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Mechanical characterization of soft materials at high strain rates is challenging due to their high
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compliance, nonlinear viscoelastic behavior, and potentially history-dependent responses.
microcavitation rheometry (IMR) addresses this challenge by coupling laser-induced cavitation (LIC)
experiments with numerical simulations of bubble dynamics models to infer constitutive models
and material parameters. Both IMR and its variants infer parameters that depend on the chosen
fitting window, which suggests that a constant-parameter constitutive model is insufficient to
describe the full cavitation event. We use this window dependence to identify when the constant-
parameter assumption fails, rather than to report a single effective parameter set. The constitutive
parameters are estimated over moving, overlapping windows using a modified iterative ensemble
Kalman smoother with multiple data assimilation (MIEnKS-MDA). Within the neo-Hookean Kelvin—
Voigt (NHKV) constitutive model, we obtain time-resolved estimates of the constitutive response
in polyacrylamide (PAAm) hydrogels with different crosslinker concentrations. The inferred shear
modulus and viscosity generally decrease and then plateau during cavitation, while exhibiting
relatively weak temperature sensitivity. For gelatin gels, by contrast, the inferred property evolution
shows a pronounced temperature dependence, with distinct trends at low and high temperatures.
Moreover, both the apparent shear modulus and viscosity exhibit significant variations during the
first two bubble collapses. These results show that time-resolved parameter estimation within
the prescribed NHKV constitutive structure can diagnose where the constant-parameter model
assumption falls short during cavitation, thereby guiding the development of improved physics-based
models of complex bubble-material interactions.

Keywords: Viscoelasticity; Data assimilation; High strain rate; Inertial cavitation; Hydrogels

1 Introduction deposition and large strains drives the response into the high-

strain-rate regime (103—108/5), where these materials exhibit
strongly nonlinear viscoelastic behavior that can differ markedly
from their quasi-static mechanics. Characterization of this regime
is important to applications ranging from impact biomechanics
to focused ultrasound and soft-matter engineering, including
tissue phantom studies, laser surgery diagnosis, and targeted
cellular interventions such as DNA manipulation. 1-5 Yet, such
characterization remains challenging. The high compliance
of soft materials,®7 coupled with large deformations and

Soft biological and tissue-like materials can experience extreme
loading during blast exposure, shock-wave impact, laser
irradiation, and histotripsy, where deformation unfolds on
microsecond timescales. The combination of rapid energy
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constitutive responses beyond linear elasticity,®° complicates
both modeling and inference. Experiments are further
constrained by limited optical access, sensitivity to boundary
conditions, and coupled thermal and diffusive effects during rapid
loading.

Cavitation rheometry is an approach for measuring finite-
deformation mechanics under high strain rates and at small

Journal Name, [year], [vol.], 1—51 [1



Soft Matter

physical scales.  Focused energy sources, such as lasers,
ultrasound, or shock waves, are often used to trigger inertial
cavitation in compliant materials, thereby driving rapid, large
deformations at high strain rates suitable for constitutive
characterization. In particular, laser-induced cavitation (LIC) has
attracted increasing attention because it enables efficient, readily
controlled, and repeatable measurements in soft materials. In
a typical LIC experiment, a single green laser pulse is reshaped
and focused onto a soft material sample. In transparent
hydrogels, the resulting cavitation event is recorded with an
ultra-high-speed camera at frame rates exceeding 100 fps.10-13
The bubble-radius history is then extracted from the image
sequence via post-processing and used to quantify the cavitation
dynamics. Building on LIC, Estrada et al. 4 introduced inertial
microcavitation rheometry (IMR) by coupling measured bubble
evolutions with physics-based bubble dynamics models. Using
a prescribed constitutive model, IMR infers effective constitutive
parameters over a fitting window, yielding an averaged
response. IMR accommodates a range of viscoelastic constitutive
models and has been applied to characterize the mechanical
behavior of commonly used biomimetic hydrogels, including
polyacrylamide (PAAm),1%1415 16,17 and gelatin. 1819
Beyond prescribing a constitutive model a priori, Sanchez et al. 1°
recently proposed a Bayesian hierarchical framework for model
selection, improving reliability under uncertainty and reducing
model-form error.

agarose,

In practice, standard IMR characterization is challenging as
rheometry in high-strain-rate regimes is intrinsically uncertainty-
prone: experimental variability, measurement noise, and
model-form error all contribute to a non-negligible model-data
mismatch. When posed as a deterministic inverse problem,
IMR often requires repeated cavitation measurements, typically
on the order of tens of experiments, to reduce experimental
variability and obtain robust parameter estimates.!%1420 In
addition, the strong nonlinearity of bubble dynamics typically
demands dedicated optimization strategies to identify best-fit
parameters among the material property space, rendering brute-
force IMR searches computationally expensive. To mitigate these
limitations, several IMR variants, including reduced-order and
data assimilation (DA) versions, have been developed to reduce
computational cost and account for experimental uncertainty.

Very recently Zhu et al 2! introduced parsimonious
IMR (pIMR) as a computationally efficient alternative for
IMR by changing the inference target from the full bubble-radius
trajectory to a single scalar observable, the bubble collapse time.
Compared to standard IMR, pIMR eliminates the need for forward
simulation of the bubble dynamics, enabling rapid exploration
of the material-parameter space. This efficiency comes at
the cost of reduced temporal information. Since pIMR does
not use the post-collapse dynamics, it effectively identifies an
averaged material response over the first-collapse time window.
Consequently, inference based solely on the first collapse time
can introduce more uncertainty, particularly in the presence of
measurement noise. Accurate pIMR characterization, therefore,
requires sufficiently reliable time-resolved diagnostics to identify
the first-collapse times. Moreover, pIMR remains a deterministic

procedure and does not explicitly model variability in the
measured collapse times, which can complicate identification of a
unique best-fit estimate. These considerations motivate statistical
approaches that directly incorporate experimental uncertainty.

Data-assimilation (DA) methods provide a systematic means
of addressing model-data mismatch by combining theoretical
predictions and observations within a probabilistic framework
that represents uncertainty in both. In particular, the
ensemble Kalman filter (EnKF) is among the most widely
used DA methods due to its straightforward formulation and
ease of implementation.22 Applications span oceanography, 2324
atmospheric science,2>27 and engineering, 282 and the method
has attracted increasing attention in rheology.30-32 Several
variants of EnKF have also been developed, including
the ensemble Kalman smoother (EnKS),33 iterative EnKS
(IEnKS),3*3> IEnKS with multiple data assimilation (IEnKS-
MDA),3%3% and ensemble-based four-dimensional variational
method (En4D-Var).3738 These ensemble-based DA methods
represent uncertainty with a finite ensemble and assume an
approximately multivariate-Gaussian state, allowing accurate
inference even with relatively small ensemble sizes. We refer the
reader to Carrassi et al. 3% for a review of common DA approaches.
In the context of inertial cavitation, Spratt et al 20 recently
incorporated ensemble-based DA into IMR to reduce the number
of forward simulations required for accurate characterization.
Specifically, the large simulation budgets associated with brute-
force curve fitting are replaced by a modest ensemble, yielding
a scalable rheometry approach. Moreover, the hybrid En4D-
Var formulation can provide robust property estimates with
fewer repeated measurements per dataset when characterizing
hydrogel mechanics. 16:20:40

A common assumption underlying these IMR-based techniques
is that the general material response during cavitation, which
may involve a spectrum of relaxation times, can be approximated
by a frozen relaxation timescale, tr, over the selected time
horizon, thereby yielding a model with constant constitutive
parameters. Fig. 1 schematically illustrates this truncation from
a multiple-branch, generalized Maxwell model to a lumped
Kelvin—Voigt model with a single effective viscosity. In practice,
however, this assumption may be overly restrictive, because the
medium surrounding the cavitation bubble may exhibit time- or
state-dependent constitutive behavior, including thixotropic and
41,42 In LIC bubble dynamics, such behavior
may be further amplified by the substantial variation in strain
rate between collapse and subsequent rebounds, particularly
around maxima. In finite deformation viscoelasticity, the history-
or state-dependence is commonly addressed by evaluating the
stress through a hereditary integral*344 or by incorporating a
set of evolving internal variables in the constitutive law. 446
In the LIC setting, IMR has been coupled with DA methods
using short assimilation windows of up to a three-time-step
lag to characterize transient constitutive behavior in PAAm gels
throughout the cavitation process.>20 The trade-off associated
with such short time horizons is increased uncertainty, as many
parameter combinations can fit the observations equally well.
Deterministic, reduced-order, and data-assimilation variants of

rheopectic effects.
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Fig. 1 Schematic of bubble evolution during an LIC event: (a) experimental bubble snapshots; and (b) the stress response modeled by a lumped
neo-Hookean Kelvin—Voigt model truncated from a multiple-branch Maxwell model. A single green laser pulse is reshaped and focused into a soft
material sample. At the same time, an ultra-high-speed camera records the event at 100 fps to extract the radial dynamics, R(t).

IMR all infer a single effective set of constant constitutive
parameters. We instead use time-resolved parameters to
identify the stages of cavitation at which a constant-parameter
model no longer reproduces the bubble dynamics. Here, we
introduce the modified IEnKS-MDA (MIEnKS-MDA) to enable
accurate and robust inference of effective locally time-averaged
material responses using substantially larger, highly overlapping
assimilation windows. After assimilation within each window,
the full bubble state predicted by the IMR simulations is used to
initialize the subsequent window. Repetition of this posterior-to-
forecast update over successive assimilation windows across the
full time interval yields an estimate of the evolving constitutive
properties. Using the neo-Hookean Kelvin—Voigt (NHKV) model
as an example, we show that MIEnKS-MDA enables a more
faithful constitutive relation by improving agreement between
measurements and simulations across different stages of bubble
dynamics, including collapse and rebound.

In Section 2, we introduce the theoretical bubble dynamics
model and the numerical methods used for forward simulation.
Section 3 then describes standard IMR, which achieves material
characterization by combining these simulations with LIC
measurements. We review existing reduced-order and DA
variants of IMR and introduce IMR-MIEnKS-MDA, an IMR-
based sliding-window DA technique for tracking the evolution of
material properties throughout the cavitation process. Section 4
reports the characterization results for two PAAm hydrogel
formulations at different crosslinker concentrations and for a
gelatin gel, each tested across three representative temperatures.
Sections 5 and 6 summarize the main contributions and
limitations.

2 Inertial microcavitation rheometry for laser-
induced cavitation

Our objective is to accurately and efficiently characterize
the viscoelastic properties of hydrogels in high-strain-rate,
uncertainty-prone regimes. This section presents the IMR
method as a high-strain-rate rheometer, achieved by integrating
laser-induced cavitation (LIC) experimental measurements with
numerical simulations of physical bubble dynamics models. 14
Fig. 2 presents a schematic illustrating the IMR methodologies for
the quantitative characterization of soft materials using bubble
radius—time histories obtained from LIC experiments.

2.1 Theoretical bubble dynamics model

The dimensionless Keller—Miksis equation* is applied to govern
the spherically symmetric motion of bubble dynamics in a
viscoelastic material assumed to be nearly incompressible,

R* .. 3 R\ .
R 1y N L R
c* 2 3c*

R* R*d . 1 .
= (1+;+Cj$) (Pb*WeR* +S *1).
The nondimensionalization is performed using the characteristic
velocity, U, = /p~/p, and the material stretch ratio, A =
R/R. The details of dimensionless parameters are summarized
in Table 1.
two components: water vapor and gas considered to be non-
condensible, characterized by gas constants %, and %,, on the
time scales of inertial cavitation.*®4® This mixture is assumed
to be homobaric and follows the ideal gas law. We assume

(1

The bubble contents are assumed to consist of
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Fig. 2 Schematic of the laser-induced cavitation (LIC) experiments: (a) a single green laser pulse is reshaped and focused into a hydrogel sample
to nucleate an inertial microcavitation; (b) heated and cooled specimens undergoing free convection are monitored using thermocouples, enabling
measurements over a wide temperature range; and (c) the radial bubble dynamics, R(t), are extracted from images recorded by an ultra-high-speed

camera at ~1 million frames per second.

that the mass and heat transfer of the gases within the bubble
obeys Fick’s law and Fourier’s law. The cavitation model begins
when the bubble reaches its maximum radius and thermodynamic
equilibrium, R*(0) = 1, to avoid the initial bubble growth phase.

The instantaneous forcing on the bubble wall is governed by
the bubble-wall pressure, p;, the viscoelastic stress integral of
the surrounding material, $*, and surface-tension contributions,
as illustrated schematically in Fig. 1. The pressure inside the
bubble is coupled to the internal energy equation,4>0
the surface-tension effect depends on the bubble-wall velocity,
R*. The Kelvin—Voigt (KV) model captures linear viscoelastic
behavior, and its neo-Hookean Kelvin—Voigt (NHKV) extension
incorporates a neo-Hookean elastic term, enabling the model to
represent nonlinear viscoelastic responses.®! The NHKV model
can be interpreted as a Taylor-series approximation of the more
general Fung model,>? and is therefore well-suited for describing
nonlinear viscoelastic behavior at high strain rates.'” The stress
integral associated with the NHKV model takes the form of

while

4U* 1 {5 4 1} @

S gy = e e [Bhn s

NHEY ReR* 2Ca A At
For more details, readers are referred to Estrada et al. 14. In this
work, we focus on the rheometry based on the NHKV model. In
the following, all variables are nondimensionalized according to
Table 1, and we omit the superscript (-)* for brevity.

4| Journal Name, [year], [vol.], {_»1

2.2 Numerical methods

Using the governing equations together with the prescribed
maximum and equilibrium bubble radii, we numerically integrate
the bubble dynamics system forward in time. The state vector is

qt)={R, R, pp, S, T,C,{t,0 4} }. (3)

where the state parameters represent the bubble-wall radius,
velocity, bubble pressure, stress integral, the discretized
temperature and vapor concentration fields inside the bubble, the
candidate constitutive model, .#, with its associated material-
parameter set, ¢ ,. We further introduce a modeling parameter

0={4,9 4} 4

to denote the combination of model choice and its corresponding
material properties.
far-field density, pressure, and temperature as constants for the
physical regime of interest, though this assumption is not a
restriction of the method.

Following Estrada et al. %, we treat the

The discrete-time nonlinear dynamical system can be written
as

k1= Fi(qr: 8), (5a)
Riy1 = (qry1)s (5b)

where .%; is the nonlinear evolution operator for the full bubble
state, parameterized by the constitutive parameters 8. A linear
observation function .77 is used to map the state g to a point in the
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Table 1 Dimensionless quantities used in this manuscript.

Dimensional Dimensionless quantity

Soft Matter

Quantity name

A =R/Rw
t t* = tU¢/Rmax
R R*=R/Rmx
R

U= Ut =U/U,
oo R%, = Reo / Rimax
c c*=c/U,

Pb Py =Pp/Pe
Py,sai(Te) p)\;,sat = PV,sat(Tw)/Poo
C O = [14+ B/ %)y P~
T T"=T/T.
Rmax We = PooRmax/(z')/)

S S§* =8/ peo
G 1/Ca=G/pw
u 1/Re = p/(pUcRmax)

measurement space. In this study, we take the bubble radius R* as
the primary observable variable because it is directly measurable
in experiments. Over a time horizon r € [0,1y,] discretized into
N; time steps, we collect the deterministic state trajectory and
corresponding observations as Qg = [qo q, - qN\j, and

Yoosry, = [RO Ry Ry, |, respectively, yielding

QOarN, =#(0) and Y0~>1Nt = %(QO—HN,)7 ©)

where .7 represents the nonlinear operator that creates the
space-time state sequence over ¢ € [0,y,]. In practice, we solve
the resulting stiff ODE system using the MATLAB solver ode23t,
and the solution is sampled at a time interval of Ar* = 0.025
for consistency with the data-assimilation procedure. We then
use this deterministic forward model to identify the optimal
constitutive parameters within the parameter space, 6 € ®, by
minimizing the mismatch between the model predictions and the
LIC measurements. The experimental measurements, originally
sampled uniformly in physical time, are interpolated onto the
same uniform nondimensional time grid, denoted by (-).

3 IMR-based characterization techniques

We seek accurate and efficient characterization approaches
that are also robust to the uncertainty inherent in the Nexp
repeated measurements. In this section, we introduce several
variants of IMR for calibrating material properties, including the
standard, reduced-order (parsimonious), and data assimilation
(DA) versions. As these variants assume material properties
remain invariant over the cavitation event, we further propose
a sliding-window rheometer that can accommodate apparent
changes in material behavior. An overview of these methods is
provided in Table 2. We note that the sliding-window method
incurs the highest simulation cost of the techniques considered;
this cost is paid for time resolution rather than speed, arising from
the repeated ensemble propagation across the N, assimilation
windows. Unlike brute-force IMR, however, the expense does
not grow with the resolution of the parameter space, and the
ensemble propagation within each window is embarrassingly

Material stretch ratio

Time

Bubble-wall radius
Bubble-wall velocity
Equilibrium bubble-wall radius
Material wave speed
Bubble-wall pressure

Vapor saturation pressure

Vapor concentration
Temperature

Weber number
Stress integral
1/Cauchy number
1/Reynolds number

1

parallel.

3.1 Deterministic approaches
3.1.1 Standard IMR

The standard IMR seeks to minimize the discrepancy between
simulated and experimentally measured bubble dynamics over
a prescribed time window;, typically chosen from the equilibrium
state through the second or third bubble collapse. The parameters
are obtained by solving the optimization problem that minimizes
a cost function, defined as

N,

exp
Jmr(6) = Newp Y
XP n=1

(7

Yooy, (8) — 7"

01y,

By construction, standard IMR yields an effective, time-averaged
characterization over the selected window by identifying
the optimal parameter 6*, associated with the minimum
cost, J*. However, the strong nonlinearity of the bubble
dynamics generally necessitates dedicated search algorithms to
identify the optimum, making brute-force parameter estimation
computationally expensive, particularly when processing
large datasets while accounting for measurement uncertainty.
In practice, robust identification often requires repeated
measurements of Nexp = 0(10).1214.20

3.1.2 Parsimonious IMR

Parsimonious IMR (pIMR) offers a computationally efficient
alternative for material characterization by changing the
inference target from the full bubble-radius trajectory to a single
scalar observable, the bubble collapse time.2! We rewrite the non-
dimensional Keller-Miksis equation (1) in a compact form,

RR+§R2:—1+f(t,R,R,R';9). ®)

Here, the modifier f acts as an effective pressure term that
collects non-inertial contributions, including viscoelastic stresses,
surface tension, and other constitutive or forcing effects, thereby
coupling these physical mechanisms to the bubble dynamics.
Following the analysis of Zhu et al. 2!, we approximate the

1-21 |5
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Table 2 Overview of IMR-based characterization techniques, including their descriptions, key assumptions, inference-window sizes, parameter treatment,
uncertainty treatment, and computational cost for a 2-parameter model per LIC measurement in terms of simulation steps.

Rheometry | m™R™ |  pIMR* |  En4D-Var® | MIEnKS-MDA
Description standard reduced-order | single-window DA sliding-window DA
Key assumption single 6-fit t.-based fit single Gaussian 6 | window-wise Gaussian 6
Parameter 6 global global global window-specific
Inference window [0,2y,] t=t. [0,2x,] [tntjngr—1]
Uncertainty deterministic | deterministic statistical statistical

Cost (Sim. steps) ~ 0(10%) No Sims. ~ 0(10%) ~0(107)
Section 3.1.1 3.1.2 3.2.1 3.2.2

collapse time without performing forward simulations as

10(8) =0.9147 (1-7(8)) "/, ©)
where f is the temporal average of f during the collapse process.
The prefactor of 0.9147 is the Rayleigh collapse time for a void in
an inviscid medium driven solely by the far-field pressure. Details
of the analysis procedure and the resulting functional forms of f
for various physical mechanisms are summarized in Section S1.1
of the Supplementary Information (SI).fFurthermore, a more
thorough discussion is available in Zhu et al. 21.

Specifically, pIMR minimizes the mismatch between the time
from maximum bubble size to its first minimum—termed the first
collapse time—predicted by (9) and the experimentally measured
value, (T)W. This optimization is achieved by minimizing the
PIMR cost function

P Ny [/
JPIMR(G) = pr’; tc(e) -

In practice, we minimize the logarithm of J,pyr to improve
numerical conditioning as Jppyr can vary over several orders of
magnitude across the parameter space. Compared to the standard
IMR approach introduced in Section 3.1.1, evaluating J,mr
requires no forward simulations of the bubble dynamics, enabling
rapid exploration of the parameter space ®. Compared with
IMR, which uses full bubble dynamics within the first-collapse
window, relying on collapse time alone can increase inferential
uncertainty, particularly in the presence of measurement noise.
Experimentally, variability in the measured collapse times
may complicate the identification of a single best-fit value,
motivating statistical formulations that explicitly account for
these uncertainties.

2

(10

3.2 Statistical approaches: ensemble-based  data

assimilation for IMR

Beyond the deterministic approaches described above, data
assimilation (DA) provides a statistical framework for
systematically accounting for uncertainty and measurement noise
by inferring probabilistic parameter distributions. Specifically,
we assume the relevant variables, such as shear modulus and
viscosity, follow multivariate Gaussian distributions and model
them using an ensemble of realizations.

The ensemble-based DA approaches consist of a forecast step

6 | 1-21

followed by an analysis step. In the forecast step, we draw an
ensemble of Ng, parameter instances from the prior distribution,

0~ (uy). 2y, ¢))
and construct an ensemble of Ng, realizations at time step /,
o@)=o(6W) - g e%)]. (12)

Denoting the ensemble average by (-), we define the scaled state
perturbation matrix

1

Nen — 1 [ng =@ (13)

0= 0™ — (0]
and the corresponding ensemble covariance matrix C; = Q;Q;T,
which characterizes the multivariate Gaussian distribution
implied by the ensemble. We propagate each ensemble member
forward in time using the IMR solver (5). The corresponding
ensemble predictions of the bubble radius at time step k are
collected as

Yi(Q)) = |Re) Rk(NE">]~ 14

We consider the weighted norms for the observation and state
spaces,

Yl =Y P 'Y, and [|Q/llg, =0/ C'o,,  (15)

where P, is the measurement noise covariance matrix at time
step k. The analysis step then quantifies the discrepancy between
these predictions and the experimental measurements, updating
the ensemble accordingly.

3.2.1 IMR-based En4D-Var

The ensemble-based four-dimensional variational (En4D-Var)
approach has demonstrated its computational efficiency by
iteratively updating the initial ensemble at time step [ = 0. 16:20:40

For each measurement, the associated En4D-Var cost function
is defined as

1 M (n 2 1
7 =va00)], + 51100~ (@o)IZ,.

(16)

1¢"h, (o(®0)) = 5
k=1

which comprises a data-misfit term and a regularization term
that penalizes deviations of the initial ensemble from its mean,
weighted by the prior covariance. Details of the optimization
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of (16) are provided in Section S1.2 of the SI. As Q, is
updated iteratively through En4D-Var, the associated ensemble
of modeling parameters 0 is updated accordingly. For each
measurement, we approximate the resulting parameter ensemble
by a multivariate Gaussian,

Assuming independent measurements, the fused posterior is
therefore also Gaussian and can be expressed as

0~ A (g, Xo), (18)

where its mean and variance are computed as

e;

£ :Nf (z<">>*l — (Nexp— 1) (z“)))fl and 19
0 = 0 exp 0 )
n=1

New , N —1 -1
u9=ze[2(22)) 1)~ (N — uS”] 20)
n=1

respectively. The optimal parameter estimate for En4D-Var is
then defined as the posterior mean, 6* = puy. In practice,
we use an ensemble size of Ng, = 48, which has been
shown to provide accurate material-property estimates, 1620 and
couple the assimilation with a restart strategy that further
reduces computational cost and prior-induced bias.4? The DA
hyperparameters used throughout this work are summarized in
Table S1 of the SI.

Compared to standard IMR, En4D-Var provides a statistical
characterization by inferring parameter distributions from
discrete ensembles, substantially reducing computational cost
by avoiding brute-force exploration of the full parameter
space. By construction, both rheological approaches characterize
time-averaged behavior over the prescribed time window.
However, the observed dependence of the inferred properties
on window length in both methods suggests that the material
parameters we infer may themselves depend on time; hence,
our model choice/parameterization (implicitly assuming constant
parameters) is insufficient to describe or predict material
response. To address this limitation, we seek to infer the time
evolution of constitutive properties and thereby improve both
the description of material behavior during cavitation and the
identification of the possible regimes in which we must refine our
material model, as described next.

3.2.2 IMR-based modified IEnKS-MDA

Building on the iterative ensemble Kalman smoother with
multiple data assimilation (IEnKS-MDA),343% we introduce a
sliding-window rheometer for tracking evolving constitutive
properties. We partition the full time interval ¢ € [0,zy,] into
successive, overlapping assimilation windows of length L and
shift 4. The jth window spans

e [t | (21)

yielding a total of Ny, = | (N; —L+1)/h| + 1 windows. Analogous
to the En4D-Var objective in (16), we define the cost function over

Soft Matter

the jth window as

(j—1)h+L—1
n 1 >(n 2
Mo =5 X |r-vien,
k=(j—1)h k (22)

1
3 ||Q,-—<Q,>||él,~

The posterior from window j is used to initialize window j + 1.
Specifically, we propagate the Ng, ensembles from #(;_jy, to
overlap time ¢, and use the resulting ensembles as the initial
forecast condition for the next window. Whereas standard IMR
initializes the full bubble state ¢, defined in (3), by assuming that
the bubble has reached its maximum radius and thermodynamic
equilibrium, the present sliding-window rheometer predicts the
state directly from the numerical simulation and therefore retains
the evolved stress, temperature, pressure, and other internal
variables. The subsequent window assimilates the states Q.
and the material properties ®;; using observations on 7 €
[tjh,tjhﬂ,l] . The overlap between successive windows, together
with this posterior-to-forecast initialization, promotes continuity
in the inferred material response. This initialization is the
modification referenced in the method name: whereas previous
IMR-based implementations of IEnKS-MDA re-initialized each
window from an assumed equilibrium state at the maximum
bubble radius, 1520 the present scheme hands the evolved internal
state off between long, overlapping windows. A schematic of the
modified IEnKS-MDA (MIEnKS-MDA) process is shown in Fig. 3.

After completing the MIEnKS-MDA procedure, we fuse the
posteriors from the N, independent measurements for each
window j, analogously to (17) to (20). This fusion yields a
Gaussian posterior for the window-wise constitutive parameters,

0, 1 {Y™ 5 ~ 4 (1,0 7). (23)

To obtain time-resolved material properties, we combine the
window-wise posteriors from all windows that contain a given
time step 7. We define the index set

f(k)::{j:(j—l)h,kg(j—l)hu—l}. (24)

As adjacent windows overlap, their posterior estimates are
generally correlated. We therefore use a normalized precision-
weighted aggregation rather than treating the overlapping
windows as independent sources of information. The resulting
local posterior summary is written as

0(tx) ~ A (Lo (t), Zo (1)), (25)
with

Ze(l‘k)71 = Z Wj"kzg‘lj, and
jeFs (k) '
(26)
o (te) =Zo(t) Y, Wjﬁkzgiljﬂe,f
jeI (k)
Here, the weights w;; = 1/[.# (k)| normalize the contribution
of the windows containing 7;, thereby preventing the effective
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Fig. 3 Schematic of the MIEnKS-MDA process for constitutive-property characterizations from LIC measurements. After assimilating the data within
the current time window, the predicted full bubble state, including radius, pressure, and temperature, is used to initialize the subsequent assimilation
window, separated by a time gap of hAt*. This posterior-to-forecast update is repeated over the entire time interval, yielding an estimate of the

evolving constitutive properties.

precision from being overcounted. This aggregation provides
a smoothed time-resolved estimate while retaining the relative
confidence of the individual window-wise posteriors.

The window length L and shift %z jointly control the
temporal resolution, parameter uncertainty, and computational
cost of the sliding-window analysis.
resolve transient behavior but lead to overfitting and greater
parameter uncertainty, as many parameter sets can reproduce
the observations, whereas longer windows yield more stable,
converged estimates at the cost of temporal smoothing and
increased computation associated with more forecast steps.
Previous IMR studies have coupled IEnKS-MDA with short-
lag windows (up to L = 3) to resolve transient behavior, 1220
The high uncertainty associated with these short-lag windows
can accumulate during assimilation, leading to large errors
or deviations from the desired trajectory. Large parameter
uncertainty associated with such short horizons can propagate
across successive assimilation windows, leading to substantial
reconstruction errors and trajectory drift. Here, we instead
use a substantially larger assimilation window size of L = 35 to
propagate the full internal state between windows and thereby
estimate effective, time-averaged responses, while keeping LAr* =
0.875 comparable to the first-collapse time to mitigate over-
fitting. The shift # determines the amount of model-predicted
evolution between adjacent windows: a smaller shift can improve

Shorter windows better

8| Journal Name, [year], [vol.], _»1

sequential-assimilation accuracy but requires more windows.
We set the window shift to # = 5 to balance computational
cost against continuity between successive assimilation windows.
With this choice, the total number of windows N, is reduced by
approximately a factor of five relative to the minimum shift 7 =1.
A convergence study for inferred material properties is provided
in Fig. S1 of the SI.

To verify the MIEnKS-MDA approach for rheometry, we
generate synthetic data about a prescribed ground truth obtained
from an IMR simulation with bubble parameters Ry, = 263um
and Rpmax/R. = 7.58, and constant NHKV model parameters of
Gp = 7.29kPa and py = 0.088Pas. Specifically, time- and state-
dependent synthetic noise is added to the simulated bubble
dynamics, with standard deviations of ¢ = |R* —1|/20+ (1 —
exp(—1*/10))/30, to emulate experimental uncertainty.>® Fig. 4
shows the resulting estimated constitutive properties throughout
the synthetic cavitation processes. The MIEnKS-MDA approach
provides accurate estimates close to the prescribed NHKV ground
truth, with only weak dependence on the cavitation process.
These results verify the ability of the proposed method to recover
the underlying constitutive parameters from noisy, transient
bubble-dynamics observations. Moreover, because the synthetic
data are generated with constant material parameters, this
verification case suggests that any strong cavitation-dependent
variation inferred from experimental data is unlikely to arise

Page 8 of 22



Page 9 of 22

solely from sliding-window inference. Instead, it may reflect
physical changes in the material response during cavitation.

4 Results

To demonstrate the characterization results, we examine three
hydrogel formulations: stiff PAAm (5% w/w acrylamide with
0.3% w/w bis-acrylamide), soft PAAm (5% w/w acrylamide with
0.03% w/w bis-acrylamide), and gelatin (5% w/w). Fabrication
protocols are provided in Section S3 of the SI. These materials
were selected to provide different thermal responses: PAAm is
expected to exhibit low temperature sensitivity over the range
studied, whereas gelatin is expected to undergo a phase transition
near 30°C.

All the specimens were tested under three thermal regimes:
steady state at room temperature (~ 21°C), cooling to room
temperature after equilibration in a 60°C water bath, and
warming to room temperature after equilibration in a refrigerator
at approximately 5°C. All the microcavitation events were
nucleated and imaged,>* and post-processed 14 using previous
methods. For transient temperature conditions, inertial
microcavitation was conducted over the span of 15-20 min,
allowing IMR measurements to be collected over a temperature
span of approximately 50°C. The datasets for each material
were binned using a temperature tolerance of +2°C. Under
these protocols, bins below room temperature are reached on
the warming branch, whereas bins above room temperature,
including the gelatin bins at 24.4 and 32.8°C, are reached on
the cooling branch following equilibration at 60°C. In the
analysis below, we focus on data collected at three representative
temperatures per formulation, and Table 3 summarizes the
resulting datasets.

Fig. 5 shows the bubble dynamics in the three considered gels.
Even before performing material characterization, the kinematic
response of PAAm to LIC indicates limited temperature sensitivity
over the tested range. By contrast, LIC-induced kinematics of
gelatin exhibit a clear temperature dependence: the dynamics at
24.4°C and 32.8°C are similar to one another, but differ visibly
from those at 14.7°C. In the following, we combine the measured
bubble dynamics with the IMR-based characterization techniques
introduced in Section 3 to infer the material response during
cavitation. Specifically, the standard IMR fitting is performed
over the parameter domain G,u € [0,25] kPa x [0,0.5] Pas,
discretized with uniform resolutions of AG ~ 0.21kPa and Au ~
0.0068 Pas, respectively. The DA procedures are initialized from
an uncorrelated multivariate normal prior with means of 6kPa
and 0.209Pas and standard deviations of 2.8kPa and 0.088 Pas for
G and u, respectively; note that this prior differs from the ground-
truth values used in the synthetic verification of Fig. 4.

4.1 Polyacrylamide (PAAm) gels

As an illustrative example, Fig. 6 compares the material
calibration landscapes of stiff PAAm gels characterized using
pIMR, IMR, and IMR-En4D-Var. The relatively small variations in
the identified material properties with temperature are consistent
with the expected low-temperature sensitivity of PAAm gels.

Soft Matter

Qualitatively, pIMR and the IMR results obtained using data
up to the first bubble collapse exhibit very similar cost-function
structures in the material-parameter space, with closely matching
optimal parameters and corresponding 95% confidence contours.
In particular, the elongated low-cost region extends from low
viscosity and low shear modulus to high viscosity and high shear
modulus, indicating offsetting effects between elasticity provided
by a neo-Hookean spring and viscosity from a Newtonian dashpot
in the first inertial collapse regime. The close agreement between
the material calibration landscapes and the optimal material
parameters obtained from IMR and pIMR supports pIMR as
an effective reduced-order alternative for approximating the
material response up to the first collapse. 2!

As a deterministic method, IMR exhibits comparatively large
uncertainty when the fitting window is limited. This uncertainty
is progressively reduced as more data are incorporated, as shown
for fitting windows extending to the second and third collapses.
The identified material properties change markedly between the
first and second collapses, followed by only minor variations
thereafter, suggesting distinct constitutive behavior at high and
low strain rates and subsequent convergence of the inferred
properties. The converged values of shear modulus and viscosity
are consistent with those previously reported in Abeid et al. >4.
By accounting for measurement noise during assimilation, En4D-
Var exhibits consistently smaller variations across fitting-window
lengths than standard IMR, indicating substantially reduced
sensitivity to the choice of fitting window. Though En4D-Var
identifies optimal parameters with both larger shear modulus
and viscosity for the data up to the first collapse, these values
fall well within the elongated IMR cost-function structure.
When the fitting window extends to the second and third
collapses, En4D-Var results show favorable agreement with those
calibrated by standard IMR, while exhibiting significantly reduced
variations. These results highlight the advantages of DA methods
in accounting for measurement noise and uncertainty in LIC
experiments for material characterization. The characterization
results for soft PAAm gels exhibit qualitatively similar trends and
are presented in Fig. S3 of the SI.

To directly compare the different IMR variants, Fig. 7
presents the predicted bubble dynamics in stiff PAAm gels
at room temperature, based on the constitutive parameters
identified by fitting windows of varying lengths in Fig. 6.
With the corresponding maximum and equilibrium radii for
initialization, the bubble-radius trajectories predicted from the
optimal IMR parameters remain nearly identical up to the
first bubble collapse. Later, they display a markedly larger
spread than the experimental measurements. By accounting
for measurement noise and uncertainty, En4D-Var reduces this
spread and improves the agreement between the data and the
assimilated simulations, especially between the first and second
collapses. Nevertheless, some of the rebound bubble radii remain
overpredicted. Thus, within the constitutive model form of
a neo-Hookean spring in parallel with a Newtonian dashpot,
constant material properties can provide qualitative estimates
but are insufficient to represent the full bubble dynamics. On
the other hand, allowing the effective NHKV parameters to
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Fig. 4 Constitutive properties inferred from 5 sets of synthetic data about the prescribed ground truth, simulated using NHKV parameters Gg and
to. The MIEnKS-MDA estimates represent locally averaged transient material responses, with the properties within each sliding assimilation window

also highlighted.

Table 3 Summary of the material samples used in the LIC experiments and the corresponding measured quantities, including temperature, bubble

radius, and first-collapse time.

Material Concentration T [°C] Nexp Reax [em] Rimax /R T §
Acry/Bis 10.1£+1.0 30 386+124 8.08+1.06 0.8614+0.023
5%/0.3% ~21 57 3184162 7.934+1.09 0.8824+0.029 4.1
' 33.1+1.7 30 3714+129 8.07+1.04 0.8914+0.020
PAAmM
Acry/Bis 10.1£1.1 30 245+121 8.35+0.65 0.931+0.034
5% /0.03% ~21 30 266+153 8.324+0.61 0.927+0.037 4.1,S2
’ 30.0+£2.0 20 295+58 8.36+£0.51 0.935+0.023
147+1.1 18 277 +48 7.09+£0.36 0.890+0.044
Gelatin 5% 244+1.3 14 298 £59 7.37+£1.28 0.968+0.036 4.2
32.8+1.4 7 312+32 6.83+£0.49 0.982+0.038
(a) PAAm 5%/0.3% (b) PAAm 5%/0.03% (c) Gelatin
1 T T T T T T T T
— 10.1°C —10.1°C —14.7°C
0.8 —21.0°C | | —21.0°C | | —24.4°C |
0.6 —33.1°C | | —30.0°C | | — 32.8°C |
04 1t ' |
0.2 : - | = 4 -
0 | | | | | | | | |
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Fig. 5 Bubble dynamics trajectories for the LIC process within three hydrogel formulations: (a) stiff PAAm; (b) soft PAAm; (c) gelatin 5%.

vary across assimilation windows, while retaining the underlying
constitutive form, enables MIEnKS-MDA to accurately reconstruct
the experimental trajectory, even beyond the third bubble
collapse. ~ While this window-wise flexibility improves in-
sample agreement, the window-specific effective parameters
are used diagnostically to identify model discrepancy under

10 | Journal Name, [year], [vol.], 1 o1

rapidly changing strain-rate conditions and to motivate improved
constitutive descriptions, rather than as evidence of intrinsically
evolving material properties.

Fig. 8 presents the constitutive properties identified throughout
the cavitation process in PAAm gels at room temperature. Both
stiff and soft PAAm gels exhibit nearly constant shear-modulus
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Fig. 6 Calibrated material properties of stiff PAAm gels at different temperatures, (i) T ~ 10°C; (ii) T &~ 21°C; and (iii) T ~ 33°C. Panel (a) shows
the pIMR results, while panels (b)—(d) show the standard IMR and IMR-En4D-Var results obtained with fitting windows extending to the 1st, 2nd,
and 3rd bubble collapses, respectively. Background contours show the cost-function values in the material-parameter space for pIMR and IMR, along

with the corresponding single-experiment estimates, 6%, the overall optimal parameters, 68*, and the associated 95% confidence contours. The mean

and 95% confidence region for the inferred multivariate Gaussian distributions are shown for En4D-Var.
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Fig. 7 Predicted bubble dynamics in stiff PAAm gels at 21 °C, using constitutive parameters calibrated from fitting windows extending to the (a) first
and (b) second bubble collapses. The LIC measurements and the corresponding MIEnKS-MDA results are shown for comparison.
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responses after r* = 0.5, while the viscosity decreases during the
early stage of cavitation. Subsequently, both quantities converge,
indicating a steady constitutive response at low strain rates.
As expected, a higher bis-acrylamide concentration produces
a stiffer material response.>® Thus, a larger effective shear
modulus is obtained, and the viscosity shows comparatively
weaker sensitivity to concentration. > The slight jumps in the IMR
results arise solely from the discretization resolutions in AG and
Ap. For stiff PAAm, standard IMR vyields relatively larger shear
moduli and steady-state viscosity that characterize the overall
behavior over the time window of [0,s], whereas MIEnKS-MDA
indicates lower effective transient values for both quantities. For
soft PAAm, MIEnKS-MDA yields a comparable shear modulus
and a slightly higher steady-state viscosity than the optimal IMR
estimates. Moreover, for both the locally averaged estimates
and the properties identified within each sliding assimilation
window, the transient viscosity inferred by MIEnKS-MDA remains
in favorable agreement with the IMR uncertainty envelope. These
results suggest that the mechanical response of PAAm gels under
LIC initially decreases in both shear modulus and viscosity up
to approximately the first bubble collapse, followed by a regime
that can be effectively modeled by a nearly constant spring and
dashpot in parallel.

Fig. 9 shows the temporal evolution of the constitutive
properties in the material-parameter space for PAAm gels at
21°C. At later stages of cavitation, both IMR and MIEnKS-
MDA predict converged material properties together with their
associated uncertainty intervals, indicating a steady constitutive
response in both the overall behavior across the full time window
and the locally averaged transient behavior. Together with the
trajectories in Fig. 8, the results show that MIEnKS-MDA initially
infers higher shear modulus and viscosity than IMR, after which
both quantities decrease as cavitation progresses and eventually
approach lower or comparable steady-state values. Throughout
the cavitation process, IMR applied to the 57 stiff and 30 soft
PAAmM measurements exhibits large uncertainty bounds, making
the optimal parameter estimates less reliable before and during
the first bubble collapse (+ < 1). By contrast, MIEnKS-MDA
yields comparatively consistent and well-bounded uncertainty
estimates in this high-strain-rate regime and during subsequent
evolution. Overall, these results highlight the IMR-MIEnKS-MDA
as a robust approach for calibrating constitutive properties from
LIC measurements and resolving their temporal evolution within
the NHKV constitutive model.

4.2 Gelatin gels

Fig. 10 compares the material properties calibrated for gelatin
gels at different temperatures using fitting windows of varying
lengths. Unlike the nearly temperature-invariant results obtained
for PAAm gels in Fig. 6 and Fig. S3 of the SI, the inferred
properties of gelatin display a clear temperature dependence.
Consistent with the bubble dynamics shown in Fig. 5 (c), the
constitutive responses at 24.4°C and 32.8 °C remain close to each
other, while differing significantly from those at 14.7°C. In
particular, the calibrated shear modulus at 14.7°C is significantly

higher than at the two higher temperatures, which is consistent
with the expected thermal softening associated with gelatin
melting. The inferred properties thus change markedly between
14.7 and 24.4°C, consistent with proximity to the sol-gel
transition. We caution, however, against interpreting this change
as an equilibrium transition temperature: the two warmer gelatin
bins were measured during cooling from a fully melted state at
60°C (Section S3 of the SI), and because re-gelation of gelatin is
not instantaneous on the 15-20 min measurement timescale, the
network at these temperatures may be only partially re-formed.
The soft response above room temperature, therefore, reflects the
combined effects of temperature and thermal history.

Fig. 11 presents the evolution of the constitutive properties
in gelatin gels and their coupling with the bubble dynamics
at the three temperatures considered. The viscous response
is much less sensitive to temperature than the shear modulus.
Compared with the constitutive behavior of PAAm gels shown in
Fig. 8, gelatin gels exhibit more pronounced variations during
cavitation, indicating a more complex nonlinear viscoelastic
response. Standard IMR predicts increases in both shear modulus
and viscosity at the first bubble collapse. MIEnKS-MDA reveals
qualitatively similar transient trends at all three temperatures:
the apparent shear modulus generally decreases to near zero by
the first bubble collapse, gradually recovers and rebounds near
the second collapse, and then decreases again; the apparent
viscosity initially rises to a maximum and then decreases in
three stages, with the second and third stages occurring during
the first two bubble collapses, while remaining nearly constant
between collapses. The near-vanishing apparent shear modulus
around the first collapse should therefore not be interpreted
as a true loss of elastic stiffness. Instead, this behavior likely
reflects the model-form error being absorbed by the effective
NHKV parameters near the inertia-dominated minimum-radius
state. Similarly, the stepwise decrease in apparent viscosity
is plausibly attributed to either progressive material damage
during collapses or an additional rate-dependent response not
fully represented by the NHKV model. The low viscosity for
t* > 2 suggests that the later stages of cavitation approach
an inviscid-like response. Interestingly, at 14.7°C, the shear
modulus is initially much higher. At sufficiently long times, it
converges to a lower value than at the two higher temperatures,
suggesting a more pronounced initial strain-stiffening effect when
the material undergoes its maximum deformation. This behavior
may be further captured by an augmented neo-Hookean model
with higher-order stretch-dependent terms.12°¢ The MIEnKS-
MDA calibration at the two higher temperatures exhibits larger
variances around the second collapse, making the subsequent
inferred shear-modulus evolution less reliable. Nevertheless,
the trends up to r* ~ 1.5 remain qualitatively consistent with
those obtained from standard IMR, revealing a similar transient
softening during the first collapse.

Fig. 12 further illustrates the temporal evolution of the
constitutive properties of gelatin gels in the material-parameter
space and reveals a clear temperature dependence. Compared
with the mechanical responses of PAAm gels shown in Fig. 9,
the gelatin gels exhibit much more pronounced differences
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Fig. 8 Constitutive properties throughout the cavitation process in PAAm gels at 21°C: (a) stiff PAAm; (b) soft PAAm. The IMR results represent
the cumulative material response over the interval [0,¢*] for ¢* > 0.125, whereas MIEnKS-MDA provides locally averaged estimates of the transient
behavior around #*. The material properties inferred within each sliding assimilation window are also highlighted. The quasi-static shear modulus, Ge,

corresponds to the elastic modulus reported in Tse and Engler®.

between the evolution over the full time window and the
locally averaged transient evolution inferred by the standard
IMR and MIEnKS-MDA methods, respectively. These results
suggest that laser-induced cavitation gives rise to more complex
transient constitutive behavior in gelatin. Even so, the inferred
material properties, together with their associated uncertainty
intervals, still exhibit convergence. Overall, the complex transient
responses under high strain rates and the temperature sensitivity
of gelatin suggest the need for more sophisticated constitutive
models that can capture the material behavior across different
regimes.

Fig. 13 shows the inferred NHKV response of gelatin at 50.6 °C,
above its expected melting temperature. Although only three
LIC measurements were acquired at this temperature, the results
provide a qualitative comparison between global and sliding-
Standard IMR yields a finite global shear
modulus of approximately 5kPa for fitting windows extending
through the later collapses. In contrast, MIEnKS-MDA identifies
an appreciable effective shear modulus only during the early
portion of the event, where it may represent transient elastic

window estimates.

resistance of the thermally weakened gelatin network under
rapid deformation. The inferred shear modulus subsequently
decreases to near zero before the first collapse and remains
small during the subsequent rebounds, whereas the effective
viscosity remains finite. This transition to a predominantly fluid-
like effective response is qualitatively consistent with thermal
disruption of the gelatin network, suggesting that the sliding-
window estimates capture the associated change in the effective
constitutive response.

5 Discussion

In the present implementation, the IMR-based characterization
methods are demonstrated exclusively using the NHKV model,
which consists of a neo-Hookean spring and a Newtonian dashpot
connected in parallel. We highlight that these IMR methods are
not limited to this particular constitutive form and can be readily
extended to a broad class of alternatives, including simpler
formulations such as the linear Kelvin—Voigt-like®'*7 and the
standard linear solid models,>® as well as more general nonlinear
models such as the generalized quadratic Kelvin—Voigt12:59
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of the Sl for soft PAAm.

and the standard nonlinear solid models.'* Furthermore, the
gelatin hydrogel experiments suggest that, within the prescribed
constitutive structure of a spring and a dashpot connected in
parallel, assuming constant shear modulus and viscosity limits
the model’s ability to predict the full bubble dynamics. This
observation motivates extending the constant-parameter NHKV
model to rate- or state-dependent constitutive descriptions that
can capture the mechanisms underlying the apparent evolution
of elastic and viscous responses during inertial cavitation,
Large-deformation
cavity-expansion experiments have likewise demonstrated the

such as finite-relaxation-spectrum effects.

importance of nonlinear, rate-dependent viscoelastic behavior
in soft materials.®® Generalized Maxwell-type models, for
example, represent a discrete relaxation spectrum through
multiple relaxation modes. The Bergstrém—Boyce model#6:61
provides a nonlinear, rate-dependent internal-variable framework
for large-deformation viscoelasticity, while fractional viscoelastic
formulations offer a complementary compact representation
of broad relaxation spectra. More general internal-variable
formulations, when coupled with a microstructural evolution
law, may account for both loading-history-dependent behavior
and structural-kinetic effects. These alternative models involve
different sets of constitutive parameters, and the reader is

14 | Journal Name, [year], [vol.], 1 o;

referred to Sanchez et al. 19, Warnez and Johnsen %2 for broader
overviews of the available constitutive model library. The
proposed MIEnKS-MDA framework can be extended accordingly
to infer the evolution of these parameters.
Bayesian model selection, 1940 this rheological approach provides
a convincing route to identify the most faithful constitutive model
at different stages of cavitation.

Combined with

The present sliding-window assimilation uses a constant
window length L and shift 4 throughout each cavitation event.
Although these choices have been assessed for two PAAm gels
and one gelatin gel, a single global window imposes the same
trade-off between temporal resolution and parameter uncertainty
across the cavitation event, whose inferential content varies
substantially. Specifically, the intervals between collapses and
the overall bubble response vary with cavitation stage, material,
and even repeated experiments on the same material. A natural
extension is therefore a data-driven adaptive-window scheme
that selects L and, potentially, % locally, allocating temporal
resolution to intervals where the bubble dynamics most strongly
constrain the effective constitutive response, rather than relying
solely on a hand-tuned global window. Candidate indicators
near the window center include the detected collapse or rebound
phase, the local strain rate R/R, and the transient stress S. Such
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Fig. 10 Calibrated material properties of gelatin gels at different temperatures, (i) T~ 15°C; (ii) T ~ 24°C; and (iii) T ~ 33°C. (a) shows the
pIMR results and (b)—(d) show the standard IMR and IMR-En4D-Var results obtained with fitting windows extending to the 1st, 2nd, and 3rd
bubble collapses, respectively. Background contours show the cost-function values in the material-parameter space for pIMR and IMR, along with the
corresponding single-experiment estimates, 6%, the overall optimal parameters, 6%, and the associated 95% confidence contours. The mean and 95%
confidence region of the inferred multivariate Gaussian distributions are shown for En4D-Var.

a scheme could therefore improve the inference performance
by targeting approximately uniform inferential content across
windows.

The present analysis recovers time-resolved trajectories of
effective constitutive parameters, but it does not yet establish
a closed, predictive, state-dependent law to couple those
trajectories back into the bubble-dynamics model.
next step is to parameterize the effective response by the local

A natural

deformation and kinematic state. An explicit dependence on time
may initially serve as a material-specific proxy for unresolved
relaxation history, but a transferable predictive model would
generally require evolving internal state variables. For the NHKV

model, one possible closure is

Gee(17) = Gee(R™ (1), R*(¢"),R*(7),---) and
(27)

I-Leff(t*) = ”eff(R*(t*)7R*(t*)7R.*(t*)7' : )

Here, R*, or R*/R% as the associated stretch ratio, characterizes
deformation, while R*/R* and R* characterize its rate and
acceleration. Additional internal variables may also be required
to encode the loading history and finite-relaxation processes not
represented by the present NHKV model. In this sense, coupling
a learned closure to the bubble-dynamics model provides a
concrete, testable route to identifying the state variables and
relaxation mechanisms to be incorporated into a richer physics-
based constitutive model.

As a deliberately restrictive proof of concept, we omit the
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Fig. 11 Temperature dependence of constitutive properties throughout the cavitation process in gelatin gels at approximately: (a) 14.7°C; (b) 24.4°C;
and (c) 32.8°C. The IMR results represent the cumulative material response over the interval [0,¢*] for t* > 0.125, whereas MIEnKS-MDA provides
locally averaged estimates of the transient behavior around ¢t*. The material properties inferred within each sliding assimilation window are also
highlighted.
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Fig. 12 Constitutive-property trajectories in the G-y parameter space throughout the cavitation process in gelatin gels at: (a) 14.7°C; (b) 24.4°C;
and (c) 32.8°C. The cross-sectional contours correspond to the IMR cost-function values at different collapse times; see Fig. 10.
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Fig. 13 Inferred NHKYV constitutive parameters for gelatin at 50.6°C, above its expected melting temperature: (a) pIMR; (b—d) standard IMR with
fitting windows extending to the 1st, 2nd, and 3rd bubble collapses, respectively; and (e,f) MIEnKS-MDA estimates of the effective shear modulus

and viscosity.

rate, acceleration, and history variables and retain only the
dependence on R*. We further use quadratic fits to approximate
G.(R*) and pg(R*). As an example, Fig. 14 (a,b) shows the
dependence of Gor and Uegr on R* for the stiff PAAm gel at
21°C. The training effective NHKV parameters correspond to
the averaged estimates in Fig. 8 (a,b). The effective parameter
trajectories are not fully described by R* alone, as the relations
are multivalued. Specifically, the same R* can correspond
to distinct parameter values during the collapse and rebound
phases. Nevertheless, the single-valued quadratic closure models
the overall decrease in the effective parameters as R* decreases
and yields good agreement with the LIC measurements that
This result suggests
that a truncated deformation-only closure may be adequate for
this material under the tested LIC conditions, but it does not
rule out the need for history-dependent variables under other

were not used to construct the closure.

loading paths or for other materials. Accordingly, this reduced
representation is intended to assess a deformation-dependent
closure rather than to establish a generally predictive material

law. Inferring and validating effective constitutive laws based on
a broader set of bubble state variables remains future work.

Solid, physical gels derive their mechanical properties from
physical interactions between polymer chains, which are sensitive
to temperature via the energy associated with their secondary
bonding and often reversible, a trait not generally shared
by traditionally covalent networks.®3:%* Gelatin hydrogels,
specifically, are thermo-reversible physical gels composed of
partially-renatured, collagen-like triple-helix junction zones,
linked by flexible, random-coil chain segments.%%®® These
ordered helical domains serve as physical crosslinks that connect
multiple chains and provide the load-bearing connectivity of
the gel network. The resulting helix content and load-bearing
junction density provide the primary molecular basis for the
hydrogel’s mechanical properties. Gelatin is polydisperse, and
the triple-helix junction zones have a distribution of lengths
and thermal stabilities. Moreovetr,
lifetime of these triple-helix segments are recognized to be
dependent on temperature and thermal history, which in turn

the concentration and
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Fig. 14 Dependence of the effective NHKV parameters on R* for stiff PAAm gels at 21 °C: (a) Gegr and (b) Lesr, together with their quadratic fits. In
(c), bubble dynamics predicted by the resulting deformation-dependent closure show good agreement with 8 LIC test data sets at (16.614-0.53) °C.

result in rheological properties with the same dependencies. 0-8

Because helix formation and aggregation are kinetic processes,
gelatin gels continue to mature after cooling and can exhibit
thermal hysteresis between gelation and melting. ®3°° Heating
therefore progressively disrupts the junction zones, rather
than causing all of them to dissociate simultaneously. The
resulting chain segments may behave as mobile solvated chains,
dangling strands, or other weakly constrained network defects,
although sufficiently long and entangled segments can still
contribute to the mechanical response in a rate-dependent
manner. 536789 At the continuum-scale, this mechanism is
represented by a spectrum of relaxation times and associated
viscosities, commonly used in viscoelastic constitutive models
such as the generalized Maxwell and Bergstrom-Boyce models
aforementioned. As temperature decreases beneath the gel point,
the length, number, and stability of triple-helix segments increase,
leading to a higher shear modulus in the bulk gel. This is
reflected in the stark contrast, presented in Section 4.2, between
the specimens warmed to 14.7°C and the specimens cooled from
a melted state to 24.4°C and 32.8°C. The decrease of shear

18 | Journal Name, [year], [vol.], 1 o;

modulus, as observed in our experiments between 14.7 and
24.4°C, may offer a robust target for the identification of sol—
gel transition. Stable physical crosslinks at lower temperatures
reduce the relative contribution of junction-mediated viscous
effects over the experimental timescale. At temperatures near the
sol-gel transition, the increased abundance of labile junctions and
mobile or dangling chain segments from dissociated secondary
bonds can substantially increase viscous dissipation via junction
rearrangement, mobile-chain motion, and chain—-solvent friction.
In the NHKV model, the dashpot stress is proportional to
the local deformation rate, such that its associated dissipation
increases with p.s and the square of that rate. The loss
of load-bearing network connectivity affects G.;r more directly,
while p.; aggregates several competing, rate- and history-
dependent dissipative processes. This distinction may help
explain why, in the inverse characterization results, the inferred
shear modulus is more temperature sensitive than the effective
viscosity. Accordingly, U is an effective viscosity measure and
should not be interpreted as a direct measurement of a single
molecular dissipation mechanism.
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In contrast, PAAm hydrogels are chemical gels with
covalently-crosslinked polymer networks that do not undergo
pronounced thermoreversible changes in crosslink density
over the temperature range considered here, leading to
less temperature-dependence in the material’'s mechanical
response.’%71 The high-strain-rate viscoelasticity of PAAm may
be plausibly attributed to mechanisms including polymer-solvent
friction’%73 and network imperfections such as dangling strands
or trapped entanglements.’47> These mechanisms may still
vary smoothly with temperature through changes in segmental
mobility and solvent friction, but they are not expected to exhibit
the strong transition-like temperature sensitivity associated with
gelatin junction-zone melting and reformation. Our inverse
characterization results reinforce that the underlying mechanisms
in PAAm hydrogels are less sensitive to temperature compared
to those governing the viscoelasticity of gelatin hydrogels. The
effectiveness of the NHKV model in capturing the high-strain-rate
response of the PAAm gels also suggests that the timescales of
the underlying dissipative mechanisms are much shorter than the
characteristic timescale of the bubble dynamics. However, the
fitted pegr should still be interpreted as an aggregate continuum
parameter reflecting multiple interacting mechanisms.

Other than adjusting the ambient temperature according to
our experimental conditions, we did not substantially modify
the theoretical bubble dynamics model presented in Estrada
et al. . Therefore, we implicitly accepted several underlying
assumptions of that model; for example, the bubble reaches
thermodynamic equilibrium at the end of the initial growth phase,
and the surrounding viscoelastic material remains isothermal. We
note that these assumptions have been extensively validated for
inertial cavitation in water*®7¢ but less so in soft hydrogels.
The pIMR technique is based on a reduced-order model of laser-
induced cavitation at 25 °C. To delineate the effect of temperature
on hydrogel viscoelasticity, further studies are needed to quantify
the temperature dependence of other factors present in the
laser-induced cavitation process and, accordingly, modify the
theoretical models used in the inverse characterization process.

6 Conclusions

Standard IMR and its data-assimilation variants infer a constant
set of constitutive parameters whose values depend on the
chosen fitting window. We use this dependence to test the
constant-parameter assumption directly: instead of reporting
a single best-fit parameter set, we estimate how the effective
parameters vary in time within a fixed model form, and
identify where the constant-parameter model is insufficient
to describe the dynamics. The estimates are obtained from
laser-induced cavitation (LIC) experiments using an IMR-based
modified iterative ensemble Kalman smoother with multiple
data assimilation (MIEnKS-MDA), a sliding-window rheometer
that resolves the locally time-averaged constitutive response
during cavitation. These window-specific estimates serve as
effective constitutive parameters that identify intervals in which
the constant-parameter model is inadequate to describe the
cavitation process, rather than as intrinsically evolving material
properties.

Soft Matter

Within the neo-Hookean Kelvin—-Voigt (NHKV) constitutive
model that consists of a neo-Hookean spring in parallel with a
Newtonian dashpot, we obtain time-resolved estimates of the
constitutive response of polyacrylamide (PAAm) hydrogels with
different crosslinker concentrations. The inferred shear modulus
and viscosity generally decrease during cavitation and exhibit
relatively weak temperature sensitivity. In contrast, gelatin
gels exhibit pronounced temperature dependence, with distinct
property evolution trends at low and high temperatures. In
addition, both the apparent shear modulus and viscosity undergo
substantial transient variations during the first two bubble
collapses, highlighting the strongly coupled nature of bubble
dynamics and material response of gelatin. These time-resolved
estimates are not introduced as arbitrary material parameters
solely to improve the agreement with the measurements.
Instead, by allowing the effective NHKV parameters to vary
within a prescribed constitutive structure, the method provides
a diagnostic measure of how the constant-parameter NHKV
assumption overconstrains the prediction of inertial cavitation
dynamics. The observed temporal variations, therefore, point to
missing internal dynamics in the reduced constitutive description,
such as finite relaxation spectra, history-dependent damage, or
other evolving state variables, that may be needed to fully
represent complex bubble-material interactions. Embedding
learned closures for the effective constitutive parameters in the
bubble-dynamics model offers a concrete, testable pathway to
identify missing physics and develop richer constitutive models.
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The experimental bubble-radius datasets and the code implementing the
IMR-based characterization methods are available at
https://github.com/InertialMicrocavitationRheometry/Sliding_ DA



