Ma =4, Kn =0.001, r=0.05. Standardized moments.

Example results for hypersonic crossing jets with outer-to-inner density (mj) ratio 0.01, Ma = 100, and Kn = 1 on a 200 x 200 mesh
are shown at 7 = 0.002 in Fig. 7 and in the Supplementary Material. Note that the shock Mach number associated with the density
ratio (i.e., when Ma = 0) is meaningfully larger than in the previous cases. From the minimum/maximum eigenvalues 4, and 4, we
observe that the maximum wave speed is larger than 500. As seen in Boccelli et al. [22], it is worth noting that the density is moving
relatively slowly compared to the third- and fourth-order standardized moments, which vary rapidly at the edges of the crossing jets.
For comparison, results for impinging jets with Ma = 100 and Kn = 0.001 are shown at ¢ = 0.002 in the Supplementary Material. From
the standardized moments in Fig. 8, it can be seen that outside the denser center region, the moment system is far from Maxwellian
due to the high Ma and small density ratio. In general, for small Kn neither moment-realizability nor hyperbolicity corrections are
needed for this Ma. Note that, compared to Kn = 1, the waves travel faster for Kn = 0.001.

5. Extension of HyQMOM to 3D moment systems

In the previous sections, we considered moments for a 2D VDF with phase space u € Re?, deriving realizability constraints for
the fifteen moments up to fourth order. Here, the 3D VDF has phase space u € Re®, so we begin in Section 5.1 by deriving the
realizability constraints for the 35 3D moments M, up to fourth order [38], which are meaningfully more complex than in 2D.
With the 3D realizability constraints in hand, we then consider the hyperbolicity of the 3D HyQMOM closure for such moments in
Section 5.4. The numerical implementation for the hyperbolic moment system found from the 3D kinetic equation is very similar to
the 2D moment system in Section 4. As in the 2D case, local moment-realizability and hyperbolicity corrections are only needed for
highly non-equilibrium flows.

5.1. 3D moment realizability
The first step is to check and correct the realizability of the three 2D moment sets (s;, 5o So;«) using the procedure in Section 3.1,

which is necessary but not sufficient for realizable 3D moments. At the same time, we treat the edges as described in Section 5.1.1.17
Thus, hereinafter, we assume that the three 2D moments sets are realizable and that H,,, Hy,. Hyp, > 0. As in 2D, another set of

17 Non-realizable points near edges and corners are usually due to non-realizable 2D second-order moments.
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polynomial.

constraints on s,,, can be found using the variables X = 4> — 1, Y = #> — 1 and Z = i where (i, ) are the standardized 2D velocity
components. From these variables, the bounds on s,,, are

max (sfm, 1= vGao0 = DiSoro — 1)) < 5390 < 1+ V(300 = DGoao = 1) -

Analogous constraints are found for s,, and s(,, by permuting the indices. As discussed below, (46) is less restrictive than the bounds
found from the leading principal minors of the 3D moment matrices.

The 3D orthogonal polynomials have realizability constraints based on non-negative, symmetric, moment matrices [29,30]. In
terms of the standardized moments s;;, up to fourth order, the two matrices are

(46)

1 0 0 0 1 Sti0 Sio01 1 Sot1 1
0 1 S0 Stor - S300 210 S201 S1200 Sti1 S102
0 S110 1 So11 $210 S120 S S030  S021 S012
1 0 0 0 0 S101 Sot1 1 5201 S111 St02 So21 So12 Soo3
A = 0 1 S1i0- Si01 Ay = 1 S300  S210  S200 Sa00  S310 Ssor S220  Sai1 Sa02 (47)
0 s 1 So11 S0 210 S120 St S310  S220  Sa11 S130 Szt Sz
0 sio1 Sonn 1 St S201 Stin Sw2 Ss01 S2i1 0 S22 St Siz i3
1 $120  So30  So21 $220  S130 S121 So40  So31  So22
Sotr Stir o So21 Soiz S211 S121 Stz So31 So22 So13
[ 1 S102 Sor2 S003 202 S112 S103 S022 S013 5004

For realizable moments in the interior of moment space, these matrices must be positive definite [30]. Also, by permuting the indices,
different matrices will be found that have the same eigenvalues. Thus, it suffices to work with one set of indices to find formulas that
can be applied to the other permutations. For example, there are three possible permutations of s;,, and six of s,;.

5.1.1. Realizability constraints for second-order cross moments
In strongly non-equilibrium cases, the second-order moments can become non-realizable. This is true not only for HyQMOM,
but also for second-order moment closures [32], such as the AG model [43,46]. From the leading principal minors, non-negative 4,
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requires
2 2 2
St10°S1010 5011 < s (48)
and
2 2 2
1+251]05101SO]1 _(S110+5101 +S011)20a (49)
where equality in (49) defines the boundary of second-order moment space. For example, if sy, = 0 in (49), then s>, +s% =1 on

110 " 7101
the boundary; or if s54;; = 1, then 5,5 = 5(;. Note that (48) is the same as for the 2D system (i.e., it is assumed to be satisfied). Thus,

(49) is an additional requirement for the 3D second-order cross moments to be realizable. As shown in Fig. 9, the boundary of moment
space can be found using the following formulas:

So11 — S1108101 = aRy19R 01,
S101 — S1105011 = bRy19Ro11> (50)
S110 — Sor18101 = ¢Ryo1 Rop1>
where
2 12 2 12 2 12
Ryjo =1 =579 72, Ry =(1 = S7o1) 2, Ry =(1 = S511) 2, (51)

and a, b, ¢ = +1 with abc = —1.'® Note that in simulations, the case where one of the 2D moments (s ¢, S1¢;, So1;) i non-realizable has

already been treated, so the coefficients in (51) are real-valued. The four vectors (a,b,¢) = (-1,-1,-1),(-1,1,1),(1,-1,1),(1,1,-1)

define the four faces and are normal to the boundary at the center of each face (intersection of red sphere and blue surface in Fig. 9).
For a 3D crossing jet, there are exactly four possible cases (see Appendix D):

(s110> S101>S011) = (1, 1, 1), (1, =1, =1), (=1, =1, 1), (=1, 1, =1).
Thus, a 3D crossing jet corresponds to one of the four corners in Fig. 9 where three edges intersect. On the boundary of moment

space, other special cases can be identified. For example, 50519591 = —1/8 must hold when 5%10 + 5%01 + 5311 > 3/5 (see red sphere

18 Since 4 = 1, etc., we have ab = —c, bc = —a and ab = —c.
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Fig. 6. Ma =4, Kn = 0.1, r = 0.05. Low-order moments and Hankel determinants.

in Fig. 9). From (49) it is obvious that s;,0s;9;50;; = 0 when s/ +s3 +s2 > 1 and that the unit sphere touches the boundary at

points where a correlation coefficient is null (e.g., s;;9 = 0). Thus, between the unit sphere and the sphere with radius 1/3/4, we have
$11051015011 < 0. Furthermore, on the boundary of second-order moment space, the 3D standardized VDF f (i, 7, i) is confined to a
planar surface in velocity phase space defined by

S\ (@i, 0, 10) = aRyy i + bRyg 5 + Ry 1oif = 0 (52)

where the coefficients are determined from (iS,) = (8S,) = (0S,) = 0.

On this surface, only two of the three coefficients in (51) are free, with the third found from (50). Moreover, on the six edges, one
of the coefficients is zero, and the other two are positive and equal. For example, if Ry;; = 0 then R,y; = R;;¢ and b5 + ci = 0 from
(52). Furthermore, in the four corners, all coefficients are null and aii + b0 = 0, aii + ctv = 0, bd + civ = 0. Note that for the corners
and edges (a, b, ¢) = (sg11- S101» S110)- Otherwise, given the second-order moments, on a face, the values of (a, b, ¢) are found from (50).

For robust simulations, it will be necessary to determine whether the second-order cross moments are realizable, i.e., inside the
boundary shown in Fig. 9, and to correct them if they are not. This is accomplished by defining a realizability surface in second-order
moment space:

_ 2 2 2
S$2(s110> S1015 So11) = 1+ 2511051015011 = (5710 + STo1 + So11)- (53)

If S, >0, then the second-order moments are realizable. Otherwise, if S, < 0 we correct the moments by finding the largest scale
factor 0 < a < 1 such that S,(as;;g. as1;, @s01;) =0 (i.e., a point on the surface in Fig. 9), and replace the moments (s;¢. 501> So11)
with the scaled moments (asq, @511, @sg;;) for which .S, = 0. Recall that at this point the 2D second-order moments have already
been corrected, e.g., S%IO < 1. This implies that the rescaled moments will correspond to one of the four faces.

In summary, when S, > 0, the realizability of the third- and fourth-order moments is checked and corrected as described below
in Section 5.1.2. Otherwise, when .S, < 0, their values are found starting from (52). We will consider separately the procedure used

for corners, edges, and faces.
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Fig. 7. Crossing jets with Ma = 100 and Kn = 1000 at # = 0.003. Low-order moments and Hankel determinants.

Corners. The standardized VDF at the corners reduces to a univariate VDF, e.g., f (i, 0, ) = f(i#)5(aii + b0)S(aii + cw), such that the
moments can be written as

sk = (=1 el bk / AR p@ydi = (=17 s] | sk s oo (54)

where 5, 519; = +1 in the corners. Thus, all of the cross moments can be expressed in terms of univariate moments in one direction.
The correction algorithm proceeds as in the 2D case, and is implemented when R);; = R;y; = R;;( = 0. In simulations, non-realizable
points near corners almost always occur (albeit almost never) with non-realizable 2D moments.'® Thus, corners are handled simul-
taneously with the correction of the 2D moment sets.

Edges. The standardized VDF along the edges depends on which of R, Rg;, Ry is null. Using Rj;; = 0 as an example, the VDF is
f(@,0,w) = f(@,0)6( — ad) = f (@, 0)5(0 — ad) along two edges, and the moments are

[ R O O =y
Sijk =a /u'v’ f(@,0)dadd = sy 5160 OF  Sijk = Sg;,5i0k+j (55)

where sq;; = 1. Thus, along the two edges where Ry, = 0, all moments must be corrected given the realizable 2D moments s, ;4o Or
870 j+k- Here we choose s; ;o if Ryjg > Rygy and s; ;.4 otherwise. The correction procedure for R, = 0 or Ry, = 0 is analogous. As
shown next, edges are a special case of faces. In simulations, non-realizable points near edges almost always occur with non-realizable
2D moments, e.g., 5311 > 1. Thus, edges are handled simultaneously with the 2D moment sets, using (55) to reset the moments in the
other directions.

Faces. Using (52) to express i in terms of (i, 5), the moments on the faces where the coefficients are all positive (0 < Ry;;, Ro1. Ry10)
can be written as

k

[ i _ ke pre o g k -

sije = (CRyy0) 7 / @0/ (—aRoy i — bRy 0) f (@, D)didD = )’ ( l)y{ 5" Sivt jketo (56)
1=0

19 In fact, during simulations, non-realizable points at corners are rare compared to edges.
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Fig. 8. Impinging jets with Ma = 100 and Kn = 0.001 at 7 = 0.002. Standardized moments.

where y; = (s = s1108011)/(1 = 57,5) and v, = (so11 = 51198101)/(1 = 5,)- Thus, for example, s;1; = y15510 + 725120 and sy; = yy 5319 +
725220- Two other forms exist by expressing & in terms of (i, i):

J .
sijk = (bR ™ /ﬁ'(—aRouﬁ — Ry oY @ £ (1, W)diid i = Z (;)% yzlt_lsi+10k+j—l (57)
=0

where y3 = (5119 — 5101 5011)/(1 = s3,,) and 4 = (so11 = s1105101)/(1 = 57,,); and @ in terms of (5, ):

i .
sijk = (@Rg; )™ /(—melﬁ — cRy o) & @* £ (6, W)dbdiw = Z <;>7§ Ye 50 j1 kit (58)
=0

where ys5 = (s19; — S1105011) — s(zm) and 7 = (5119 — S101 5011 — sg“). Recall that only two of the three second-order cross moments
are independent when .S, = 0, and the 2D moments appearing on the right-hand sides are realizable. In fully 3D simulations, most
non-realizable points will correspond to faces.

In the correction procedure with 3 < i + j + k < 4, we use the largest coefficient to choose between the three formulas. For example,
if Ryj is largest, then (56) is used; or if R, is largest, then (57) is used; otherwise we use (58). Note that with this algorithm, faces
and edges can be treated together without worrying about dividing by zero. However, as mentioned earlier, points near edges are
handled together with the 2D moments. At the four points where s%w = 5%01 = s(z)11 = 1/4, we use the arithmetic averages to fix the
moments.2’

In summary, whenever any one of the second-order moments is found to be non-realizable, all of the higher-order moments are
corrected according to whether the point is on a corner, edge, or face. Otherwise, if all of the second-order moments are realizable,
then we proceed to check the third- and fourth-order moments as described next.

20 Unlike the 2D case where sy, = so;; = 0, such points never occur in a simulation with finite-precision algorithms.
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Fig. 9. Boundary of moment space for s, s,;, and s,;; where |4;| = 0. It has the form of a “puffy” regular tetrahedron centered at the origin. Left:
complete surface. Right: a sphere of radius \/3_/4 (red) touches the boundary (blue) at one point on each face (e.g., 1/2,-1/2,1/2). Outside the unit
sphere (green), 0 < s,,0510150;; on the boundary. Crossing jets (i.e., the VDF is two delta functions) correspond to one of the four extreme corner
points where 5,050 50;; = 1. On the six edges connecting the corners where one of the cross moments equals +1, the VDF is positive on a 1D line
in 3D phase space. Elsewhere on the four faces between the edges, the VDF is positive on a 2D surface in 3D phase space. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

5.1.2. Realizability of third- and fourth-order moments
Hereinafter, we assume that 4, is positive definite and rewrite 4, using block matrices:

1 S300  S210  S201 S400  S310 S301 S220  S211 S22
S110 S210 S120 S111 S310  S220  S2in S0 S121 Sz
A B’ s s s s s s K s s s
A = [ 1 where B = | 5101 201 111 102 | 4nd C = | 5301 211 202 121 112 103 |
B C L s So30  Soai 520 S130 Si21 Sod0 So31 Sox
Sorr St So21 So12 S211 Szt Stz So31r S22 So13
1 S102 - So12 S003 S202 Stz S103 022 S013 Soo4

Expanding the determinant in block matrices, |4,| can be expressed as |4,| = |4,||4]| where
5=C-D and D =B4;'B". (59)

As in 2D, the symmetric matrix D with components d;; depends only on moments up to third order, while the symmetric matrix C
depends only on the fourth-order standardized moments. For moments with one of the indices equal to zero, the number of occurrences
of a cross moment in C will determine the degree of the polynomial that must be solved to determine its bounds. For example,
(5310+ 5301> 5130+ S103+ 5031 So13) €ach appear twice, while (545, 5202, S022) €ach appear three times. On the other hand, (sy1, s121,5112)
each appear four times, but can be limited using a second-order polynomial.

If the 6 x 6 symmetric matrix 47 is positive definite for realizable univariate moments, then the 15 third- and fourth-order cross
moments are realizable. As seen for the second-order cross moments in Section 5.1.1, the 2D constraints for realizability provide
nine necessary conditions for the realizability of the 2D cross moments. In principle, the six leading principal minors of 43 can be
used to find these constraints (i.e., Sylvester’s criterion [36]). However, the 3D formulas are significantly more difficult to analyze
symbolically and implement numerically compared to the 2D system.>!

In summary, we assume that the univariate moments are strictly realizable (i.e., H,qy, Hypg. Hogo > 0), as are the second-order
cross moments (i.e., |4;| > 0), and seek constraints on the third- and fourth-order cross moments using (59). This will mainly be done
by enforcing the six leading principal minors of 47 to be positive for the six permutations of 47. In our 3D test cases, correction of
the second-order moments was never required.

2L The simplest 3D case occurs when the third direction is independent of the first two, such that s,;, = 5,050, in which case the 2D realizability
constraints are sufficient.
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5.1.3. Realizability constraint for (s5¢, S201)
The first leading principal minor (s,q) — d;;) > 0 provides limits for the pair of third-order cross moments (s,;(, 29;):

[5210 - 51105300]’ [ 1- S%m $1015110 2— Son] [5210 - 51105300] < Hagol 4], (60)
$201 = S1015300] 151015110 ~ So11 L=s710 $201 = 51015300

provided that |4,| > 0 (i.e., the coefficient matrix in (60) is positive definite). Note that the left-hand side can be written as V'V with
column vector V = R[s,;9 — 51105300- 5201 — S1015300]" Where R is the square root of the coefficient matrix.

If the inequality in (60) is not satisfied and V'V > 0,22 then it is possible to scale the left-hand side using a factor 0 < « < 1 such
that aV is inside the boundary of moments space, and hence to correct (s,q, S59;) to be realizable. In this manner, six of the seven
third-order cross moments (i.e., except s;;;) can be made realizable. The limits for (5,5, 5¢»;) and (sg;5, $102) follow by permuting the
indices. When the third direction is independent of the first two directions, i.e., s;o; =0, so;; = 0, and s,y; = 0, the limits on s,,, are
the same as in 2D.?® Otherwise, (60) defines a rotated ellipse in (s, — 51105300+ S201 — S1015300)-MOMent space. As seen in 2D, the 3D
energy flux, e.g., q; = (c399 + ¢129 + ¢102)/2, is limited by (60).

A necessary condition for 47 to be positive is that the six diagonal elements must all be positive. Thus, when the first element of
43 approaches zero (e.g., (s499 — d1;) — 0), some of the fourth-order cross moments must approach limiting values. These values can
be found by setting the elements of the first row/column of 47 to zero. Note that the six permutations yield the same limits. In the
moment-correction algorithm, if any of the diagonal elements are zero, then, except for (55, 520, S022), the fourth-order moments are
set to their limiting values. For example, if the first diagonal element is zero (or negative) the moments (s3,¢, 391, S21;) are fixed.>*
This procedure is applied to each of the diagonal elements. If all diagonal elements are zero, then all of the fourth-order moments
will be determined. Otherwise, the remaining fourth-order moments are corrected as described below, without changing the fixed
values found when the diagonal elements are zero.

5.1.4. Realizability constraints for s,

Finding the value of s, on the corners and edges of the surface in Fig. 9 is straightforward due to the linear dependence between
the standardized velocities. For example, at the corner (1, 1, 1), we find s,;; = s309 = So30 = So03; and along the edge connecting (1,1, 1)
and (-1,-1,1) we find s;; = 5159 = 51¢p- On the faces, we have |4;| =0 but finding the exact value of s;;; is complicated (see
(56)-(58)). Thus, consistent with the edges, we limit s, by

min (Ay0, A1, A1) < 111 < max (Ay1g, Ajop. Aoy ) (61)

where Ao = y1510 + 725120> A101 = V35201 + 745102 @nd Agy; = ¥55001 + 65012 With the y; defined in Section 5.1.1. Another possibility,
given in Appendix E, is to treat (s3,,s,;;) together, even though they have different orders. With all of the third-order moments
constrained, the matrix D in (59) is fixed when searching for the constraints on the fourth-order moments.

5.1.5. Realizability constraint on s3,
Continuing with the second leading principal minor:

s400 — d11 s310 — d12

= (5400 — d11)(5220 — dp) — (5310 — d12)* > 0,
s310 = dip Sxp0—dy 00— 0 30T

the quadratic equation for X = (s3,9 — d|,) will have real-valued roots under the following conditions:

G310 = (5220 = d2)(5400 = d11) = G310,4G310 With G319, G310 20 (62)
where
f 2
$210 1_3011 So0115101 — 110 So115110 ~ S101 || S210
G3104 =5220—S%10— m S120 | | So115101 — 5110 1—5%01 S1015110 = Sot1 || S120 | (63)
"sin So115110 ~ S101 S1015110 ~ So11 l—sfm S

with the determinant of the (positive) coefficient matrix equal to |4,|> > 0; and

4 2
G0y = Hogo — 1 [5210 - 51105300] [ 1- STo1 S1015110 — Son] [5210 — 51105300 (64)
b = A 2 »
[411 [5201 = S1015300] [S1015110 = So11 L=s7110 5201 = 51015300

which is always positive due to (60). The constraint G;,,, > 0 places a lower bound on sy,:

1t 2 B
5210 1_3011 So115101 — S110  So115110 ~ S101 || S210
_ 2 2
Sp0 = dop = 87,0+ A S120 | | Sor1S101 — S110 1 =570, 51015110 = So11 |[ S120 | 2 O (65)
1 2
St LSo118110 = S101 S1015110 ~ Sot1 1—=s7 St

22 If V'V = 0 (i.e., for (s,qy, So;2) in 2D), we set V = 0.

23 Recall that uncorrelated is not equivalent to independent. For example, in 3D cases, the spatial fluxes can keep s,o; = so;; = 0, but 5,9, and s¢;,
are non-zero, i.e., the third direction is uncorrelated but not independent of the first and second directions.

24 Notice that because d,, > d,,, forcing s,,, = d,, provides a larger lower bound than the diagonal element s,,, = d,,. For example, the Maxwellian
gives d;, = 1 and d,, = 0. The same is true for s,;, and s, found from the other permutations.
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Similarly, by permuting the indices, G5, , > 0 and Gy, , > 0 give lower bounds for s,(, and s,, respectively. Note also that G5, , > 0
yields the same constraint on s, as G39, > 0, i.e., G3;9 = G130, 50 that no additional constraints are obtained from the same pair.
These constraints on (sy,q, Sa0, Sg22) can all be applied before checking s3,, and its six permutations. As in the 2D case, we can
anticipate that (syy9, $202» Sg22) Will have additional constraints (e.g., an upper limit).?>

Using the results above, the realizability constraint for s3,q is

172 172
diy — Gy < 8310 < djp + Gy, (66)
where di, = 5119 + b319/14;| with
_ 2 2 2 2
byio = (1 = s7,9)82015111 + (1 = 570)82108120 + (1 = 55,1)52105300 + (So115101 — $110)(51205300 + 5310)
+ (s1015110 = S011)(S1205201 + S2105111) + (S0115110 — S101)(51115300 + 5201 5210)- (67)

In summary, there are two possible cases: if s,, satisfies (65), then G, > 0 and s3,, must satisfy (66); otherwise, s,,, is fixed such
that G5, = 0 and s3,( = d,,. This is repeated for the six permutations.

5.1.6. Realizability constraint for sy,
With the known (53, s39;) from Section 5.1.5, the third leading principal minor

sq00 —dir Szl —dip Sz —diz

s310 = dia Sypo—dyp Sy —dy| >0 (68)

s301 —di3 Soi—daz Sy —da3
depends on the fourth-order moments (s,5, Sog»)- The realizability constraint is quadratic in terms of X = (s, — da3):

2 2
(5400 — d11)X? = 2301 — d13)(s310 — d12)X + (5200 = d33)(5310 — d12)* + (5200 — ) (5301 — di3)°
= (5400 — d11)(5220 — d22)(s202 — d33) =0

where from Section 5.1.3 we have (s4) — dy;) > 0. From the discriminant, the two roots are real-valued if G,;; = Gy ,G211 20
where

Got1.a = (8400 — d11)(s220 — d2) — (s301 — ‘113)2 and Gy = (5400 — d11) (5202 — d33) — (5310 — d12)2~
A sufficient condition is Gy, 4, Gy, 2 0, yielding the following constraints:?°
(5301 — d13)2 (5310 — d12)2

Sy0 2 dop +
400 — d11 400 — d11

and  syp >d33+

>

which can be compared to (65). Also, under a permutation of the second and third indices, the constraints are the same,?” so that
G,y is invariant.

When permuting the indices in G,,;, the conditions G, = Gy ,G|1, 2 0 and Gy}, = G}y, ,G}2, > 0 must also hold. For the first
and second indices, we have

Gio1a = (Soa0 — daa)(5200 — d) — (5031 — das)®  and Gy = (Soao — daa)(S022 — dss) — (5130 — day)’,
and for the first and third, we have
2 2
G112 = (S04 = dee)(S022 — dss5) — (5103 —d36)”  and  Gyypp = (5904 = de)(S202 — d33) = (5310 — d12)".
Thus, using G,y ,, G514 2 0, the lower bound on s,,, must satisfy?®

2 2
(5301 = d13)” (Sp31 — dys) >
Sq00 —di1 Soao — das

Syp0 = dyp + max ( (69)
and those for s,(, and s, follow by permuting the indices. As noted for s3,, these constraints on (555, S22, Sp22) can be computed
first. Note that the minimum s,,, found from (65) is smaller than from (69). Nevertheless, in the correction algorithm, we limit s5,,
using (66) with the stricter bounds found with (65).

Using the above results for the lower bounds on (s, s50,), the realizability constraint for s,,; is

12 12
by -G by +G
dyy + ————L <5y <dyy + ———, (70)
S400 — d1y S400 — dq1

with by, = (839; — d13)(s319 — d12), and those for s,,, and s,, follow by permuting the indices. As done for s3,,, the lower bound from
(69) is used to find s,,;, even though a larger lower bound may be needed to satisfy the remaining leading principal minors.?’

Another lower limit is s,,, > d,4, etc., for the other permutations. In general, this lower limit is larger than sy, > d,, such that G, > 0.

In general, the diagonal elements must satisfy (s,,) — dy,) > 0 and (s,, — d33) > 0.

By permuting the second and third indices, d,, < d,;.

By permuting the first and second indices, d|; < d,.

The alternative would be to recompute (s3,9, 593;), and s,,, from (69), iterating to convergence. In any case, s,,, must satisfy the largest lower
bound found from all leading principal minors.
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5.1.7. More realizability constraints for (s,yg, 2025 So22)

As done in Section 3.1, here we now assume that all moments except possibly (s, $5», Sg2») are realizable, and look for constraints
for these three moments using the remaining leading principal minors of 47. Recall that the 2D algorithm has already been applied
to find necessary bounds for these moments. Thus, in many cases, no further corrections may be required.

During this process, we fix the values of all other cross moments, e.g., s3;9 and s,;,. To simplify the notation, we denote the
components of 47 by e;; and define

(X,Y,Z) = (e, €165 €46) = (5200 — d14> 5202 — 165 So22 — dyg) 2 0
and
(ex,ey,ez) = (ex — €1y, €33 — €16, €55 — €46) = (d14 — dog, d1s — d33,dyg — ds5) 2 0.

With this notation, the fourth leading principal minor becomes

11 €12 €13 X
e X+e e e €11 €12 €3
D, =" X 23 Hl=lep, X+ey ey; |D] >0,
Y +e e
€13 €3 Y 34 1%
X e €3 +ey
€24 €34 €44

and is a third-degree polynomial in X and linear in Y. The first determinant on the right-hand side is positive due to (68), so that we
must have D} > 0 where

t —1

X []en e e3 X
"
DI(X.,Y)=ey4—|epa||ern X +ey €3 ey |
e e €3 Y +ey €34

and the inverse matrix and ey = 549 — dyy are positive. The realizability condition is then found from D} =0, which is a third-
degree polynomial in X for fixed Y. By permuting the indices pairwise, a total of six polynomials can be found, all of which must
be positive. For example, (ijk) — (jik) gives DT(X,Y) — D’I*(Y, X), (ijk) — (kji) gives DT(X,Y) - DT(Z, Y), and (ijk) — (ikj) gives
DX(X.Y) = DX(X, 2).

As seen in 2D, the roots of the third-degree polynomials will give upper and lower bounds for D} > 0. However, in 3D, the roots
depend on a second variable. For example, Di(X,Y)=0 and Di(X,Z)=0 will give two sets of three real-valued roots®° such that
Ry,(Y) < X < Rx3(Y)) and Ry ,(Z) < X < Ry 3(Z)) defines the realizability ranges for X:

max(0, Ry »(Y), Ry »(Z)) < X < min(Ry 3(Y), Ry 5(Z)). (71)

Analogous constraints apply to Y and Z. Obviously, one must check for degenerate cases where (71) cannot be satisfied for any
X > 0, or a polynomial has only one or no positive real-valued root. For the numerical examples in Section 5.5, having a positive
fourth leading principal minor suffices for realizable fourth-order moments.

The fifth leading principal minor

e epn e X egs
ey X+eyx €3 € €5
D, = |ej3 €3 Y+ey ey e3s | = DID; >0
X ey €3 27 ess
eis es ess es  Zteyz

is a third-degree polynomial in X and linear in Y and Z. Assuming that D; > 0, we must have D] > 0 where

u -1

€5 ||en €12 €3 X s

* e |len X +ey ey exn| |exs
DZ(X,Y,Z)=Z+eZ— .

e3s || e ey Y+ey ey| |ess

es || X N €3 e | |ess

As the inverse matrix is positive, this gives a lower bound for Z, in particular when X =Y = 0. Pairwise permutations give lower
bounds on X and Y. For example, (ijk) — (jik) gives D; (X,Y,Z)—> D;(X , Z,Y)and provides a lower bound for Y. Also, a second lower
bound for Z is found from (ijk) — (ikj), which gives D;(X,Y, Z) — D;(Y, X, Z), so we must use the larger of the two. When permuting
the indices, only three independent minors are found, corresponding to third-degree polynomials in X, Y, and Z, respectively.

The determinant |47| provides another constraint on the realizability limits for (X,Y, Z):

e e e X es Y
e X+4eyx ex N e €%
D, = [ €3 Ytey ey ess 6| _ p,p* > 0.
X €24 €34 €44 €45 z 3
ers ess €35 e;s Ztez esq
Y €% €36 Zz es6 €66

30 The roots are assumed to be ordered such that R, < R, < R;. If two of the roots are complex for a given Y or Z, then no realizable X exists.

25



S.H. Bryngelson, R.O. Fox and F. Laurent Journal of Computational Physics 566 (2026) 115242

Since D, > 0, we must have D} > 0 where

t -1

Y [|en e e3 X ers Y
ex|lern X+ex €3 €24 €5 €%
D3(X.Y.Z) =g — | e56 | | €13 e Y+ey ey e3s €36
Z (X N €34 ey eys Zz
€s6 | | €15 €25 €35 €45 Z+ey €s6

and the inverse matrix and eq are positive. This constraint is a third-degree multivariate polynomial in the three variables (X,Y, Z),
and is the same for every permutation of the indices. At this point, we have (several) upper/lower bounds for each variable.?! If these
bounds satisfy D;(X ,Y,Z) > 0, then no further work is required. Otherwise, the realizability limits for (X,Y, Z) must be tightened
until D;‘ (X,Y,Z)> 0. As in 2D, changes in (X, Y, Z) may affect the bounds on the other fourth-order moments. Thus, an iterative
process is employed to ensure all fourth-order moments are realizable for a fixed set of second- and third-order moments.

In summary, for high-speed flows, an essential part of the 3D HyQMOM closure is the realizability-correction algorithm, which
checks and corrects the moments to ensure they are realizable. This algorithm takes in the full moment vector M, and outputs the
realizable moments, overwriting the original moment vector. The algorithm can be applied at any step. Still, the correction is mainly
used before computing the eigenvalues of the hyperbolic fluxes and after the moments are updated due to free transport. For low-
speed flows, realizability checks are not needed, as all moments in M, remain realizable for arbitrary Kn. Alternatively, in Appendix B,
a more intrusive but computationally faster method for realizability corrections based on projection is discussed. Such a method is
especially attractive for 3D cases with 35 moments because no iterations are required to achieve realizability.

5.2. 3D 16-moment extended AG closure

Analogous to the 2D case in Section 3.6, the simplest moment system for simulating 3D high-speed crossing jets uses the following
16 moments:

Mooo Mo10 Mo20 M030 M40 Moo1 Mo02 M003 Mo04 Mo11

Moo My10 KOTO
X =|myg R (72)

m300

M400
and requires closures for 22 moments:
[msoo mar0 Mao1 M310 M301 M1 Moo1 Migp Mi30 Moo M1ty Migs Moz Mig2 Moso Moar Mo31 Mog1 Mot4 Mor3 Mot Moos -
In terms of the standardized moments, the closures for moments with one or two zero indices are found from the 2D case in Section 3.6.
The only moment with three non-zero indices is m;;;, which is closed using
=1 73)
S = 3(51105101S300 + 511050115030 + 1015011 5003)-

As in the 2D case, the 16-moment system is globally hyperbolic, and the third- and fourth-order moments are always realizable.
Nonetheless, for high-speed flows, the second-order moment-correction scheme described in Section 5.1.1 must be used after the
transport step to keep (s;9, $191. So11) realizable (i.e., S, > 0).

In summary, the 16-moment extended AG system is numerically robust for all-speed flows. For low-speed flows, the closures for
the third-order moments (e.g., the energy flux) may be too simple for some applications; however, they provide an easy non-zero
extension of the AG closure.

5.3. 3D fourth-order, 26-moment system

In 3D, the even-index fourth-order moment system corresponding to Section 3.9 uses the following 26 moments:>2

Mooo Mo10 Mo20 Mo30 Mos0 Moo1 Moo2 Moo3 Moos Mo11 Mo21 Mo12 M2

Moo M110 Mi20 mMyopp M2 myy

X = [mygy ma10 Mmayng ma01 Mag . 74)
m300
M400

31 As in (20), we use the largest of the lower bounds and the smallest of the upper bounds.
32 The ordering of the columns is selected to make the Jacobian of the flux in the x, direction block diagonal.
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The remaining nine fourth-order moments with odd indices are closed using

3
Sy11 = So11 53005111, $310 = S1105400 T §S300(3210 — 51105300)» (75)

and their permutations. The fifth-order moments needed for the fluxes are found as in Section 5.4, but simplified using (75). Like
the 2D 13-moment system, the 3D 26-moment system is globally hyperbolic, and therefore no hyperbolicity corrections are required
in the numerical algorithm. Moreover, because nine of the fourth-order moments are fixed, checking the remaining moments for
realizability is somewhat simpler with the 26-moment system.

5.4. 3D fourth-order, 35-moment system

The full 35-moment system includes all fourth-order moments (i.e., ms;(, m,;; and their permutations):

Moo Mo10 Mo20 Mo30 Moso Moo1 Moo2 Moo3 Mooa Mo11 Mo21 Moz1 Mo12 Mo13 M2

Moo My10 Mi20 M130 My My Myp3 myyp Mgy myyp

X = [mygg my1g myng myo1 Mop my ) (76)
m3no M310 m3g
M400

and requires closures for the 21 fifth-order moments:>3

[msoo ma10 M3z0 Ma30 Mg Magr Magn Map3 Migs M311 Mypy Mi31 Mg Myy3 Mgy Mosg Moar Mozy Moz Mo1g Moos -

The HyQMOM closures for the ten fifth-order moments with indices containing zero are found by permuting the indices for the 2D
closures. For the seven moment indices not including zero, there are two — ms;; and my,, — that are found using the orthogonal
polynomials, and the others are found by permuting the indices.

As in 2D, the 3D HyQMOM closures are most cleanly written in terms of the standardized moments:

3 1 ) 1
$311 = 533003211 + 5(25400 = 3550005111 — 5530050117

5221 = $300(5121 — S101) + S030(5211 — So11) + 201 + S021 — 30050305111+ 77)

Notice that the first nine columns in (76) involve 2D moments and therefore the Jacobian corresponding to their fluxes will be the
same as for the 2D case in Section 3.8. Thus, one needs only to consider the last six columns involving 3D cross moments, which appear
linearly in (77). Starting with the column (mg,;, my;;, my;;)" with flux (my,;, my;;, ms;;)’, the diagonal block from the flux Jacobian for
direction x; in terms of the standardized moments is

0 1 0
0 0 1 8
=5300/2 (28400 — 3S§OO)/2 3s300/2

whose standardized eigenvalues are the roots of U3(x) = 0. For the column (my,,, m,;)" with flux (m,;,m,,,)’, the diagonal block is

B
1 5300]

whose standardized eigenvalues are the roots of U,(x) = 0. Likewise, the column (mg;,, m;,)" with flux (m;,,m,,)" generates stan-
dardized eigenvalues that are the roots of U (x) = 0. The column m;, with flux m 3, generates a zero root, as do mg;3 and m,,. Thus,
all eigenvalues for the fluxes involving cross moments are real-valued.

In summary, the 35-moment system is hyperbolic if the corresponding 2D moment systems are hyperbolic. In numerical simula-
tions, the latter is assured using the hyperbolicity-correction algorithm developed in Section 3.8. For low-speed flows, the system is
always hyperbolic, and the minimum/maximum eigenvalues are found from Rj, i.e., from the univariate moments.

5.5. Some 2D numerical examples for the 35-moment system

In this section, we employ the same numerical algorithm as in Section 4, but extend it to the 35-moment system in the 2D spatial
domain depicted in Fig. 1. For low-speed flows, extending the HLL solver from 15 to 35 variables is straightforward, and neither
moment-realizability nor hyperbolicity corrections are needed. For high-speed flows, the main challenge comes in implementing the
moment-realizability correction algorithm from Section 5.1.%4 In the 2D spatial domain, only s;;, can differ meaningfully from zero.
Thus, we are restricted to testing only a small part of the second-order realizability domain shown in Fig. 9 (i.e., non-realizable
moments arise only near the two edges with s;;q = +1). As in Section 4, we vary the two parameters Ma and Kn over wide ranges to
test the robustness of the numerical algorithm for moment-realizability corrections. Example results are shown in Figs. 10 and 11 for
Ma = 10 and Kn = | at ¢ = 0.004, and for several other values of Ma and Kn in the Supplementary Material.

33 The first fifteen moments correspond to the columns of X, and the other six are needed for transport in the other two directions.
34 This difficult issue can be circumvented by using the projection method in Appendix B.

27



S.H. Bryngelson, R.O. Fox and F. Laurent Journal of Computational Physics 566 (2026) 115242

Density U velocity V velocity S0
06 50 50
0.4 0.4 0.4
08 ~ 05
0.2 04 0.2 0.2
0 03 0 0 0 0 0
0.2 02 0.2 0.2
o 05
-0.4 01 -0.4 -0.4
50 -50
04 02 0 02 04 04 02 0 02 04 04 02 0 02 04
CZOO COZD C002 IA|I
700 700
0.4 0.4 0.4 1000
, 600 600 08
0.2 500 0.2 500 0.2 800
06
. 400 0 400 0 600
300 300
400 04
0.2 200 0.2 200 0.2
) 200 0.2
-0.4 100 -0.4 100 0.4
04 02 0 02 04 04 02 0 02 04 04 02 0 02 04 04 02 0 02 04
Ha00 Hozo Hooz x107 1Al
3
0.4 0.4 0.4 0.4
1500 1500 25 1500
0.2 0.2 0.2 ' N ) 0.2
1000
o 1000 0 1000 0 s 0
0.2 500 0.2 500 0.2 1\ ) 1 0.2 500
05
0.4 0.4 0.4 0.4
0
04 02 0 02 04 04 02 0 02 04 04 02 0 02 04 04 02 0 02 04

Fig. 10. Impinging jets with Ma = 70 and Kn = 1 at r=0.004. Contour plots of lower-order moments. Regions where |4, | ~ 0 correspond to edges
with 5,5 = £1.

Cases with large Ma and Kn = 1 exhibit complex behavior (more so than without collisions). For example, the weak collisions
result in mass moving perpendicular to the mean velocity with a highly non-equilibrium VDF. This can be observed in the density
and velocity fields in Fig. 10. The large, non-Maxwellian values of H,, and s4, as well as the large value of ¢y, as compared to
¢a00,>° are characteristic of weakly collisional crossing jets. The ability of the correction algorithm to ensure realizability is confirmed
by the contour plots for the determinants |4,] and |47|. Indeed, without realizability corrections after transport, locally the third-
and fourth-order moments become quickly non-physical once the jets begin to cross. Lastly, it can be observed that the contour plots
retain the symmetry of the initial conditions, even under extremely non-equilibrium conditions.

5.6. 3D numerical examples for the 35-moment system

We solve the fourth-order, 35-moment HyQMOM system for 3D free transport with BGK collisions on uniform Cartesian meshes
over a cubic domain. The hyperbolic solver used to solve these equations is parallelized via an MPI pencil decomposition and con-
ducted in Julia. Spatial discretization is finite-volume with HLL numerical fluxes; fifth-order fluxes in each coordinate use the one-
dimensional HyQMOM closure, while cross-moment fluxes employ the multivariate HyQMOM closures derived above. The config-
uration is discretized in a uniformly spaced 100° 3D grid. Time integration is explicit and subject to a CFL stability constraint, and
collisions are incorporated by operator splitting with a BGK relaxation term. After each transport update, a realizability/hyperbol-
icity enforcement pass ensures positivity of the multivariate moment matrices (A, A}) and real, distinct eigenvalues in the 6 X6
cross-moment block, applying minimal, local corrections only when necessary (typically at high Ma). This framework yields robust
wave-speed bounds drawn from both the 1D characteristic polynomial and the cross-moment block, and is applied uniformly in all
three spatial directions.

The 3D test problems consist of symmetric crossing jet configurations initialized as two equal-density cubic jets embedded in a
uniform, quiescent background. The background density is lower than the jet density, the temperature is uniform, and initial cross-
correlations are set to zero. Each jet occupies a small cubic subregion (a fixed fraction of the domain length in each direction),
displaced symmetrically from the domain center, and carries a diagonal velocity directed along opposite space diagonals so that the
jets approach and interact near the domain center; the diagonal speed is chosen to achieve a prescribed jet Mach number. We explore a
broad range of Mach and Knudsen numbers on uniform meshes, monitoring standardized and central moments, as well as realizability

35 In the weakly collisional regime, the relative values of ¢y, and c,,, may be sensitive to the collision model (e.g., BGK versus hard-sphere model).
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Fig. 11. Impinging jets with Ma = 70 and Kn = 1 at 7 = 0.004. Contour plots of standardized moments. The perpendicular-oriented high values of
Sooas S22, etc. will correspond to toroidal surfaces in 3D jets.

Fig. 12. Initial condition for density with 3D jets. Inside the two cubes p = 1, while outside p = 0.01. For Ma = 3, the velocity of the cubes is pointed
towards the center (i.e., direction vectors (—1,—1,1) and (1,1,—1)) and null otherwise. All other initial conditions are the same as in 2D.

diagnostics. The closures, realizability constraints, and hyperbolicity conditions used here are exactly those developed in the preceding
sections (with details for 3D moment matrices and bounds in Sections 5.1 to 5.4 and Appendix D), and the implementation follows
these specifications without further modeling assumptions.

For the fully 3D simulation, we employ the initial conditions shown in Fig. 12, which are identical to those in 2D but with two
cubic high-density regions positioned off-axis. The initial velocities (magnitude Ma) are fixed such that the cubes cross at the center
of the computational domain for large Kn. For this configuration, the second-order moments can approach the faces and corners of
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Fig. 13. 3D jets with Ma =3 at r = 0.015. Left column: Kn = 0.001 (impinging jets). Right column: Kn = 1 (crossing jets). Top row: density mg,.
Center row: velocity magnitude. Bottom row: scatter plot for second-order moments showing the realizability surface.

the realizability region, as shown in Fig. 9. For large Ma, the 3D crossing jet has (s,;¢, S191- So11) = (1, —1,—1) and thus for smaller Ma
we expect to observe second-order moments skewed towards this point. As in 2D, the symmetry properties of the initial conditions
will be retained at later times, which is useful for verifying the numerical algorithm. Indeed, any asymmetry in the algorithm for the
spatial fluxes quickly leads to a loss of spatial symmetry.
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As found in 2D, the 3D simulations for larger Ma, non-realizability of the second-order moments was not observed in our test
cases. For example, for Ma = 3 shown in Fig. 13 for Kn = 0.001 and Kn = 1, the scatter plots for the second-order moments stay well
within the realizability surface. As expected, for small Kn the second-order moments are near zero, while for larger Kn they are pulled
towards the 3D crossing-jet values. Note that the density and velocity-magnitude plots in Fig. 13 exhibit the expected Kn dependence
(i.e., impinging vs. crossing jets). Interestingly, the impinging jets create a high-pressure region near the origin, which accelerates the
fluid perpendicularly from the collision axis, resulting in a torus-like distribution of the velocity magnitude. Results for other values
of Ma are included in the Supplementary Material. Generally speaking, the projection method in Appendix B is more robust and faster
for large-Ma cases with only negligible differences in the lower-order moments as compared to checking the leading principal minors.

6. Conclusions

In this work, a multivariate, fourth-order moment closure based on 1D HyQMOM has been proposed for the free-transport term in
the multivariate kinetic equation. As in the 1D case, the multivariate closures for the odd-order moments M,,,; given the even-order
moments M,, are found from the orthogonal polynomials Q, (x) of degree n, which depend on the standardized univariate moments
in a given direction. Using orthogonality, i.e., (U;V;W,) = 0 with i + j + k = 2n + 1, provides a closure for s;;, with order 21 + 1. By
construction, the closures for the univariate moments are the same as for 1D HyQMOM, while the cross moments of orders up to 2n
appear linearly. In principle, this procedure can be applied for larger n; however, in 3D, the number of moments in M,, increases
rapidly with n. Thus, here we have used n = 2 and focused on two important aspects of any moment closure: moment realizability and
the hyperbolicity of the moment system when applied to the free-transport term of the kinetic equation. These properties are found
to depend on whether the flow is low or high speed, as defined by the Mach number, but are independent of the Knudsen number.

Moment realizability for low-speed flows. For low-speed flows where the shock and/or jet Mach numbers are much smaller than
unity, the moments after free transport remain realizable for arbitrary Knudsen numbers. The same behavior was found for 1D
HyQMOM [12]. Thus, for low-speed flows, the moment-correction algorithm need not be implemented, which greatly facilitates the
extension to larger n. As shown using 1D HyQMOM [12] for high-speed flows, the accuracy of the closure for large Kn increases with
increasing n. We would thus expect to observe similar behavior for low-speed flows. On the other hand, the approximation for the
collision term is likely to be of greater importance for such flows [24]. For this purpose, the Grad-HyQMOM approximation of the
multivariate VDF [21] using tensor-product 1D quadrature (see Appendix C) may prove useful (e.g., for treating hard-sphere collisions
in lieu of BGK). Likewise, low-speed flows in micro/nanopores will require boundary conditions at the walls that are consistent with
the underlying VDF [11,52].

Global hyperbolicity for low-speed flows. For low-speed flows, the eigenvalues associated with free transport remain close to the roots
of the 1D orthogonal polynomial R;. Thus, if the initial VDF has realizable moments inside the boundary of moment space, then the
moment system remains globally hyperbolic for all Kn. For small Mach numbers, it is not necessary to find the eigenvalues of the
flux Jacobian at each time step and location, as they can be estimated from the initial conditions. In any case, as in 1D HyQMOM,
knowing the roots of R, suffices to calculate the HLL fluxes for any n.

Moment realizability for high-speed flows. If the shock or jet Mach number is sufficiently large, the free-transport term with the mul-
tivariate HyQMOM closures will produce locally non-realizable moments. To simulate such flows, the 2D or 3D moment-correction
algorithms must be applied after the free-transport step. For supersonic flows with moderate Mach numbers, non-realizable moments
occur near the edges of shocks and typically involve fourth-order moments. Theoretically, for hypersonic flows, such as high-Mach
crossing jets, the second-order moments can also become non-realizable. Fortunately, for the fourth-order moment system, at least,
enforcing moment realizability is achievable by using the leading principal minors of the moment matrices (i.e., Sylvester’s criterion),
or moment projection (see Appendix B). However, for larger n, the sizes of the moment matrices may make using the leading principal
minors computationally intractable. In any case, the value of the Knudsen number at fixed Mach numbers is not an important factor.
Indeed, collisionless flows typically have fewer non-realizable moments compared to Kn = 1.

Global hyperbolicity for high-speed flows. For high-speed flows, the eigenvalues can vary widely over the computational domain.
However, only the 6 x 6 block involving 2D moments can have complex eigenvalues. Moreover, even when they are real-valued, the
magnitude of some of these eigenvalues can be larger than the three roots of R;. Thus, it is necessary to compute the six eigenvalues
at each location to define the HLL fluxes at each time step. When complex eigenvalues for the 6 x 6 block are detected, the moments
are corrected according to (42). From the high-jet Ma cases, complex eigenvalues typically occur locally at the edges of shock waves
as they expand into undisturbed regions with very low density. In this manner, the moment system can be made globally hyperbolic
with minimal moment corrections. Interestingly, for the fourth-order moment system, the hyperbolicity correction in 3D is identical
to that in 2D. Nevertheless, the results for 3D systems are generally different than those for 2D because the spatial fluxes generate
correlations in the third- and fourth-order cross moments that are not present in the 2D moment system.

In summary, the fourth-order HyQMOM closure developed in this work provides robust closures for the fifth-order spatial fluxes in
the moment system for M, found from multivariate kinetic equations. In principle, the method can be easily extended to higher-order
moments; however, realizability constraints and boundary conditions will become more challenging to implement for larger moment
sets. In its current form, the fourth-order HyQMOM closure provides a robust simulation tool for arbitrary Knudsen and Mach numbers.
Future work is needed to validate the accuracy of the predictions by comparing them with, for example, direct simulation Monte Carlo

31



S.H. Bryngelson, R.O. Fox and F. Laurent Journal of Computational Physics 566 (2026) 115242

(DSMC) [10,11,22,53] or even direct simulation of the Boltzmann kinetic equation [54,55]. Another topic worthy of investigation
is the use of the exact multivariate orthogonal polynomials [30,31], in place of the tensor-product form used in this work, to define
multivariate HyQMOM (see Appendix A). In theory, such closures could eliminate the need for the moment-correction algorithm for
high-speed flows. From a numerical perspective, it would be useful to implement high-order spatial reconstruction schemes to reduce
numerical diffusion in the HLL solver [51], and to develop more accurate hyperbolic solvers for the 35-moment system. Finally,
boundary conditions for the moments can be developed as in Biinger et al. [52] using the Grad-HyQMOM approximation of the VDF
in Appendix C.
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Appendix A. 2D orthogonal polynomials and moment closures

The moment closures used in the main text are based on 1D orthogonal polynomials. Here, we briefly introduce the 2D orthogonal
polynomials [31] and propose a possible pathway for using them for moment closure.

A.1. 2D orthogonal polynomials

Theorem 2.7 in Krall and Sheffer[31] provides a formula for the 2D orthogonal polynomials of degree i + j = n, denoted by
P, ;(u,v), in terms of the standardized moment matrices in (12). Up to degree n =2, we have Py, =1, Py =u, Py, = v, and
P = A7 = 1)+ (sq1501 = S30)u + (511530 = 5210
Py =A@ —s)  + (s = sopu+ (511831 = 512)0, (A1)
Pop = 1A1(0* = 1) + (s11503 = S12)u + (511812 — S03)0s

where |A||=1- 5%1 > 0. Two polynomials with different degrees are orthogonal, e.g., (P, | P, ;) = 0. In contrast, for the same degree,
the polynomials form a non-orthogonal basis [31] for a vector space:

2
Py P u —1 u S11S21 =830 S11530 ~ S21
Po :=[Pool: Py = [Poyl]’ Py =P |= 1A lfuv—syy +R2[U] with Ry ={s1S;2 =521 $11521 — S12 (A.2)
. 2
By, v-—1 S11503 = S12 S11512 = So03

where R, depends on moments up to third order. The vector of monic polynomials is p, = p,/|A,|. Here, we mainly work with p,,
whose coefficients are multivariate polynomials of the standardized moments.
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A.1.1. Moment matrices
In general, (p,p;) isa (k + 1) X (k + 1) positive, symmetric, moment matrix that depends on the standardized moments up to order
2k. Moreover, the components of (p,p}) are multivariate polynomials of these moments. In particular, we have

1 N *
<POP6> =1 <p1p,1> = L“ 11]7 <P2P[2> = |A1|2A2 = |A1|2R4 +1411R; +R2(p1p’1)R’2 (A.3)

where the positive matrix A; is defined in (13). The other matrices are defined by

S30  S21 s S Sn S40  S31 0 S22 1 S11 1
_ ‘ _ ; _ _ 2
R;=|s51 sp|Ry+Ry Lz 51 503]’ Ry =S, -RywithS, =53, 55 s;3| Ry=|s;; 57, s
1 1 :
S12 503 Sy Sz Sw L sy 1

where R; depends on moments up to third order and S, is the fourth-order moment matrix.
It is worth noting that (A.3) provides a closure for S,. For example, let (p,p)) correspond to the anisotropic Gaussian VDF (i.e.,
R, and Rj; are zero, sy, = s = 3, etc.). Then, a closure for the fourth-order moments can be found from

(p2p5) = (P2Py)G- (A.4)

By construction, this closure is realizable for the limits s;, = 0 and sfl = 1. Moreover, since |(p,p})| is rotationally invariant, then so
should be S,. It thus remains to determine whether the closure is globally hyperbolic. Because |(p2p’2)G| > 0, a shortcoming of this
closure is its inability to capture correctly jet crossing where [(p,p5)| = 0.

A.1.2. Limiting behavior for n =2

Recall that [(p,p})| = |A5]| is positive and is a multivariate polynomial in the moments up to fourth order. Thus, unlike the
approximation of the multivariate orthogonal polynomials used in the main text,® the realizability constraints are contained in the
definition (A.1). This implies that the 2D orthogonal polynomials are well defined at the edge of moment space where |A]| — 0.
Indeed, for the crossing jets where |A;| — 0, the coefficients of the linear terms in (A.1) degenerate to the 1D orthogonal polynomial
with v = 5, u. We refer to this limit as perfectly correlated where the various matrices become

1 0 1 o 1
Ry = —|A[s3[c  Of Ry(p;p))R, — A% R;, Ry - —|A 253 R}, Ry > (50— DR. Ry > |6 1 o
1 0 1 o 1

such that (p,p,) - HyR, where Hy) = sy — S%o —1> 0 and o is the sign of s,;. Likewise, in the limit of independent variables, we
have |A;| =1 and

Hy 0 0
P2y = 1070 1 0
0 0 Hy

where Hy, = so4 — 5(2)3 — 1> 0. It is worth noting that the scaled matrix (f)zf)’z) is non-negative and finite in both limits.
A.2. Moment closures

In analogy with 1D HyQMOM, we seek closures for the standardized moments of order 2n + 1 for n > 0 of the form
ay := (up,p,) = &y(p,p,), @ :=(vp,p,) =& (p,p,) (A.5)
where the matrices ! and o are symmetric. Here, & and &° are matrices of size (n+ 1) X (n+ 1) whose components are mul-
tivariate polynomials in the moments up to fourth order. Let 4% and «” be the 1D HyQMOM closures [28], e.g., for n=2,
(a3, a}, ap) = (s30/2, 53, 0) and (ag, a,a) = (0, 593, 593/2). For arbitrary n > 0, and for independent variables with |A,| =1, the co-

24 N
efficient matrices will have the following values:

u u u u PY D u_ v .. 0 _ U
1T Gy g —ay), arn—dlag(a0 a,, a,_, —a,, 0). (A.6)

a, = diag(0, a

In the perfectly correlated limit, we will have (&%, ") = 0. Note that these matrices are invariant under a change of variables (e.g.,
reflections and rotations).
Evaluating (up,p}) and (uvp,p}), starting from the definition of p, in (A.3), we find

St = a4(poBy) + RE, S = &5 (p,ph) +RY (A7)

where the fifth-order moment matrices are

S50 Sa1 S32 Sa1 S35
u o U o_
S§=|sa  s; su| Ssy=|smn s sy
S32  S23 Sy S23 Sia Sos

36 In the main text, the 2D polynomials correspond to (A.1) with (s, 551, 5,) =0.
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The components of the symmetric matrices RY and R are multivariate polynomials depending on the moments up to fourth order.
For example,

A 1 1
Ry = ai(bob)) + R — [T (RER, + RoRY) - s RoRIR, (A8)
1 1
where a = %sm is the 1D HyQMOM closure,
2s39 S11830 521 530 512 50— 1 531 —351 50 Sy
RS = 511530 + 521 2511821 susiptsy | RE=|s3 =51 sp—sy ) and R| = [521 312]'
S30 + 512 S11812 1 521 251, sy — 1 S13 =811

The expression for R? can be found by permuting the indices. It is worth noting that |A,; |2R‘; is a multivariate polynomial in the
standardized moments up to fourth order. As shown below, the inclusion of the term involving ag in (A.8) ensures that in the
perfectly correlated limit, we have (&g, &;) - 0.
A.2.1. Limiting behavior of moment matrices for n = 2

In the independent-variables limit, the fifth-order moment matrices approach

S50 0 $30 0 S30  S03
U U __ .
Ss=[0  s3 s3p Ss=[s30 s3 O}

LS30  So03 0 S03 0 S0s5

In this limit, the other matrices become

(255 0 s59 s;o—1 0 X 0
Ri=l 0 0 o0 Ry=| 0 1}, R‘;:[é‘) o]
|5 0 0 0 0
Thus, the matrices R and R‘S’ approach the following limits:
Hy 0 0 5302540 —5%)) 0 sy 2559 O 2539
|Al,1?l1Rg = 550 0 1 0 |+ 0 0 s3|l=3| 0 530 2503 |»
0 0 Hp 530 s3 0 2530 2503 S3pHp
, |Ho O 0 0 53 503 so3Hyo 2530 2503
lAlTr_lﬂRg = 5503 0 1 0 [+]s30 0 0 ==| 2s3 503 0
! 0 0 Hyp| |55 0 s03Qsos— s, 2503 0 2545

Hence, for this limit, the closures for 6#2‘ and &;’ are given in (A.6).

Recall that in the limit |A| — 0, the ratio R, /|A,| is finite. The other matrices in the perfectly correlated limit are

1 o
N oa 1 1 o
as(pph) - ES3OH20R1’ R = 253R;, RI=(s40— Do 1] Rj=s;3 [U 1]§
1 o
so that R{ — s5)R; and R? — s5¢sR,. Thus, the moment matrices go to S¢ — s50R; and SY — sysR; with 55 = 0559 where (s59, 595) are
found from 1D HyQMOM. As shown above, (p,p)) is non-negative and finite in the perfectly correlated and independent variable
limits. Thus, by construction, in the perfectly correlated limit both &} and &) are zero.

A.2.2. Symmetry and commutativity conditions
From (A.5), we observe that the components of & and &) must satisfy a symmetry condition:

Al T\ — 1\ aut AU I\ 1\ AU
a4 (p,p,) = (PP, & (p,p,) =(pP,P,)a,". (A.9)
For n = 2, each matrix has six elements for which each symmetry condition provides three constraints. Six other constraints on the

unknown components are found from the following commutativity condition [30]:

B (PPl + (PPl )T B = B (papl) T al + ol (Pl )T B (A.10)

where the positive, n X (n + 1) matrices f_, and f°_, are defined for n > 0 by

U .

= (up,opl) = B (papL). B, = (vp,mipl) =AY (p.D))- (A.11)

Thus, these coefficients are multivariable polynomials in the standardized moments up to order 2n.
For example, we have ﬁf =[I, 0] and ﬁf =[0 I,] and hence the commutativity condition relating &, and &; is

[, 015 —[0 L1a&; = [{p;p})|a] L, 01— |(p;p})Ia[0 L,]1=C (A.12)
where

N — 5118 N — 5118 N — 8118 N — 8115
fy1au — [530 T S11521 21 11530 a0 — |521 11512 12 = 511503
|<p1p1>|a1 - > |<p1p1>|a| - ’
S21 =SSz S12 ~ S11s21 S12 = S11521 S03 ~ S11512
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and

c= |21 78Sz S127 830 S1S30 T Sar|
S12 7511503 S03 —S21 11521 ~ S03
This condition provides six constraints on the elements of & and &;. The commutativity condition ensures that the fifth-order moments
found from the two expressions in (A.7) are the same. Thus, only six elements remain undetermined, leaving at most three unknowns
since the other three can be found by permutation of the moment indices. These unknowns must yield the correct limiting behaviors

for the fifth-order moment matrices. For the following, it is worth noting that C depends only on moments up to third order.

A.3. Fifth-order moment closures

From (A.7), it is clear that the closures for S“ and & cannot be chosen independently. For the moment system found from the
kinetic equation, we would like S to have certam propertles, for example, a flux Jacobian with real eigenvalues. Moreover, we would
like & to be invariant under rotation of the 2D standardized velocity vector. Here, we will define closures for &, starting from (A.7).
First, however we will demonstrate that only the diagonal components of &) must be closed.

A.3.1. Application of symmetry and commutativity
Let &3 = [u;], & = [v;;], and C = [¢;;] be the right-hand side of (A.12). Applying the commutativity condition yields the following
six relatlons between the off-diagonal components of &, and &:

Upy) = U1y = €p1» Uz = Vg =€), Uzp = Uy — Cpp, Upp = Uiy +Cp, Vg3 = Up3 + €13, Up3 = Uzz + Co3. (A.13)

Then, by applying the symmetry condition, we find a well-posed linear system for (u;,,u3, U3, U5}, U31, U3p), Which depends only on
(uy1, tps, u33, U1, Ung, U33). Thus, only the dlagonal elements of & and & are free variables. It is significant to note that the symmetry
condition causes the components of &5 and &; to depend on the fourth-order moments.

A.3.2. A simple closure for the diagonal elements
A simple closure for the diagonal elements that satisfies the limiting conditions is

—_ — Al u — AU u — AU v — AU v —_
Upp T Ups Uy =0y =y Fl, Uy = 0y = Gy F U3, Uy T &y gy Ay Uy, Upp Z 8y gy @y F U, U3 =03 (a.14)
with @* = L5, and a” = 1s4;. The other coefficients are components from the known matrices af and aj:
27 2730 27 2703

'f_“ |Al |(330 511521)s 5"1‘,22 A I(?lz $11521)s 5"1},“ A |(Sz| 511512), &1U,22 A |(S()3 S11812)-

Combined with (A.13), the components (u,;, u3;, u3,, U, V13, U>3) depend only on third-order moments. The remaining components
(u19, 13, U3, Vg1, U3y, U3p) depend on the fourth-order moments due to the symmetry condition. Thus, unlike for 1D HyQMOM, &5 and
af depend on the fourth-order moments. It is worth noting that it is straightforward to extend (A.14) to larger n.

With (u;, uy,u3) = (v1, 05, v3) = 0in (A.14), the simplest closure is analogous to (A.6), and it can be computed symbolically to find
formulas for the fifth-order moments. Otherwise, these variables must be zero in both limits. For example, we can (1) set them to zero,
(2) choose u; and v; to make s5, and sy the same as for 1D HyQMOM, (3) try to use them to make the moment system hyperbolic,
or (4) try to eliminate some fourth-order moments in & and &;. Implementation of (2) is straightforward and has negligible effect
on the computational cost. The resulting flux Jacobian has a 5 x 5 HyQMOM block with known eigenvalues. In principle, (u,,u3) and
(v}, v,) can then be used to control the eigenvalues of the remaining 10 x 10 block. However, in all cases, care must be taken to ensure
that they are chosen consistently and respect rotational invariance.

A.3.3. A symmetric closure with simple diagonal elements
The definitions in (A.5) were made to avoid using square-root matrices. One symmetric alternative is

= (up,p’,) = (p,p})"*a@'(p,p})'/*. o :=(vp,p.) = (p,p’)"/*a (p,p})"/ (A.15)
" A 1/25 -1/2 37 i
where @ and @" automatically satisfy the symmetry condition. Note that & = (p,p},) / a(p,p,) /237 such that the commutativity
condition depends on the square-root matrix (p,p/, 1/2; however, it provides constraints on the off-diagonal elements of ay and @’
given the diagonal elements. The latter can then be closed as done above in (A.14) for n = 2. The simplest symmetric closure uses
(uy,uy, ... u,) = (Vy, Uy, ... v,) = 0. For n = 2, the fifth-order moment closures are

= (PoB)) 2@ (Dabh)' /> + RY,  SY = (Pobh)' /2@ (BoB))' /2 + RY. (A.16)
From a computational perspective, finding the square-root matrix is an added expense, even though we avoid the cost of computing
the symmetry condition. Simulations run with both methods clearly show that (A.15) is significantly more expense (and less reliable>®)
than the asymmetric closure in (A.14). In either case, the simplest closure is straightforward to extend to larger ». Finally, from a

theoretical perspective, the vector q, = (p,,p;)"/zp,, is orthonormal (i.e., polynomials with the same degree are orthogonal) and,
hence, more convenient for investigating the properties of 2D orthogonal polynomials [29,30].

57 This equality implies that the diagonal elements of &" are related to those of &". Thus, fixing the latter to the simplest possible form provides the
former, and vice versa. In other words, (u,,u,, ...,u,) and (v, v,, ... v,) will differ between the two closures.

38 When the code produces a set of moments with negative (p,p,) due to numerical errors or otherwise, the square-root matrix is complex and
corrupts the moments. This is not an issue with the asymmetric closure.
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A.4. Numerical implementation

Compared to the closures used in the main text, the expressions for the fifth-order moments found from 2D orthogonal polynomials
are more complex, e.g., they are nonlinear in the cross-moments. In the simulation code, the 15 flux eigenvalues are computed
numerically for the HLL solver. However, at least for low-speed flows, the s5, block may provide them as in the 1D case. Numerical
tests with the simplest closures in a 2D domain provide some evidence that this closure is hyperbolic for low Mach numbers, but
future work is needed to validate this point. More importantly, the principal advantage of using 2D orthogonal polynomials is to
eliminate the realizability-correction algorithm, and our numerical results confirm this behavior for low-speed flows. However, for
high-speed flows, [(p,p5)| moves closer to zero with increasing Mach number and complex eigenvalues are observed. For such flows,
the linear closures with the projection algorithm in Appendix B perform better.

Appendix B. A realizable hyperbolic closure based on projection

In the main text, we developed a hyperbolic closure starting from the 1D orthogonal polynomials. With a small modification to
535,27 this provides the following closure for the fifth-order moments that is linear in the cross-moments:

1
S50 = 55300540 = 353, — 1)
1 1
sa1 == 7308550 - 952, — )s); + 710550 = 1553, — 6)sy; + 253053, (B.1)
1 2 1
S3p = 5(2540 - 3s3o)s12 + 5530(3s22 -1,

with sys, 514 and s,3 found by permuting the indices. The flux Jacobian for the x, direction is then block diagonal with characteristic
polynomial P;5 = R;0,0,03P; where only P; depends on the cross-moments through the block:

oO ol 00 0 ! 0

523 523 523

J3=1%5s 3 os | = —=3s0351 + %(3522 -1 0 o1
9514 9513 9514 _1 72 _ 15 _ 5
ds03  Os;3  Osq 78504 = 27555 = D5 — Ts03s12+ 2513 2503 2503511 + 5512

Note that when s,; =0 and s,, > 1/3, the eigenvalues are real-valued. Otherwise, for large enough |s,,|, two eigenvalues can be
locally complex. Thus, when complex eigenvalues are encountered, we set s,; = 0 and check that s,, > 1/3. With this correction, the
system is globally hyperbolic. Note that the HLL eigenvalues will come from either R;, Q, or P;; and hence the numerical Jacobian
is not required. The eigenvalues is the y direction are controlled in the same manner using s,,.

B.1. 2D moment projection

In general, it is possible to choose (u, u,, u3, vy, U5, v3) in (A.14) such that the fifth-order moments are given by (B.1). However, as
seen in the main text, for crossing jets with large Mach number, the matrix (p,p}) becomes negative locally. Thus, it will be necessary
to check for and correct the moments when this occurs. The algorithm in the main text checks and corrects individual moments. Here,
instead, we propose a moment-projection method with the following steps at each grid cell:

1. After the spatial flux is applied, find the smallest eigenvalue 4, of (p,p}).
2. If 4y < Ay, then reset s;; for i +j > 2 to the moments of a target distribution S;; with non-negative (p,p}).
3. For the target distribution, verify that the moment system is hyperbolic.

Here, the cut-off value A, > 0 controls how far the moment system is from its boundary. In our simulations, we set 4, = 0. Ideally,
the target distribution would not change the univariate moments. However, since a negative eigenvalue is often associated with a
crossing jet where sg3 = 5,539 and sg4 = 549, the univariate moments are not independent.

B.2. Target distributions

A suitable target distribution must have realizable moments at the boundary of moment space. Ideally, the projection step will
change only a few moments, but at the same time be simple enough to minimize computations. Two 2D possibilities are as follows.

B.2.1. 2D extended AG distribution
We can extend the anisotropic Gaussian to allow for univariate fourth-order moments larger than 3. For example, the target
moments are

S =511, S30 = So; = S1p =03 =0, Sy =S4, 31 = 51154 Si3 = 51154 Sou =S4

39 i.e., we remove the dependence on s, (see Section 3.8). Removing this dependence, the 6 x 6 block becomes two 3 x 3 blocks.
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and, fixing S,, on the lower boundary of moment space (i.e., |(p,p5)| = 0),*
1 1/2
Sp =5 [(4s§ls4(254 DS - ) = - 1

with S, fixed as (s4 + Sg4)/2-*! In order to ensure hyperbolicity, we then check that .S,, > 1/3 and, if not, use S,, = 1/3. Note that
this target distribution has zero skewness and is realizable when s;; = +1, even when .S, = 1. However, for high jet Mach numbers,
lack of skewness gives poor results for crossing jets. The main benefit of using the extended AG distribution is that it is simple to
ensure non-negative (p,p,). The 3D extended AG distribution is found analogously.

B.2.2. 2D skewed-central distribution
It is possible to allow for non-zero third-order central moments, while still accounting for realizability and hyperbolicity at the
edge of moment space.*? One way to achieve this is to use the following target moments:
2 1 . 2 1
S, =1- s1p S3 = 5(530 + sign(sy1)sp3), Sy=1+ S3 + §(H20 + Hy,)S,, (B.2)
S =51 S30 =512 =83, Sz =82 =SS5, S31 =513 = 51154 Sa0 = Sou = Sas S =5y

where 5, is fixed on the boundary of moment space where |(p,p})| = 0 for arbitrary ;. These target moments are not unique, but are
exact for S, = 0 (i.e., 2D crossing jet). Other realizable choices for (S5, S, S,;) can be used (e.g., Sy =1 + S% + 2.5,, which is Gaussian
for .S, = 1 and .S3 = 0), but may increase the HLL eigenvalues. Also, the sign of .3 must respect the directional symmetry between Sy,
and S,; determined by sign(s,;). For high-speed jet-crossing problems where S, — 0, the ultimate target distribution is the double-
delta function in (D.1) with target moments in (D.2), .S}, = sign(s;;) and S, = 1 + S;. We use the same when the univariate moments
are close to their boundary, i.e., sy — s2, — | & 0. In practice, the 2D projection method is computationally faster then checking and

30
correcting individual moments using the leading principal minors.

B.3. Extension to 3D target moments

The extension of the projection step to a 3D moment system for high-speed flows is relatively straightforward. The main challenge
is to find suitable target moments S;;, on the boundary of moment space. Extending the 2D target moments in (B.2), a simple form
for the 3D target moments is as follows:

_g 2

_ 2
Sy =1+ 2s15981015011 — 57, 101 ~ So11°

0

1 . . 1
83 = 3(5300 + sign(sy19)So30 + sign(sio)see3)s Sa =1+ 532 + §(H200 + Hyyo + Hy2)S2s

S110 = 5110- S101 = S101> So11 = So11> 5300 = S35 S030 = S11053>  S003 = S10153> S111 = So11.53> (B.3)
S120 = S102 = S3000 S210 = So12 = So30, S201 = So21 = S0

S310 = S130 = S112 = S11054> Sz01 = S103 = S121 = S10158> So31 = So13 = Sa11 = So1154

Sa00 = Soa0 = So0a = Sa» S220 = S202 = So22 = Sis-

If these moments are non-realizable, then the smallest magnitude correlation coefficient is reset to the product of the two others
(e.g., if |5y | is the smallest, then .Sy;; = 5;,0510;)- The target moments are then guaranteed to be on the boundary of moment space
for any realizable choice of (.5,, S3,.54). Note that although the target moments reduce to the correct values of the cross moments
for 3D crossing jets (e.g., the four corners of second-order moment space), they are not unique elsewhere. For example, a different
target distribution may be preferred when S%IO + s%m + 5(2)11 <3/4, i.e., far from the corners of second-order moment space. In any
case, further work is needed to identify potential 3D target moment sets and to investigate their properties.

Generally speaking, the 3D projection method is much faster and more robust than checking the leading principal minors. The
speedup is mainly due to Sy, = Sy = Sy =S4, Which removes the need to compute the roots of the third-order polynomials
discussed in Section 5.1.7. In fact, the three largest leading principal minors are zero for the 3D target moments in (B.3).

Appendix C. Grad-HyQMOM approximation of the VDF

The Grad approximation of the VDF uses a tensor-product Hermite-polynomial expansion about a Maxwellian VDF [1]. Analo-
gously, an expansion using a tensor-product of the 1D orthogonal polynomials from 1D HyQMOM whose coefficients depend on the
cross moments can be defined [21]. In terms of the standardized moments, the Grad-HyQMOM approximation of the 3D VDF for
fixed n > 1 is

2n

gu, v, w) = f1 () fr(v) f3(w) Z K Vi)V (0) Wy (w) €D

i+j+k=0

40 The other positive root is .S,, = .S, > 1 and yields the upper boundary. Note that s,; = 0 gives .S,, = 0 and s,; = +1 yields S,, = .S,. For hyper-
bolicity, with S,; =0 or S;, = 0 we must have S,, > 1/3.

41 This choice is exact for a rotation-invariant distribution with s,, = 0 and p? = u? + 0%

42 In the perfectly correlated limit, two eigenvalues are zero and s,; = +1. In simulations, usually only one eigenvalue becomes negative. However,
for crossing jets, all eigenvalues are near zero.
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where the summation is over all 7, j, k > 0 such that i + j + k < 2n. Using orthogonality, the coefficients «;;, are defined by
ViV;Wy)

_ , (C.2)
W2H2(W2)

Kijk

which forces the 3D cross moments to be equal to those in S,,. Note that xyy = 1, and for i +j + k > 2n, we have (V;V;W,) =0,
which is the closure for the free-transport flux developed in the main text. Phase-space integrals with respect to g(u, v, w) are evaluated
numerically using 1D Gaussian quadrature formulas found from the univariate moments in each direction [21,40], and depend linearly
on the cross moments through «; ;.

Appendix D. High-Mach-number crossing jets

In terms of moment realizability, the most difficult case to simulate with classical moment methods occurs when both Ma and Kn
are large [18,48,56]. For the fourth-order moment system, the 2D VDF for the standardized variables approaches*’

f@@,0) = p6@i —it))6(D — D)) + pr6(ii — i1p)6(D — 1y), (D.1)
with p, = 1 — p,. For this VDF, & = s;,i with s, = %1, so that the standardized moments are

soo =1, s10 =501 =0, 529 =502 = 1, S03 = 511530, S21 = S11530> S12 = 530

2 (D.2)
S40 = Soa = 1+ 53, $31 = S11540, S13 = 5115405 522 = S40,
and thus depend on a single moment s5,. The positive weight 0 < p; < 1 and the velocity abscissae are
1/2 1/2
1 s _ 1- _ - o _
p1=§1+¢,u1=< P1> ,u2=—<1pl ) . Dy = zily, Dy = &ily. (D.3)
320 +4 b1 — P
Thus, if 5, = &, then s,, = 1, or if §; = —ii; then s;; = —1. In terms of moment realizability, for large Ma, the 1D Hankel determinants

H,, Hy, — 0, as do |A;| and |A,|. Thus, the VDF is close to the boundary of 2D moment space, and the fifth-order standardized
moments depend only on (s;; = %1, s3)). Note that the crossing angle of the jets depends on the central moments (c,, ¢,), but this
information is not needed for the flux closure written in terms of the standardized moments.

Close to, but inside the boundary of moment space, the delta functions in (D.1) will be replaced with a 2D VDF with small variances

such that H,,, Hy,, |A;| and |A,| are small but positive. The fourth-order moments will then be close to, but different than those
given in (D.2). A consideration for the robustness of the moment system is that the closures for the fifth-order moments should not
cause the spatial fluxes to generate non-realizable moments for moment sets near the boundary of moment space. For 1D moment
systems, 1D HyQMOM is robust in this sense. However, in 2D, the following additional realizability and hyperbolicity constraints
must also be satisfied:
Correction algorithm. In the case where sfl > 1, we reset sf = 1 keeping the same sign for s,,. The third- and fourth-order standardized
moments keep the same sign, but are reset such that s3 = s7, = 57 with s3 = max|(so3, 530) and sy9 = so4 = 54 With 5, =1+ +
min(H,, Hy,). The cross moments are reset using (D.2). Simulations of a 2D crossing jet with large Ma run successfully with these
corrections.

Limit on skewness. Another issue observed for high-Ma crossing jets is that in front of the jets, the standardized moments s3, and s;3
can have very large magnitudes. (The same phenomenon was seen in Fox et al. [20].) The eigenvalues for the 1D HyQMOM closure
are then large compared to the jet velocity, and the time step must be decreased to capture the highest wave speed. To lower the
maximum wave speed, we can place an upper bound on |s3y| and |sy3|, and decrease s4, and sy, keeping H,, and H, constant. As
seen above in (D.3), for a crossing jet, the value of s;, fixes the weight p,. For example, the limit |s;,| < 4 + Ma/2 gives a reasonable
value for the maximum node velocity (i.e., for max(|u, |, |u,])) for any value of Ma. (See the results for Ma = 4 and 100 in the main
text.) Note that for small Kn, the maximum of |s3,| and |sy3| will usually be controlled by collisions.

3D crossing jet. The extension to 3D crossing jets multiplies each term in (D.1) by 6(w — ;) with i € {1,2} where  is the standardized
velocity in direction x;. Using a fourth-order moment system, only two weights can be represented exactly (i.e., two crossing jets).
For this VDF, 0 = sy and @ = s, @ with s,,9,5,9; = £1 and sy;; = 519501, Which are the four corners in Fig. 9. The standardized
P4 —J ok
moments for i + j + k > 2 are s;; = 57,0570 Si+j+koo Such that
5030 = $1105300- S003 = S1015300-
$210 = $1105300- 5201 = S1015300> $120 = $300- $102 = $300- S021 = S1015300- S012 = S1105300-

_ _ _ _ 2 _ _ _
S111 = 801153005 400 = Sod0 = Soo4 = 1 + 5300, 5220 = 202 = S22 = S400»

43 Using a fourth-order moment system, only two weights can be represented exactly (i.e., two crossing jets). In general, to exactly represent N
crossing jets, the order of the moment system must be 2N.
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5310 = S1105400> $301 = $1015400> $130 = S1105400> S103 = $1015400> 031 = S0115400> S013 = S0115400>

5211 = S0115400> S121 = 510154000 112 = 51105400 (D.4)

and thus again depend on a single moment s3. As done for 2D crossing jets, whenever the second-order cross moments are rescaled
to ensure S,(s19, S101» So11) 2 0, the moments are corrected using (D.4) with s3 = max | (s300, So30 S003) @nd s, = 1 + s% +.5;.

Appendix E. Realizability constraints for (s3;9,5111) given sy,

The second leading principal minor yields the constraint

Sq00 = di S310 —dia| _ 2
_d —dl (5400 = d11)(s220 = d) = (5310 = d12)” > 0
5310 12 5220 22
where d,, is linear and d,, is quadratic in s;;;:
—1 -1 2
dyy = A7 (asy +b), dy =14 (esi;y—2ds;+e)>0
with coefficients (a, b, ¢, d, e) that depend on second- and third-order moments:
_ 2
a=(1-s7,0)8201 + (1015110 = So11)5210 + So115110 — S101)5300
_ 2 2
b=14;1s110 + (So115101 = S110)5310 T (1 = 5752105120 + (0115110 = S101)52105201
+(1—s2 155105300 + (51015110 — S011)51205201 + (S0115101 — S110)51205
011/52105300 1015110 ~ S011)51205201 0115101 ~ 5110)51205300
12
c=1-s7
d = (s101 = So115110)5210 + (So11 — S1015110)5120
s ! 1-s2 S0115 s K
2 210 - 0115101 ~ S110] [S210
S120] LSo115101 ~ St110 ~ ot 5120

where c,e > 0 and d? < ce (i.e., dy, > 0). Note that for the 26-moment system, s;,, is known so that the second leading principal
minor yields a quadratic constraint for s;;.
Separating the terms depending on (s3;¢, s;1;) from those depending on s,,, gives

t
5310 ~ acﬁbf 4] —-a 5310 ~ acd‘zbf 2
! _ 2 +(s400—d11)el 4y A < (5400 = d1 (|41 15220 — (ce—d7)/c) (E.1)
St~ 7 14,1 S~ 7

where the coefficient matrix on the left-hand side is positive. For this constraint to hold, the right-hand side must be non-negative,
which puts a lower bound on s55:

0 <14, (ce=d*) /e < sy (E.2)

As expected, (E.1) reduces to the 2D case when the third direction is independent. Moreover, by permuting the indices s, is un-
changed so that the coefficients (c, d, e) are the same for the pair (s319, 220> 8111) and (539, S220- 8111)- Likewise, they are the same for
the pair (s30;, 520, $111) and (5103, $202- $111), and for the pair (sg;3, Soz2- s111) and (sg31» Soz2: S111)-

The boundary of (s3;9 — (ad + be)/(c|4;]), s11; — d/c)-moment space found from (E.1) is a rotated ellipse. As noted above, the center
of the ellipse will be different for each permutation. If (E.1) is not satisfied, we can use a scaling factor to reduce the magnitude of the
vector V = R[s3;o — (ad + bc)/(c|A;|), s1;; — d/c]' as done for the third-order moments in Section 5.1.3. However, since d /c depends
on which permutation is used, unless V is the same for all permutations, we may have six different values for the bounds on s;,,. The
moment projection method in Appendix B removes this ambiguity.
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