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Limits of constant-parameter constitutive models for

hydrogels under inertial cavitation†

Tianyi Chu,∗a Joseph Beckett,b Zhiren Zhu,b Jonathan B. Estrada,b and Spencer H.

Bryngelsonc,d

Mechanical characterization of soft materials at high strain rates is challenging due to their high

compliance, nonlinear viscoelastic behavior, and potentially history-dependent responses. Inertial

microcavitation rheometry (IMR) addresses this challenge by coupling laser-induced cavitation (LIC)

experiments with numerical simulations of bubble dynamics models to infer constitutive models

and material parameters. Both IMR and its variants infer parameters that depend on the chosen

fitting window, which suggests that a constant-parameter constitutive model is insufficient to

describe the full cavitation event. We use this window dependence to identify when the constant-

parameter assumption fails, rather than to report a single effective parameter set. The constitutive

parameters are estimated over moving, overlapping windows using a modified iterative ensemble

Kalman smoother with multiple data assimilation (MIEnKS-MDA). Within the neo-Hookean Kelvin–

Voigt (NHKV) constitutive model, we obtain time-resolved estimates of the constitutive response

in polyacrylamide (PAAm) hydrogels with different crosslinker concentrations. The inferred shear

modulus and viscosity generally decrease and then plateau during cavitation, while exhibiting

relatively weak temperature sensitivity. For gelatin gels, by contrast, the inferred property evolution

shows a pronounced temperature dependence, with distinct trends at low and high temperatures.

Moreover, both the apparent shear modulus and viscosity exhibit significant variations during the

first two bubble collapses. These results show that time-resolved parameter estimation within

the prescribed NHKV constitutive structure can diagnose where the constant-parameter model

assumption falls short during cavitation, thereby guiding the development of improved physics-based

models of complex bubble–material interactions.

Keywords: Viscoelasticity; Data assimilation; High strain rate; Inertial cavitation; Hydrogels

1 Introduction

Soft biological and tissue-like materials can experience extreme

loading during blast exposure, shock-wave impact, laser

irradiation, and histotripsy, where deformation unfolds on

microsecond timescales. The combination of rapid energy
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deposition and large strains drives the response into the high-

strain-rate regime (103–108/s), where these materials exhibit

strongly nonlinear viscoelastic behavior that can differ markedly

from their quasi-static mechanics. Characterization of this regime

is important to applications ranging from impact biomechanics

to focused ultrasound and soft-matter engineering, including

tissue phantom studies, laser surgery diagnosis, and targeted

cellular interventions such as DNA manipulation.1–5 Yet, such

characterization remains challenging. The high compliance

of soft materials,6,7 coupled with large deformations and

constitutive responses beyond linear elasticity,8,9 complicates

both modeling and inference. Experiments are further

constrained by limited optical access, sensitivity to boundary

conditions, and coupled thermal and diffusive effects during rapid

loading.

Cavitation rheometry is an approach for measuring finite-

deformation mechanics under high strain rates and at small
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physical scales. Focused energy sources, such as lasers,

ultrasound, or shock waves, are often used to trigger inertial

cavitation in compliant materials, thereby driving rapid, large

deformations at high strain rates suitable for constitutive

characterization. In particular, laser-induced cavitation (LIC) has

attracted increasing attention because it enables efficient, readily

controlled, and repeatable measurements in soft materials. In

a typical LIC experiment, a single green laser pulse is reshaped

and focused onto a soft material sample. In transparent

hydrogels, the resulting cavitation event is recorded with an

ultra-high-speed camera at frame rates exceeding 106 fps.10–13

The bubble-radius history is then extracted from the image

sequence via post-processing and used to quantify the cavitation

dynamics. Building on LIC, Estrada et al. 14 introduced inertial

microcavitation rheometry (IMR) by coupling measured bubble

evolutions with physics-based bubble dynamics models. Using

a prescribed constitutive model, IMR infers effective constitutive

parameters over a fitting window, yielding an averaged

response. IMR accommodates a range of viscoelastic constitutive

models and has been applied to characterize the mechanical

behavior of commonly used biomimetic hydrogels, including

polyacrylamide (PAAm),12,14,15 agarose,16,17 and gelatin.18,19

Beyond prescribing a constitutive model a priori, Sanchez et al. 19

recently proposed a Bayesian hierarchical framework for model

selection, improving reliability under uncertainty and reducing

model-form error.

In practice, standard IMR characterization is challenging as

rheometry in high-strain-rate regimes is intrinsically uncertainty-

prone: experimental variability, measurement noise, and

model-form error all contribute to a non-negligible model-data

mismatch. When posed as a deterministic inverse problem,

IMR often requires repeated cavitation measurements, typically

on the order of tens of experiments, to reduce experimental

variability and obtain robust parameter estimates.12,14,20 In

addition, the strong nonlinearity of bubble dynamics typically

demands dedicated optimization strategies to identify best-fit

parameters among the material property space, rendering brute-

force IMR searches computationally expensive. To mitigate these

limitations, several IMR variants, including reduced-order and

data assimilation (DA) versions, have been developed to reduce

computational cost and account for experimental uncertainty.

Very recently, Zhu et al. 21 introduced parsimonious

IMR (pIMR) as a computationally efficient alternative for

IMR by changing the inference target from the full bubble-radius

trajectory to a single scalar observable, the bubble collapse time.

Compared to standard IMR, pIMR eliminates the need for forward

simulation of the bubble dynamics, enabling rapid exploration

of the material-parameter space. This efficiency comes at

the cost of reduced temporal information. Since pIMR does

not use the post-collapse dynamics, it effectively identifies an

averaged material response over the first-collapse time window.

Consequently, inference based solely on the first collapse time

can introduce more uncertainty, particularly in the presence of

measurement noise. Accurate pIMR characterization, therefore,

requires sufficiently reliable time-resolved diagnostics to identify

the first-collapse times. Moreover, pIMR remains a deterministic

procedure and does not explicitly model variability in the

measured collapse times, which can complicate identification of a

unique best-fit estimate. These considerations motivate statistical

approaches that directly incorporate experimental uncertainty.

Data-assimilation (DA) methods provide a systematic means

of addressing model-data mismatch by combining theoretical

predictions and observations within a probabilistic framework

that represents uncertainty in both. In particular, the

ensemble Kalman filter (EnKF) is among the most widely

used DA methods due to its straightforward formulation and

ease of implementation.22 Applications span oceanography,23,24

atmospheric science,25–27 and engineering,28,29 and the method

has attracted increasing attention in rheology.30–32 Several

variants of EnKF have also been developed, including

the ensemble Kalman smoother (EnKS),33 iterative EnKS

(IEnKS),34,35 IEnKS with multiple data assimilation (IEnKS-

MDA),34,36 and ensemble-based four-dimensional variational

method (En4D-Var).37,38 These ensemble-based DA methods

represent uncertainty with a finite ensemble and assume an

approximately multivariate-Gaussian state, allowing accurate

inference even with relatively small ensemble sizes. We refer the

reader to Carrassi et al. 39 for a review of common DA approaches.

In the context of inertial cavitation, Spratt et al. 20 recently

incorporated ensemble-based DA into IMR to reduce the number

of forward simulations required for accurate characterization.

Specifically, the large simulation budgets associated with brute-

force curve fitting are replaced by a modest ensemble, yielding

a scalable rheometry approach. Moreover, the hybrid En4D-

Var formulation can provide robust property estimates with

fewer repeated measurements per dataset when characterizing

hydrogel mechanics.16,20,40

A common assumption underlying these IMR-based techniques

is that the general material response during cavitation, which

may involve a spectrum of relaxation times, can be approximated

by a frozen relaxation timescale, t f , over the selected time

horizon, thereby yielding a model with constant constitutive

parameters. Fig. 1 schematically illustrates this truncation from

a multiple-branch, generalized Maxwell model to a lumped

Kelvin–Voigt model with a single effective viscosity. In practice,

however, this assumption may be overly restrictive, because the

medium surrounding the cavitation bubble may exhibit time- or

state-dependent constitutive behavior, including thixotropic and

rheopectic effects.41,42 In LIC bubble dynamics, such behavior

may be further amplified by the substantial variation in strain

rate between collapse and subsequent rebounds, particularly

around maxima. In finite deformation viscoelasticity, the history-

or state-dependence is commonly addressed by evaluating the

stress through a hereditary integral43,44 or by incorporating a

set of evolving internal variables in the constitutive law.45,46

In the LIC setting, IMR has been coupled with DA methods

using short assimilation windows of up to a three-time-step

lag to characterize transient constitutive behavior in PAAm gels

throughout the cavitation process.15,20 The trade-off associated

with such short time horizons is increased uncertainty, as many

parameter combinations can fit the observations equally well.

Deterministic, reduced-order, and data-assimilation variants of
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Table 1 Dimensionless quantities used in this manuscript.

Dimensional Dimensionless quantity Quantity name

λ = R/R∞ Material stretch ratio

t t∗ = tUc/Rmax Time

R R∗ = R/Rmax Bubble-wall radius

U = Ṙ U∗ =U/Uc Bubble-wall velocity

R∞ R∗
∞ = R∞/Rmax Equilibrium bubble-wall radius

c c∗ = c/Uc Material wave speed

pb p∗b = pb/p∞ Bubble-wall pressure

pv,sat(T∞) p∗v,sat = pv,sat(T∞)/p∞ Vapor saturation pressure

C C∗ =
[

1+(Rv/Rg)(p∗b/p∗v,sat −1)
]−1

Vapor concentration

T T ∗ = T/T∞ Temperature

Rmax We = p∞Rmax/(2γ) Weber number

S S∗ = S/p∞ Stress integral

G 1/Ca = G/p∞ 1/Cauchy number

µ 1/Re = µ/(ρUcRmax) 1/Reynolds number

measurement space. In this study, we take the bubble radius R∗ as

the primary observable variable because it is directly measurable

in experiments. Over a time horizon t ∈ [0, tNt
] discretized into

Nt time steps, we collect the deterministic state trajectory and

corresponding observations as Q0→tNt
=
[

q0 q1 · · · qNt

]

and

Y 0→tNt
=
[

R0 R1 · · · RNt

]

, respectively, yielding

Q0→tNt
= F (θ) and Y 0→tNt

= H (Q0→tNt
), (6)

where F represents the nonlinear operator that creates the

space-time state sequence over t ∈ [0, tNt
]. In practice, we solve

the resulting stiff ODE system using the MATLAB solver ode23t,

and the solution is sampled at a time interval of ∆t∗ = 0.025

for consistency with the data-assimilation procedure. We then

use this deterministic forward model to identify the optimal

constitutive parameters within the parameter space, θ ∈ Θ, by

minimizing the mismatch between the model predictions and the

LIC measurements. The experimental measurements, originally

sampled uniformly in physical time, are interpolated onto the

same uniform nondimensional time grid, denoted by ˜(·).

3 IMR-based characterization techniques

We seek accurate and efficient characterization approaches

that are also robust to the uncertainty inherent in the Nexp

repeated measurements. In this section, we introduce several

variants of IMR for calibrating material properties, including the

standard, reduced-order (parsimonious), and data assimilation

(DA) versions. As these variants assume material properties

remain invariant over the cavitation event, we further propose

a sliding-window rheometer that can accommodate apparent

changes in material behavior. An overview of these methods is

provided in Table 2. We note that the sliding-window method

incurs the highest simulation cost of the techniques considered;

this cost is paid for time resolution rather than speed, arising from

the repeated ensemble propagation across the Nw assimilation

windows. Unlike brute-force IMR, however, the expense does

not grow with the resolution of the parameter space, and the

ensemble propagation within each window is embarrassingly

parallel.

3.1 Deterministic approaches

3.1.1 Standard IMR

The standard IMR seeks to minimize the discrepancy between

simulated and experimentally measured bubble dynamics over

a prescribed time window, typically chosen from the equilibrium

state through the second or third bubble collapse. The parameters

are obtained by solving the optimization problem that minimizes

a cost function, defined as

JIMR(θ) =
1

Nexp

Nexp

∑
n=1

∥

∥

∥
Y 0→tNt

(θ)− Ỹ
(n)
0→tNt

∥

∥

∥

2
. (7)

By construction, standard IMR yields an effective, time-averaged

characterization over the selected window by identifying

the optimal parameter θ⋆, associated with the minimum

cost, J⋆. However, the strong nonlinearity of the bubble

dynamics generally necessitates dedicated search algorithms to

identify the optimum, making brute-force parameter estimation

computationally expensive, particularly when processing

large datasets while accounting for measurement uncertainty.

In practice, robust identification often requires repeated

measurements of Nexp = O(10).12,14,20

3.1.2 Parsimonious IMR

Parsimonious IMR (pIMR) offers a computationally efficient

alternative for material characterization by changing the

inference target from the full bubble-radius trajectory to a single

scalar observable, the bubble collapse time.21 We rewrite the non-

dimensional Keller–Miksis equation (1) in a compact form,

RR̈+
3

2
Ṙ2 =−1+ f

(

t,R, Ṙ, R̈;θ
)

. (8)

Here, the modifier f acts as an effective pressure term that

collects non-inertial contributions, including viscoelastic stresses,

surface tension, and other constitutive or forcing effects, thereby

coupling these physical mechanisms to the bubble dynamics.

Following the analysis of Zhu et al. 21 , we approximate the
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Table 2 Overview of IMR-based characterization techniques, including their descriptions, key assumptions, inference-window sizes, parameter treatment,

uncertainty treatment, and computational cost for a 2-parameter model per LIC measurement in terms of simulation steps.

Rheometry IMR14 pIMR21 En4D-Var20 MIEnKS-MDA

Description standard reduced-order single-window DA sliding-window DA

Key assumption single θ -fit tc-based fit single Gaussian θ window-wise Gaussian θ

Parameter θ global global global window-specific

Inference window [0, tNt
] t = tc [0, tNt

]
[

t jh, t jh+L−1

]

Uncertainty deterministic deterministic statistical statistical

Cost (Sim. steps) ∼ O(106) No Sims. ∼ O(105) ∼ O(107)
Section 3.1.1 3.1.2 3.2.1 3.2.2

collapse time without performing forward simulations as

tc(θ) = 0.9147
(

1− f (θ)
)−1/2

, (9)

where f is the temporal average of f during the collapse process.

The prefactor of 0.9147 is the Rayleigh collapse time for a void in

an inviscid medium driven solely by the far-field pressure. Details

of the analysis procedure and the resulting functional forms of f

for various physical mechanisms are summarized in Section S1.1

of the Supplementary Information (SI).†Furthermore, a more

thorough discussion is available in Zhu et al. 21 .

Specifically, pIMR minimizes the mismatch between the time

from maximum bubble size to its first minimum—termed the first

collapse time—predicted by (9) and the experimentally measured

value, ˜(·)(n). This optimization is achieved by minimizing the

pIMR cost function

JpIMR(θ) =
1

Nexp

Nexp

∑
n=1





(

t̃
(n)
c

tc(θ)

)2

−1





2

. (10)

In practice, we minimize the logarithm of JpIMR to improve

numerical conditioning as JpIMR can vary over several orders of

magnitude across the parameter space. Compared to the standard

IMR approach introduced in Section 3.1.1, evaluating JpIMR

requires no forward simulations of the bubble dynamics, enabling

rapid exploration of the parameter space Θ. Compared with

IMR, which uses full bubble dynamics within the first-collapse

window, relying on collapse time alone can increase inferential

uncertainty, particularly in the presence of measurement noise.

Experimentally, variability in the measured collapse times

may complicate the identification of a single best-fit value,

motivating statistical formulations that explicitly account for

these uncertainties.

3.2 Statistical approaches: ensemble-based data

assimilation for IMR

Beyond the deterministic approaches described above, data

assimilation (DA) provides a statistical framework for

systematically accounting for uncertainty and measurement noise

by inferring probabilistic parameter distributions. Specifically,

we assume the relevant variables, such as shear modulus and

viscosity, follow multivariate Gaussian distributions and model

them using an ensemble of realizations.

The ensemble-based DA approaches consist of a forecast step

followed by an analysis step. In the forecast step, we draw an

ensemble of NEn parameter instances from the prior distribution,

θ ∼ N (µ
(0)
θ ,Σ

(0)
θ ), (11)

and construct an ensemble of NEn realizations at time step l,

Ql(Θl) =
[

Ql

(

θ (1)
)

· · · Ql

(

θ (NEn)
)]

. (12)

Denoting the ensemble average by 〈·〉, we define the scaled state

perturbation matrix

Q′
l =

1√
NEn −1

[

Q
(1)
l

−〈Ql〉 · · · Q
(NEn)
l

−〈Ql〉
]

, (13)

and the corresponding ensemble covariance matrix Cl = Q′
lQ

′
l
⊤

,

which characterizes the multivariate Gaussian distribution

implied by the ensemble. We propagate each ensemble member

forward in time using the IMR solver (5). The corresponding

ensemble predictions of the bubble radius at time step k are

collected as

Y k(Ql) =
[

Rk
(1) · · · Rk

(NEn)
]

. (14)

We consider the weighted norms for the observation and state

spaces,

‖Y k‖2
Pk

≡ Y⊤
k P−1

k
Y k and ‖Ql‖2

Cl
≡ Q⊤

l C−1
l

Ql , (15)

where Pk is the measurement noise covariance matrix at time

step k. The analysis step then quantifies the discrepancy between

these predictions and the experimental measurements, updating

the ensemble accordingly.

3.2.1 IMR-based En4D-Var

The ensemble-based four-dimensional variational (En4D-Var)

approach has demonstrated its computational efficiency by

iteratively updating the initial ensemble at time step l = 0.16,20,40

For each measurement, the associated En4D-Var cost function

is defined as

J
(n)
0→tNt

(Q0(Θ0)) =
1

2Nt

Nt

∑
k=1

∥

∥

∥
Ỹ
(n)
k

−Y k(Q0)
∥

∥

∥

2

Pk

+
1

2
‖Q0 −〈Q0〉‖2

C0
,

(16)

which comprises a data-misfit term and a regularization term

that penalizes deviations of the initial ensemble from its mean,

weighted by the prior covariance. Details of the optimization
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of (16) are provided in Section S1.2 of the SI. As Q0 is

updated iteratively through En4D-Var, the associated ensemble

of modeling parameters θ is updated accordingly. For each

measurement, we approximate the resulting parameter ensemble

by a multivariate Gaussian,

θ (n) ∼ N (µ
(n)
θ ,Σ

(n)
θ ). (17)

Assuming independent measurements, the fused posterior is

therefore also Gaussian and can be expressed as

θ ∼ N (µθ ,Σθ ), (18)

where its mean and variance are computed as

Σ−1
θ ≡

Nexp

∑
n=1

(

Σ
(n)
θ

)−1
− (Nexp −1)

(

Σ
(0)
θ

)−1
, and (19)

µθ ≡ Σθ

[

Nexp

∑
n=1

(

Σ
(n)
θ

)−1
µ
(n)
θ − (Nexp −1)Σ

(0)
θ

−1
µ
(0)
θ

]

, (20)

respectively. The optimal parameter estimate for En4D-Var is

then defined as the posterior mean, θ⋆ = µθ . In practice,

we use an ensemble size of NEn = 48, which has been

shown to provide accurate material-property estimates,16,20 and

couple the assimilation with a restart strategy that further

reduces computational cost and prior-induced bias.40 The DA

hyperparameters used throughout this work are summarized in

Table S1 of the SI.

Compared to standard IMR, En4D-Var provides a statistical

characterization by inferring parameter distributions from

discrete ensembles, substantially reducing computational cost

by avoiding brute-force exploration of the full parameter

space. By construction, both rheological approaches characterize

time-averaged behavior over the prescribed time window.

However, the observed dependence of the inferred properties

on window length in both methods suggests that the material

parameters we infer may themselves depend on time; hence,

our model choice/parameterization (implicitly assuming constant

parameters) is insufficient to describe or predict material

response. To address this limitation, we seek to infer the time

evolution of constitutive properties and thereby improve both

the description of material behavior during cavitation and the

identification of the possible regimes in which we must refine our

material model, as described next.

3.2.2 IMR-based modified IEnKS-MDA

Building on the iterative ensemble Kalman smoother with

multiple data assimilation (IEnKS-MDA),34,36 we introduce a

sliding-window rheometer for tracking evolving constitutive

properties. We partition the full time interval t ∈ [0, tNt
] into

successive, overlapping assimilation windows of length L and

shift h. The jth window spans

t ∈
[

t( j−1)h, t( j−1)h+L−1

]

, (21)

yielding a total of Nw = ⌊(Nt −L+1)/h⌋+1 windows. Analogous

to the En4D-Var objective in (16), we define the cost function over

the jth window as

J
(n)
j (Q j(Θ j)) =

1

2L

( j−1)h+L−1

∑
k=( j−1)h

∥

∥

∥
Ỹ
(n)
k

−Y k(Q j)
∥

∥

∥

2

Pk

+
1

2

∥

∥Q j −
〈

Q j

〉∥

∥

2

C j
.

(22)

The posterior from window j is used to initialize window j + 1.

Specifically, we propagate the NEn ensembles from t( j−1)h to

overlap time t jh and use the resulting ensembles as the initial

forecast condition for the next window. Whereas standard IMR

initializes the full bubble state q, defined in (3), by assuming that

the bubble has reached its maximum radius and thermodynamic

equilibrium, the present sliding-window rheometer predicts the

state directly from the numerical simulation and therefore retains

the evolved stress, temperature, pressure, and other internal

variables. The subsequent window assimilates the states Q j+1

and the material properties Θ j+1 using observations on t ∈
[

t jh, t jh+L−1

]

. The overlap between successive windows, together

with this posterior-to-forecast initialization, promotes continuity

in the inferred material response. This initialization is the

modification referenced in the method name: whereas previous

IMR-based implementations of IEnKS-MDA re-initialized each

window from an assumed equilibrium state at the maximum

bubble radius,15,20 the present scheme hands the evolved internal

state off between long, overlapping windows. A schematic of the

modified IEnKS-MDA (MIEnKS-MDA) process is shown in Fig. 3.

After completing the MIEnKS-MDA procedure, we fuse the

posteriors from the Nexp independent measurements for each

window j, analogously to (17) to (20). This fusion yields a

Gaussian posterior for the window-wise constitutive parameters,

θ j | {Y (n)}Nexp

n=1 ∼ N

(

µθ , j, Σθ , j

)

. (23)

To obtain time-resolved material properties, we combine the

window-wise posteriors from all windows that contain a given

time step tk. We define the index set

I (k) :=
{

j : ( j−1)h ≤ k ≤ ( j−1)h+L−1
}

. (24)

As adjacent windows overlap, their posterior estimates are

generally correlated. We therefore use a normalized precision-

weighted aggregation rather than treating the overlapping

windows as independent sources of information. The resulting

local posterior summary is written as

θ(tk)∼ N (µθ (tk), Σθ (tk)) , (25)

with

Σθ (tk)
−1 = ∑

j∈I (k)

w j,kΣ−1
θ , j, and

µθ (tk) = Σθ (tk) ∑
j∈I (k)

w j,kΣ−1
θ , jµθ , j.

(26)

Here, the weights w j,k = 1/|I (k)| normalize the contribution

of the windows containing tk, thereby preventing the effective
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solely from sliding-window inference. Instead, it may reflect

physical changes in the material response during cavitation.

4 Results

To demonstrate the characterization results, we examine three

hydrogel formulations: stiff PAAm (5% w/w acrylamide with

0.3% w/w bis-acrylamide), soft PAAm (5% w/w acrylamide with

0.03% w/w bis-acrylamide), and gelatin (5% w/w). Fabrication

protocols are provided in Section S3 of the SI. These materials

were selected to provide different thermal responses: PAAm is

expected to exhibit low temperature sensitivity over the range

studied, whereas gelatin is expected to undergo a phase transition

near 30◦C.

All the specimens were tested under three thermal regimes:

steady state at room temperature (∼ 21◦C), cooling to room

temperature after equilibration in a 60◦C water bath, and

warming to room temperature after equilibration in a refrigerator

at approximately 5◦C. All the microcavitation events were

nucleated and imaged,54 and post-processed14 using previous

methods. For transient temperature conditions, inertial

microcavitation was conducted over the span of 15–20 min,

allowing IMR measurements to be collected over a temperature

span of approximately 50◦C. The datasets for each material

were binned using a temperature tolerance of ±2◦C. Under

these protocols, bins below room temperature are reached on

the warming branch, whereas bins above room temperature,

including the gelatin bins at 24.4 and 32.8◦C, are reached on

the cooling branch following equilibration at 60◦C. In the

analysis below, we focus on data collected at three representative

temperatures per formulation, and Table 3 summarizes the

resulting datasets.

Fig. 5 shows the bubble dynamics in the three considered gels.

Even before performing material characterization, the kinematic

response of PAAm to LIC indicates limited temperature sensitivity

over the tested range. By contrast, LIC-induced kinematics of

gelatin exhibit a clear temperature dependence: the dynamics at

24.4◦C and 32.8◦C are similar to one another, but differ visibly

from those at 14.7◦C. In the following, we combine the measured

bubble dynamics with the IMR-based characterization techniques

introduced in Section 3 to infer the material response during

cavitation. Specifically, the standard IMR fitting is performed

over the parameter domain G,µ ∈ [0,25] kPa × [0,0.5] Pas,

discretized with uniform resolutions of ∆G ≈ 0.21kPa and ∆µ ≈
0.0068Pas, respectively. The DA procedures are initialized from

an uncorrelated multivariate normal prior with means of 6kPa

and 0.209Pas and standard deviations of 2.8kPa and 0.088Pas for

G and µ, respectively; note that this prior differs from the ground-

truth values used in the synthetic verification of Fig. 4.

4.1 Polyacrylamide (PAAm) gels

As an illustrative example, Fig. 6 compares the material

calibration landscapes of stiff PAAm gels characterized using

pIMR, IMR, and IMR-En4D-Var. The relatively small variations in

the identified material properties with temperature are consistent

with the expected low-temperature sensitivity of PAAm gels.

Qualitatively, pIMR and the IMR results obtained using data

up to the first bubble collapse exhibit very similar cost-function

structures in the material-parameter space, with closely matching

optimal parameters and corresponding 95% confidence contours.

In particular, the elongated low-cost region extends from low

viscosity and low shear modulus to high viscosity and high shear

modulus, indicating offsetting effects between elasticity provided

by a neo-Hookean spring and viscosity from a Newtonian dashpot

in the first inertial collapse regime. The close agreement between

the material calibration landscapes and the optimal material

parameters obtained from IMR and pIMR supports pIMR as

an effective reduced-order alternative for approximating the

material response up to the first collapse.21

As a deterministic method, IMR exhibits comparatively large

uncertainty when the fitting window is limited. This uncertainty

is progressively reduced as more data are incorporated, as shown

for fitting windows extending to the second and third collapses.

The identified material properties change markedly between the

first and second collapses, followed by only minor variations

thereafter, suggesting distinct constitutive behavior at high and

low strain rates and subsequent convergence of the inferred

properties. The converged values of shear modulus and viscosity

are consistent with those previously reported in Abeid et al. 54 .

By accounting for measurement noise during assimilation, En4D-

Var exhibits consistently smaller variations across fitting-window

lengths than standard IMR, indicating substantially reduced

sensitivity to the choice of fitting window. Though En4D-Var

identifies optimal parameters with both larger shear modulus

and viscosity for the data up to the first collapse, these values

fall well within the elongated IMR cost-function structure.

When the fitting window extends to the second and third

collapses, En4D-Var results show favorable agreement with those

calibrated by standard IMR, while exhibiting significantly reduced

variations. These results highlight the advantages of DA methods

in accounting for measurement noise and uncertainty in LIC

experiments for material characterization. The characterization

results for soft PAAm gels exhibit qualitatively similar trends and

are presented in Fig. S3 of the SI.

To directly compare the different IMR variants, Fig. 7

presents the predicted bubble dynamics in stiff PAAm gels

at room temperature, based on the constitutive parameters

identified by fitting windows of varying lengths in Fig. 6.

With the corresponding maximum and equilibrium radii for

initialization, the bubble-radius trajectories predicted from the

optimal IMR parameters remain nearly identical up to the

first bubble collapse. Later, they display a markedly larger

spread than the experimental measurements. By accounting

for measurement noise and uncertainty, En4D-Var reduces this

spread and improves the agreement between the data and the

assimilated simulations, especially between the first and second

collapses. Nevertheless, some of the rebound bubble radii remain

overpredicted. Thus, within the constitutive model form of

a neo-Hookean spring in parallel with a Newtonian dashpot,

constant material properties can provide qualitative estimates

but are insufficient to represent the full bubble dynamics. On

the other hand, allowing the effective NHKV parameters to
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responses after t∗ = 0.5, while the viscosity decreases during the

early stage of cavitation. Subsequently, both quantities converge,

indicating a steady constitutive response at low strain rates.

As expected, a higher bis-acrylamide concentration produces

a stiffer material response.55 Thus, a larger effective shear

modulus is obtained, and the viscosity shows comparatively

weaker sensitivity to concentration.54 The slight jumps in the IMR

results arise solely from the discretization resolutions in ∆G and

∆µ. For stiff PAAm, standard IMR yields relatively larger shear

moduli and steady-state viscosity that characterize the overall

behavior over the time window of [0, t], whereas MIEnKS-MDA

indicates lower effective transient values for both quantities. For

soft PAAm, MIEnKS-MDA yields a comparable shear modulus

and a slightly higher steady-state viscosity than the optimal IMR

estimates. Moreover, for both the locally averaged estimates

and the properties identified within each sliding assimilation

window, the transient viscosity inferred by MIEnKS-MDA remains

in favorable agreement with the IMR uncertainty envelope. These

results suggest that the mechanical response of PAAm gels under

LIC initially decreases in both shear modulus and viscosity up

to approximately the first bubble collapse, followed by a regime

that can be effectively modeled by a nearly constant spring and

dashpot in parallel.

Fig. 9 shows the temporal evolution of the constitutive

properties in the material-parameter space for PAAm gels at

21 ◦C. At later stages of cavitation, both IMR and MIEnKS-

MDA predict converged material properties together with their

associated uncertainty intervals, indicating a steady constitutive

response in both the overall behavior across the full time window

and the locally averaged transient behavior. Together with the

trajectories in Fig. 8, the results show that MIEnKS-MDA initially

infers higher shear modulus and viscosity than IMR, after which

both quantities decrease as cavitation progresses and eventually

approach lower or comparable steady-state values. Throughout

the cavitation process, IMR applied to the 57 stiff and 30 soft

PAAm measurements exhibits large uncertainty bounds, making

the optimal parameter estimates less reliable before and during

the first bubble collapse (t . 1). By contrast, MIEnKS-MDA

yields comparatively consistent and well-bounded uncertainty

estimates in this high-strain-rate regime and during subsequent

evolution. Overall, these results highlight the IMR-MIEnKS-MDA

as a robust approach for calibrating constitutive properties from

LIC measurements and resolving their temporal evolution within

the NHKV constitutive model.

4.2 Gelatin gels

Fig. 10 compares the material properties calibrated for gelatin

gels at different temperatures using fitting windows of varying

lengths. Unlike the nearly temperature-invariant results obtained

for PAAm gels in Fig. 6 and Fig. S3 of the SI, the inferred

properties of gelatin display a clear temperature dependence.

Consistent with the bubble dynamics shown in Fig. 5 (c), the

constitutive responses at 24.4◦C and 32.8◦C remain close to each

other, while differing significantly from those at 14.7◦C. In

particular, the calibrated shear modulus at 14.7◦C is significantly

higher than at the two higher temperatures, which is consistent

with the expected thermal softening associated with gelatin

melting. The inferred properties thus change markedly between

14.7 and 24.4◦C, consistent with proximity to the sol–gel

transition. We caution, however, against interpreting this change

as an equilibrium transition temperature: the two warmer gelatin

bins were measured during cooling from a fully melted state at

60◦C (Section S3 of the SI), and because re-gelation of gelatin is

not instantaneous on the 15–20 min measurement timescale, the

network at these temperatures may be only partially re-formed.

The soft response above room temperature, therefore, reflects the

combined effects of temperature and thermal history.

Fig. 11 presents the evolution of the constitutive properties

in gelatin gels and their coupling with the bubble dynamics

at the three temperatures considered. The viscous response

is much less sensitive to temperature than the shear modulus.

Compared with the constitutive behavior of PAAm gels shown in

Fig. 8, gelatin gels exhibit more pronounced variations during

cavitation, indicating a more complex nonlinear viscoelastic

response. Standard IMR predicts increases in both shear modulus

and viscosity at the first bubble collapse. MIEnKS-MDA reveals

qualitatively similar transient trends at all three temperatures:

the apparent shear modulus generally decreases to near zero by

the first bubble collapse, gradually recovers and rebounds near

the second collapse, and then decreases again; the apparent

viscosity initially rises to a maximum and then decreases in

three stages, with the second and third stages occurring during

the first two bubble collapses, while remaining nearly constant

between collapses. The near-vanishing apparent shear modulus

around the first collapse should therefore not be interpreted

as a true loss of elastic stiffness. Instead, this behavior likely

reflects the model-form error being absorbed by the effective

NHKV parameters near the inertia-dominated minimum-radius

state. Similarly, the stepwise decrease in apparent viscosity

is plausibly attributed to either progressive material damage

during collapses or an additional rate-dependent response not

fully represented by the NHKV model. The low viscosity for

t∗ & 2 suggests that the later stages of cavitation approach

an inviscid-like response. Interestingly, at 14.7 ◦C, the shear

modulus is initially much higher. At sufficiently long times, it

converges to a lower value than at the two higher temperatures,

suggesting a more pronounced initial strain-stiffening effect when

the material undergoes its maximum deformation. This behavior

may be further captured by an augmented neo-Hookean model

with higher-order stretch-dependent terms.12,56 The MIEnKS-

MDA calibration at the two higher temperatures exhibits larger

variances around the second collapse, making the subsequent

inferred shear-modulus evolution less reliable. Nevertheless,

the trends up to t∗ ≃ 1.5 remain qualitatively consistent with

those obtained from standard IMR, revealing a similar transient

softening during the first collapse.

Fig. 12 further illustrates the temporal evolution of the

constitutive properties of gelatin gels in the material-parameter

space and reveals a clear temperature dependence. Compared

with the mechanical responses of PAAm gels shown in Fig. 9,

the gelatin gels exhibit much more pronounced differences
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In contrast, PAAm hydrogels are chemical gels with

covalently-crosslinked polymer networks that do not undergo

pronounced thermoreversible changes in crosslink density

over the temperature range considered here, leading to

less temperature-dependence in the material’s mechanical

response.70,71 The high-strain-rate viscoelasticity of PAAm may

be plausibly attributed to mechanisms including polymer-solvent

friction72,73 and network imperfections such as dangling strands

or trapped entanglements.74,75 These mechanisms may still

vary smoothly with temperature through changes in segmental

mobility and solvent friction, but they are not expected to exhibit

the strong transition-like temperature sensitivity associated with

gelatin junction-zone melting and reformation. Our inverse

characterization results reinforce that the underlying mechanisms

in PAAm hydrogels are less sensitive to temperature compared

to those governing the viscoelasticity of gelatin hydrogels. The

effectiveness of the NHKV model in capturing the high-strain-rate

response of the PAAm gels also suggests that the timescales of

the underlying dissipative mechanisms are much shorter than the

characteristic timescale of the bubble dynamics. However, the

fitted µeff should still be interpreted as an aggregate continuum

parameter reflecting multiple interacting mechanisms.

Other than adjusting the ambient temperature according to

our experimental conditions, we did not substantially modify

the theoretical bubble dynamics model presented in Estrada

et al. 14 . Therefore, we implicitly accepted several underlying

assumptions of that model; for example, the bubble reaches

thermodynamic equilibrium at the end of the initial growth phase,

and the surrounding viscoelastic material remains isothermal. We

note that these assumptions have been extensively validated for

inertial cavitation in water48,76 but less so in soft hydrogels.

The pIMR technique is based on a reduced-order model of laser-

induced cavitation at 25 ◦C. To delineate the effect of temperature

on hydrogel viscoelasticity, further studies are needed to quantify

the temperature dependence of other factors present in the

laser-induced cavitation process and, accordingly, modify the

theoretical models used in the inverse characterization process.

6 Conclusions

Standard IMR and its data-assimilation variants infer a constant

set of constitutive parameters whose values depend on the

chosen fitting window. We use this dependence to test the

constant-parameter assumption directly: instead of reporting

a single best-fit parameter set, we estimate how the effective

parameters vary in time within a fixed model form, and

identify where the constant-parameter model is insufficient

to describe the dynamics. The estimates are obtained from

laser-induced cavitation (LIC) experiments using an IMR-based

modified iterative ensemble Kalman smoother with multiple

data assimilation (MIEnKS-MDA), a sliding-window rheometer

that resolves the locally time-averaged constitutive response

during cavitation. These window-specific estimates serve as

effective constitutive parameters that identify intervals in which

the constant-parameter model is inadequate to describe the

cavitation process, rather than as intrinsically evolving material

properties.

Within the neo-Hookean Kelvin–Voigt (NHKV) constitutive

model that consists of a neo-Hookean spring in parallel with a

Newtonian dashpot, we obtain time-resolved estimates of the

constitutive response of polyacrylamide (PAAm) hydrogels with

different crosslinker concentrations. The inferred shear modulus

and viscosity generally decrease during cavitation and exhibit

relatively weak temperature sensitivity. In contrast, gelatin

gels exhibit pronounced temperature dependence, with distinct

property evolution trends at low and high temperatures. In

addition, both the apparent shear modulus and viscosity undergo

substantial transient variations during the first two bubble

collapses, highlighting the strongly coupled nature of bubble

dynamics and material response of gelatin. These time-resolved

estimates are not introduced as arbitrary material parameters

solely to improve the agreement with the measurements.

Instead, by allowing the effective NHKV parameters to vary

within a prescribed constitutive structure, the method provides

a diagnostic measure of how the constant-parameter NHKV

assumption overconstrains the prediction of inertial cavitation

dynamics. The observed temporal variations, therefore, point to

missing internal dynamics in the reduced constitutive description,

such as finite relaxation spectra, history-dependent damage, or

other evolving state variables, that may be needed to fully

represent complex bubble–material interactions. Embedding

learned closures for the effective constitutive parameters in the

bubble-dynamics model offers a concrete, testable pathway to

identify missing physics and develop richer constitutive models.
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