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 A B S T R A C T

Shock waves in high-speed fluid dynamics produce near-discontinuities in the fluid momentum, 
density, and energy. Most contemporary works use artificial viscosity or limiters as numer-
ical mitigation of the Gibbs–Runge oscillations that result from traditional numerics. These 
approaches face a delicate balance in achieving sufficiently regular solutions without dissipating 
fine-scale features, such as turbulence or acoustics. Recent work by Cao and Schäfer introduces 
information geometric regularization (IGR), the first inviscid regularization method for fluid 
dynamics. IGR replaces shock singularities with smooth profiles of adjustable width, without 
dissipating fine-scale features. This work provides a strategy for the practical use of IGR in finite-
volume-based numerical methods. We illustrate its performance on canonical test problems 
and compare it against established approaches based on limiters and Riemann solvers. Results 
show that the finite volume IGR approach recovers the expected solutions in all cases. Across 
canonical benchmarks, IGR achieves accuracy competitive with WENO and LAD shock-capturing 
schemes in both smooth and discontinuous flow regimes. The IGR approach is computationally 
light, with meaningfully fewer memory accesses and arithmetic operations per time step.

. Introduction

he problem: Shock waves in compressible CFD

Shock waves pose a central challenge in the numerical simulation of compressible fluids, particularly in high-speed fluid 
ynamics. Such waves introduce near-discontinuities in the momentum, density, and energy fields. These discontinuities cause 
ibbs–Runge oscillations for numerical methods based on higher-order polynomial reconstruction [1–3]. Tailoring the mesh to 
he shock can overcome this problem, but it is prohibitively complicated for geometrically complex shock-interaction problems. 
lternatively, the field of shock capturing aims to coarse-grain the effects of the microscopically thin shock without resolving it or 
nterfering with the solution in other regions of the flow.

∗ Corresponding author.
E-mail addresses: shb@gatech.edu (S.H. Bryngelson), florian.schaefer@nyu.edu (F. Schäfer).

1 Equal contribution.

ttps://doi.org/10.1016/j.cma.2026.119216
eceived 21 April 2026; Received in revised form 8 June 2026; Accepted 29 June 2026
vailable online 25 July 2026 
045-7825/© 2026 Published by Elsevier B.V. 

https://www.elsevier.com/locate/cma
https://www.elsevier.com/locate/cma
https://orcid.org/0009-0001-0074-6668
https://orcid.org/0000-0003-1750-7265
https://orcid.org/0000-0002-4891-0172
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/sbryngelson/figr
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
https://github.com/f-t-s/IGR_Manual_1dFVM
mailto:shb@gatech.edu
mailto:florian.schaefer@nyu.edu
https://doi.org/10.1016/j.cma.2026.119216
https://doi.org/10.1016/j.cma.2026.119216


A. Radhakrishnan et al. Computer Methods in Applied Mechanics and Engineering 461 (2026) 119216 
Shock capturing: Localized viscosity and limiters

Fluid dynamics studies relying on computation of compressible flow often add some form of localized artificial viscosity near the 
shock using so-called shock sensors [4–12]. This expands the shock to the grid scale, mitigating Gibbs–Runge oscillations. However, 
these viscous approaches must balance regularity against the preservation of fine-scale features, which often have physical meaning. 
Further, approaches based on local viscosity can break down at high Mach numbers [13].

Instead of regularizing the Navier–Stokes equations with viscosity, limiters lower the approximation order near shocks [1,14–19]. 
Limiters are often more robust than artificial diffusivity, but likewise need to balance the taming of shocks with the preservation 
of fine-scale features. Furthermore, they are intrusive changes to the numerical methods that can prohibit certain downstream 
applications. In particular, the nonlinear switching logic inherent to limiters can render adjoint-based sensitivity calculations 
undefined or introduce systematic biases [20,21], often requiring practitioners to accept errors due to ‘‘freezing’’’ the limiters [22]. 
IGR’s entropic pressure, being the solution of a linear self-adjoint elliptic problem, does not share this drawback.

Information geometric regularization (IGR): The first inviscid shock regularization

Recent work by Cao and Schäfer [23] introduces the first regularization of compressible CFD that does not rely on viscosity. 
They first derive this information geometric regularization (IGR) in the pressureless inviscid (Euler) case, and observe that shock 
formation amounts to the collision and merging of particle trajectories. They then change the geometry of particle motion such 
that trajectories cannot cross, but instead asymptotically approach each other (see Fig.  2). This approach avoids the formation of 
grid-scale singularities while preserving post-shock behavior.

When forces due to pressure and viscosity are included, IGR yields a regularized conservation law that replaces singular shocks 
with grid-scale smooth profiles at a user-defined scale. The higher-order grid-scale smoothness of these profiles yields robust solutions 
even at high Mach numbers (see Wilfong et al. [24] for an application to a two-species Mach 14 flow). Because of its inviscid 
nature, this regularization has little impact on fine-scale features, such as turbulence or acoustic waves. In the unidimensional 
pressureless case, the entropic pressure equation reduces to 𝛴∕𝜌 − 𝛼 𝜕𝑥 (𝛴∕𝜌) = 2𝛼 (𝜕𝑥𝑢)2 and the regularized momentum equation 
reads 𝜕𝑡(𝜌𝑢) + 𝜕𝑥(𝜌𝑢2 + 𝛴) = 0. This setting forms the starting point for the derivation of IGR by Cao and Schäfer [23]. In the 
unidimensional pressureless case, Cao and Schäfer [25] rigorously establish the existence of global smooth IGR solutions and 
their convergence to entropy solutions in the limit of vanishing regularization. Recent work of Barham et al. [26] investigates 
the connection between IGR and Hamilton regularizations as proposed by Guelmame et al. [27].

Outline

This work presents a finite-volume IGR implementation and illustrates its performance against canonical test problems. It is 
organized as follows. We begin in Section 2 by reviewing shock formation in the compressible Navier–Stokes equations and placing 
IGR in the context of viscous and limiter-based shock capturing. Section 3 introduces the IGR target equations and briefly sketches 
the geometric motivation. We highlight the practical bottlenecks addressed by IGR in Section 4, reviewing finite-volume methods 
and the roles of nonlinear reconstructions and Riemann solvers. Our finite-volume discretization of the IGR entropic pressure and 
the resulting algorithm are developed in Section 5. Numerical results are presented in Section 6. Section 7 closes with comparisons 
to related work, limitations, and conclusions.

2. Shock formation in the compressible Navier–Stokes equations

2.1. Compressible Navier–Stokes equations

The compressible Navier–Stokes equations are
𝜕𝜌
𝜕𝑡

+ ∇ ⋅ (𝜌𝒖) = 0, (1)

𝜕(𝜌𝒖)
𝜕𝑡

+ ∇ ⋅ (𝜌𝒖𝒖T + 𝑝𝑰 − 𝝉) = 0, (2)

𝜕(𝐸)
𝜕𝑡

+ ∇ ⋅ [(𝐸 + 𝑝)𝒖 − 𝝉 ⋅ 𝒖] = 0, (3)

which represent the conservation of mass, momentum, and energy. Their variables include pressure 𝑝, density 𝜌, total energy 𝐸, 
time 𝑡, velocity 𝒖 = {𝑢1, 𝑢2, 𝑢3} (in the 3D case); 𝑰 is the identity tensor. To simplify the presentation, we use the ideal gas law 
equation of state 

𝑝 = (𝛾 − 1)𝜌𝑒, for 𝑒 = 𝐸∕𝜌 − ‖𝒖‖2∕2, (4)

where 𝛾 is the ratio of specific heats (adiabatic exponent). However, the method is not restricted to this choice. The coefficients 𝜇
and 𝜁 are the shear and bulk viscosity, and the viscous stress tensor is 

𝜏𝑖𝑗 = 𝜇
(

𝜕𝑢𝑖
𝜕𝑥𝑗

+
𝜕𝑢𝑗
𝜕𝑥𝑖

)

+ (𝜁 − 2𝜇∕3) 𝛿𝑖𝑗
𝜕𝑢𝑘
𝜕𝑥𝑘

, (5)

where 𝛿  is the Kronecker delta, 𝑥  are the coordinate directions and 𝑖, 𝑗 ∈ {1, 2, 3} for the 3D case.
𝑖𝑗 𝑖
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Fig. 1. Comparison of localized artificial diffusivity (LAD) and information geometric regularization (IGR) approaches for shock treatment 
(modified from [24], with author permission.)

2.2. Shock formation

The nonlinear terms of the compressible Navier–Stokes equations cause wavefronts to steepen; faster-moving regions overtake 
slower ones, producing shocks (near-discontinuities) in pressure, density, and velocity. Viscosity smooths these features, but physical 
shocks remain thin (typically of the order of the mean free path [28]), far below typical Navier–Stokes grid resolution scales 
(and, indeed, the range of validity of the equations themselves). Thus, in the case of the Navier–Stokes equations, some degree 
of additional treatment via modeling or numerics is required to represent shock behavior faithfully. These additions modify the 
governing equations or the numerical methods to coarse-grain the shock to practical grid scales, a procedure known as shock 
capturing.

2.3. Viscous PDE regularizations

The most basic approach to regularizing the Navier–Stokes equations for shock handling is to add small viscous terms [4], 
modifying Eqs.  (1)–(3) as

𝜕𝜌
𝜕𝑡

+ ∇ ⋅ (𝜌𝒖) = 𝜀𝜌∇2𝜌 (6)

𝜕(𝜌𝒖)
𝜕𝑡

+ ∇ ⋅ (𝜌𝒖𝒖 + 𝑝𝑰 − 𝝉) = 𝜀𝜌𝒖∇2(𝜌𝒖) (7)

𝜕(𝐸)
𝜕𝑡

+ ∇ ⋅ [(𝐸 + 𝑝)𝒖 − 𝝉 ⋅ 𝒖] = 𝜀𝐸∇2(𝐸), (8)

where 𝜀 is the artificial viscosity coefficient. The value of 𝜀 determines the trade-off between shock capturing and the preservation 
of other flow features, like acoustics. More sophisticated approaches make this trade-off more palatable by letting 𝜀 depend on the 
current-time flow solution. The resulting nonlinear viscosity acts as a shock sensor, localizing it to the vicinity of the shock.

A notable viscous approach is localized artificial diffusivity (LAD) [6,8], which regularizes the Navier–Stokes equations as
𝜕𝜌
𝜕𝑡

+ ∇ ⋅ (𝜌𝒖) = 0 (9)

𝜕(𝜌𝒖)
𝜕𝑡

+ ∇ ⋅ (𝜌𝒖𝒖T + 𝑝𝑰 − 𝝉) = ∇(𝜁∗∇ ⋅ 𝒖) (10)

𝜕(𝐸)
𝜕𝑡

+ ∇ ⋅ [(𝐸 + 𝑝)𝒖 − 𝝉 ⋅ 𝒖] = ∇(𝜁∗∇ ⋅ 𝒖) ⋅ 𝒖. (11)

Rather than adding a viscous regularization to each component of the conservation law, it modifies the equation by locally increasing 
its bulk viscosity. It is modulated by a function of the local flow state that detects under-resolved features (such as shocks), a so-called 
shock sensor. Using artificial bulk (as opposed to shear) viscosity 𝜁∗ helps restrict additional dissipation to shocks rather than to the 
vortical fine-scale structures typical of turbulence. Many variants exist, but a representative example proposed by Mani et al. [8] is 
to choose 𝜁∗ ∝ 𝜌max (0,−∇ ⋅ 𝒖), where the overline indicates the application of Gaussian smoothing with length scale commensurate 
to the grid spacing. The constant of proportionality is taken to be of the order of the squared grid spacing.

2.4. A discrete alternative: Limiters

Rather than regularizing the PDE, an alternative approach changes the numerical discretization to handle discontinuities. ENO 
schemes [29] adaptively select the smoothest stencil at each cell interface. WENO [1,16] generalizes this by forming a convex 
combination of candidate stencils, weighted by smoothness indicators. MUSCL [30,31] reconstructs piecewise-linear profiles within 
each cell. All three families achieve high-order accuracy in smooth regions while suppressing spurious oscillations near shocks.

These and related Total Variation Diminishing (TVD) schemes employ limiters, that is, nonlinear functions (for example, minmod, 
superbee, van Leer, MC, or the stencil selection in (W)ENO) that reduce the reconstruction order near discontinuities. The choice of 
limiter governs the trade-off between numerical dissipation and shock sharpness: more diffusive limiters, like minmod, are robust 
but smear shocks, and less diffusive ones, like superbee, preserve sharper shocks but are less stable. A promising alternative is convex 
limiting [18,19], which applies the minimum correction necessary to preserve invariant domain properties of the PDE.
3 
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Fig. 2.  Information geometric regularization (IGR). In the pressureless case, IGR regularizes particle trajectories 𝑡 ↦ 𝛷𝑡(𝑥) such that instead 
of colliding, particles asymptotically approach each other ((a), modified from [23], with author permission). With pressure, this replaces the 
singular shocks with smooth profiles on a scale √𝛼 (b). In the 𝛼 → 0+ limit, one recovers the Euler equations, and the auxiliary IGR equation 
Eq.  (12) has the trivial solution 𝛴 ≡ 0.

3. Information geometric regularization

3.1. The IGR target equations

The information geometric regularization of Eqs.  (1)–(3) complements the physical pressure 𝑝 with the entropic pressure 𝛴 [23], 
defined by the auxiliary elliptic problem 

𝜌−1𝛴 − 𝛼 div(𝜌−1∇𝛴) = 𝛼
(

tr2 ([∇u]) + tr
(

[∇u]2
))

, (12)

where ∇u is the flow Jacobian matrix with components (∇u)𝑖𝑗 ∶= 𝜕𝑗𝑢𝑖 and 𝛼 > 0 is the regularization parameter controlling the 
width of the smoothed shock profile. This yields the information geometric regularization

𝜕𝜌
𝜕𝑡

+ ∇ ⋅ (𝜌𝒖) = 0, (13)

𝜕(𝜌𝒖)
𝜕𝑡

+ ∇ ⋅ (𝜌𝒖𝒖T + (𝑝 + 𝛴)𝑰 − 𝝉) = 0, (14)

𝜕(𝐸)
𝜕𝑡

+ ∇ ⋅ [(𝐸 + (𝑝 + 𝛴))𝒖 − 𝝉 ⋅ 𝒖] = 0. (15)

3.2. Inviscid regularization with smooth solutions

Eqs.  (13)–(15) have solutions that replace shocks with profiles that are smooth at the scale of √𝛼. At the same time, these profiles 
propagate and interact with other flow structures and with each other as if they were nominal shocks regularized by vanishing 
viscosity. The absence of viscous regularization means that fine-scale flow features, such as acoustic or entropy waves and turbulence 
features, are preserved.

IGR does not act as a diffusive mechanism in the conventional sense. Rather than damping the solution over time, it adds 
a pressure-like term that prevents the trajectories of gas volumes from colliding. The elliptic source tr2(∇u) + tr(∇u2) is largest 
wherever velocity gradients are sharpest, so 𝛴 grows in those regions and adds to the pressure that opposes the trajectory crossing, 
as illustrated in Fig.  2. As described in Cao and Schäfer [23, Section 7.1], IGR can be interpreted as a ‘‘nonlocal and sign-indefinite 
viscosity’’. The nonlocality of 𝛴 enables IGR to slow down gas particles approaching the shock before they reach it, thus enabling 
IGR to produce the higher-order smooth profiles shown in Fig.  1. The sign-indefinite nature of IGR ensures that it only activates in 
systematically compressive flows (shocks), but not in oscillatory features due to sound waves or turbulence, as illustrated in Fig.  1. 
This is the distinction from viscous regularizations, which damp all flow gradients regardless of their character.

3.3. A primer on the geometric derivation of IGR

We denote as 𝛷𝑡 the flow map, which tracks where each fluid parcel, initially at position x, moves to at time 𝑡. The flow map 
𝛷𝑡 satisfies u(𝛷𝑡(x)) = 𝛷̇𝑡(𝑥) and 𝜌(𝛷𝑡(𝑥)) = det[D𝛷𝑡(𝑥)], where D𝛷𝑡 denotes the deformation gradient of the flow map, distinct 
from the velocity gradient ∇u in Eq.  (12). Solutions to Eqs.  (1) and (2) describe a time evolution on the manifold of possible flow 
maps [32,33].

In the pressureless and inviscid case (𝑝 = 0, 𝝉 = 0), 𝑡 ↦ 𝛷𝑡 describes a straight line on the manifold of diffeomorphisms 
(differentiably invertible maps). Shocks form when 𝛷𝑡 reaches the boundary of this manifold, meaning that two points x1 ≠ x2
are mapped to the same 𝛷 (x ) = 𝛷 (x ). After shock formation, the trajectories 𝑡 ↦ 𝛷 (x ) and 𝑡 ↦ 𝛷 (x ) merge; 𝛷  evolves on the 
𝑡 1 𝑡 2 𝑡 1 𝑡 2 𝑡

4 
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boundary of the diffeomorphism manifold. Cao and Schäfer [23] regularize this equation by changing the notion of ‘‘straight lines’’ 
on the diffeomorphism manifold such that they instead asymptotically approach the boundary, but do not reach it.

With IGR, trajectories 𝑡 ↦ 𝛷𝑡(x) merge asymptotically, without ever colliding, as shown in Fig.  2. This avoids the formation of 
singularities while preserving the long-time behavior. When adding back the pressure to the resulting equations, their solutions 
replace singular shocks with smooth profiles on a scale determined by the parameter 𝛼 that measures the strength of the 
regularization.

3.4. IGR in practice

As outlined by Cao and Schäfer [23], a computational promise of IGR is obviating the need for nonlinear numerical methods, 
like limiters or Riemann solvers, for representing shock behavior. IGR produces no regularization in pure shear: the flow Jacobian 
there is traceless and nilpotent, so both tr2(∇u) and tr(∇u2) on the right-hand side of Eq.  (12) vanish and 𝛴 = 0. IGR thus targets 
compressive features without affecting shear-dominated structures. IGR is formulated to reduce the numerical artifacts encountered 
by these approaches, such as artificial dissipation or carbuncles. At the same time, replacing nonlinear limiters and stencil-selection 
logic with standard linear reconstruction and flux evaluation reduces the computational cost of simulating flows with shocks, as 
demonstrated by Wilfong et al. [24]. Note that the full IGR scheme is nonlinear: the nonlinearity enters through the entropic pressure 
𝛴, whose elliptic right-hand side depends quadratically on the velocity gradient. This work presents IGR in the same finite-volume 
framework used by traditional approaches to compressible flows. We next review this framework and identify the bottlenecks that 
IGR resolves.

4. Finite volume methods

Finite volume methods (FVMs) discretize the computational domain into control volumes and store cell-averaged solution values. 
Conservation is enforced by balancing fluxes across cell faces via the divergence theorem, making FVMs well-suited for problems 
involving shocks and other discontinuous fields.

4.1. Fundamental concept

In a finite volume formulation, the conservation law 𝜕𝑡𝜑 + ∇ ⋅ F = 𝑆 is integrated over each control volume 𝛺. Applying the 
divergence theorem converts the volume integral of the divergence into a surface integral of outward-pointing face fluxes, yielding 
the semi-discrete balance 

d
d𝑡 ∫𝛺

𝜑d𝛺 = 𝑆𝛺 +
∑

𝑓∈{faces of 𝛺}
𝐹𝑓 𝐴𝑓 , (16)

where 𝐹𝑓  is the average flux through the face 𝑓 , and 𝐴𝑓  is that face’s area. High-order reconstruction reduces the mismatch 
between left- and right-hand interface states, decreasing the dissipation introduced by the Riemann solver. Some Riemann solvers 
(for example, Lax–Friedrichs) entail more dissipation, encouraging numerical stability, while others (for example, HLLC, discussed 
next) are more aggressive.

4.2. Discrete finite volume formulation

We describe a typical finite-volume solver of the one-dimensional compressible Euler equations. The same strategy extends 
directly to the 3D compressible Navier–Stokes equations on a Cartesian grid by successively computing fluxes in each coordinate 
direction. One stores each conserved variable as a cell average, evaluates numerical fluxes at every cell face, and applies the 1D 
update formula along each coordinate direction.

The 1D compressible Euler equations can be expressed as a conservation law, 
𝜕𝑼 (𝑥, 𝑡)

𝜕𝑡
+ 𝜕

𝜕𝑥
𝑭 (𝑼 (𝑥, 𝑡)) = 0, (17)

with conservative state variables 𝑼 and fluxes 𝑭 (𝑼 ) as 

𝑼 =
⎛

⎜

⎜

⎝

𝜌
𝜌𝑢
𝐸

⎞

⎟

⎟

⎠

and 𝑭 (𝑼 ) =
⎛

⎜

⎜

⎝

𝜌𝑢
𝜌𝑢2 + 𝑝
(𝐸 + 𝑝)𝑢

⎞

⎟

⎟

⎠

, (18)

𝐼𝑖 = [𝑥𝑖−1∕2, 𝑥𝑖+1∕2] is a grid cell of width 𝛥𝑥 and the cell average at time 𝑡𝑛 is 

𝑼 𝑛
𝑖 =

1
𝛥𝑥 ∫𝐼𝑖

𝑼 (𝑥, 𝑡𝑛)d𝑥. (19)

Evaluating Eq.  (19) and time integrating Eq. (17) requires the fluxes at the finite volume faces 𝑭 (𝑼L, R). The pressure depends on 
the state variables through the equation of state. Here, we consider the case of polytropic gas laws for simplicity, with an equation 
of state of the form 𝑝 = (𝛾 − 1)

(

𝐸 − 𝜌𝑢2∕2
) with adiabatic exponent 𝛾.
5 
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The standard first-order scheme for computing the fluxes at the half-cell distances uses piecewise constant reconstruction, with 
resulting left and right interface states 𝑼L

𝑖+1∕2 = 𝑼 𝑖 and 𝑼R
𝑖+1∕2 = 𝑼 𝑖+1. To achieve higher-order accuracy, we replace these constants 

by values obtained from a polynomial reconstruction of degree 5 constructed from neighboring cell averages and then evaluate the 
polynomial at the cell faces. For example, a fifth-order accurate polynomial reconstruction uses the reconstruction weights

𝑤L = {2∕60,−13∕60, 47∕60, 27∕60,−3∕60}, (20)

𝑤R = {−3∕60, 27∕60, 47∕60,−13∕60, 2∕60}, (21)

and defines the reconstructions as 

𝑼L
𝑖+1∕2 =

+2
∑

𝑗=−2
𝑤L

𝑗𝑼 𝑖+𝑗 , 𝑼R
𝑖+1∕2 =

+3
∑

𝑗=−1
𝑤R

𝑗 𝑼 𝑖+𝑗 . (22)

The numerical method’s spatial order of accuracy matches the accuracy of this polynomial reconstruction.
The numerical fluxes are denoted 𝑭 𝑖±1∕2, and their evaluation depends on the numerical method used, including the Riemann 

solver. For this work, we only fully express the local Lax–Friedrichs (LF) Riemann solver, which is also known as the Rusanov 
numerical flux. With 𝑼L = 𝑼L

𝑖+1∕2 and 𝑼R = 𝑼R
𝑖+1∕2, the LF numerical flux is 

𝑭 𝑖+1∕2 =
1
2
[

𝑭
(

𝑼L
)

+ 𝑭
(

𝑼R
)]

−
𝜆𝑖+1∕2
2

(

𝑼R − 𝑼L
)

, (23)

where 

𝜆𝑖+1∕2 = max{|𝑢L| + 𝑐L, |𝑢R| + 𝑐R} (24)

is the largest local wave speed, 𝑢 is the velocity, and 𝑐 is the sound speed. Integrating Eq. (17) over 𝐼𝑖 and the time interval 𝑡𝑛 to 
𝑡𝑛+1 gives the update equation for the state variables: 

𝑼 𝑛+1
𝑖 = 𝑼 𝑛

𝑖 −
𝛥𝑡
𝛥𝑥

(

𝑭
𝑛
𝑖+1∕2 − 𝑭

𝑛
𝑖−1∕2

)

. (25)

This numerical scheme is stable so long as the Courant–Friedrichs–Lewy (CFL) condition is satisfied: 

0 < 𝛥𝑡
𝛥𝑥

max
𝑖

𝜆𝑖+1∕2 ≤ 1. (26)

The diffusive term in Eq. (23) is designed to recover a method sufficiently stable for transport-dominated problems. In smooth flow 
fields, the difference (𝑼R − 𝑼L

) vanishes as the fifth power of the mesh width, limiting the spurious dissipation in this setting.
In low-regularity situations, such as shock formation, high-order reconstructions cause oscillations due to Gibbs–Runge phenom-

ena. Treating discontinuous behavior has heretofore required limiters such as ENO [29] and MUSCL [30,31] schemes that locally 
reduce the approximation order, or other viscous mechanisms. The resulting lower order reconstructions increase the difference 
(

𝑼R − 𝑼L
) and thus the diffusive effects of Lax–Friedrichs Riemann solvers, as illustrated in Fig.  3.

Mitigating these effects requires the use of sophisticated approximate Riemann solvers to compute fluxes at cell interfaces, such 
as Harten–Lax–van Leer (HLL) and HLLC [34–36]. Those also involve nonlinear computations and intermediate variables, such as 
wave speeds. Together, the nonlinear computation of interface reconstructions and Riemann solvers requires that large temporary 
arrays be stored in device memory. Furthermore, they prevent the fusion of compute kernels that could otherwise compute these 
quantities in a single kernel pass. The confluence of these features prevents the aggregation of compute kernels that update grid-level 
quantities (such as fluxes) in place, resulting in computation and memory overhead. In contrast, the discrete flow Jacobian required 
by IGR uses a compact 3-point stencil and adds no temporary storage; the dominant savings come from eliminating the nonlinear 
stencil selection, smoothness indicators, and characteristic decompositions of WENO, not from avoiding gradient computation per 
se. Quantitative performance comparisons are provided in Wilfong et al. [24]. Beyond these computational issues, the reliance on 
grid-aligned treatments used by these Riemann solver-driven approaches is suspected to give rise to the carbuncle phenomenon [37]. 
Linear schemes, such as the Lax–Friedrichs method discussed in Section 4.2, avoid this shortcoming.

IGR replaces shocks with smooth solutions [25]. As illustrated in Fig.  3, this enables the use of higher-order reconstructions 
throughout, and thus foregoes nonlinear numerics in the form of limiters or Riemann solvers.

5. Solving the IGR equations with finite volume methods

Empirical and theoretical evidence suggest that the information geometrically regularized Eqs.  (13)–(15) produce solutions that 
are smooth on the scale √𝛼 (Fig.  2, [23,25]). Thus, higher-order polynomial reconstructions avoid the formation of Gibbs–Runge 
oscillations for a mesh width ≲ √

𝛼. As a result, no limiters are needed; the difference between left and right reconstructions vanishes 
to high order in the mesh width, and the Lax–Friedrichs scheme is only weakly diffusive.
6 
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Fig. 3. Comparison of high-order polynomial reconstruction strategies in FVM near a jump discontinuity (orange). Blue horizontal segments are 
cell averages; the orange arrow marks the target face. (a) Fifth-order reconstruction from smooth data yields a single consistent polynomial. 
(b) The same stencil near a jump produces oscillatory left/right reconstructions. (c) (W)ENO selects among candidate sub-stencils (dotted), 
preferring the smoothest one. (d) IGR smooths the cell averages themselves, enabling a single high-order reconstruction without nonlinear stencil 
selection.

5.1. Discretization of the entropic pressure

The only change needed for these benefits is the addition of the entropic pressure 𝛴 to the physical pressure 𝑝. Since the 
regularization term is only of order 𝛼 ≈ 𝛥𝑥2, we find that a piecewise constant approximation of 𝛴 yields satisfactory results in 
practice, which are shown later in Section 6. Denoting 𝜌𝑖𝑗𝑘 as the average density and 𝜌u𝑖𝑗𝑘 as the average momentum over the 
𝑖𝑗𝑘-th cell, and letting 𝛥𝑥, 𝛥𝑦, and 𝛥𝑧 denote the grid spacings in the 𝑥, 𝑦, and 𝑧 coordinate directions, we define the discrete flow 
Jacobian ∇u𝑖𝑗𝑘 at the 𝑖𝑗𝑘-th cell using the central stencil 

∇u𝑖𝑗𝑘 =
(

1
2𝛥𝑥

(

𝜌u(𝑖+1)𝑗𝑘
𝜌(𝑖+1)𝑗𝑘

− 𝜌u(𝑖−1)𝑗𝑘
𝜌(𝑖−1)𝑗𝑘

)

1
2𝛥𝑦

(

𝜌u𝑖(𝑗+1)𝑘
𝜌𝑖(𝑗+1)𝑘

− 𝜌u𝑖(𝑗−1)𝑘
𝜌𝑖(𝑗−1)𝑘

)

1
2𝛥𝑧

(

𝜌u𝑖𝑗(𝑘+1)
𝜌𝑖𝑗(𝑘+1)

− 𝜌u𝑖𝑗(𝑘−1)
𝜌𝑖𝑗(𝑘−1)

))

, (27)

which is, again, a linear and grid-local operation.
Solving the elliptic equation Eq.  (12) for 𝛴 using the finite difference discretization of the Laplacian yields 

𝛴𝑖𝑗𝑘

𝜌𝑖𝑗𝑘
+ 𝛼

(

∑

|𝑖−𝑖|=1

2
(

𝛴𝑖𝑗𝑘 − 𝛴𝑖𝑗𝑘
)

𝛥2
𝑥
(

𝜌𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘
) +

∑

|𝑗−𝑗|=1

2
(

𝛴𝑖𝑗𝑘 − 𝛴𝑖𝑗𝑘
)

𝛥2
𝑦
(

𝜌𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘
) +

∑

|𝑘−𝑘̃|=1

2
(

𝛴𝑖𝑗𝑘 − 𝛴𝑖𝑗𝑘̃
)

𝛥2
𝑧
(

𝜌𝑖𝑗𝑘̃ + 𝜌𝑖𝑗𝑘
)

)

= 𝛼
(

tr2
(

∇u𝑖𝑗𝑘
)

+ tr
(

∇u2𝑖𝑗𝑘
))

(28)

Numerous methods exist for solving this system of equations. One choice is Jacobi iteration, which amounts to computing the next 
iterate 𝛴𝑛+1

𝑖𝑗𝑘  from the previous one 𝛴𝑛
𝑖𝑗𝑘 using the formula 

𝛴(𝑛+1)
𝑖𝑗𝑘 =

𝛼
(

tr2
(

∇u𝑖𝑗𝑘
)

+ tr
(

∇u2𝑖𝑗𝑘
))

+ 𝛼

(

∑

|𝑖−𝑖|=1
2𝛴(𝑛)

𝑖𝑗𝑘
∕𝛥2𝑥

𝜌𝑖𝑗𝑘+𝜌𝑖𝑗𝑘
+
∑

|𝑗−𝑗|=1
2𝛴(𝑛)

𝑖𝑗𝑘
∕𝛥2𝑦

𝜌𝑖𝑗𝑘+𝜌𝑖𝑗𝑘
+
∑

|𝑘−𝑘̃|=1
2𝛴(𝑛)

𝑖𝑗𝑘̃
∕𝛥2𝑧

𝜌𝑖𝑗𝑘̃+𝜌𝑖𝑗𝑘

)

1 + 𝛼
(

∑

|𝑖−𝑖|=1
2∕𝛥2𝑥 +

∑

|𝑗−𝑗|=1
2∕𝛥2𝑦 +

∑

|𝑘−𝑘̃|=1
2∕𝛥2𝑧

)

. (29)
𝜌𝑖𝑗𝑘 𝜌𝑖𝑗𝑘+𝜌𝑖𝑗𝑘 𝜌𝑖𝑗𝑘+𝜌𝑖𝑗𝑘 𝜌𝑖𝑗𝑘̃+𝜌𝑖𝑗𝑘
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Jacobi iteration is an effective iterative method for solving the elliptic equation Eq.  (28), and is shown to be sufficient to compete 
with established numerical methods in Section 6. Other iterative methods, such as Gauss–Seidel or successive over-relaxation (SOR), 
can further accelerate this step. In our experience, the elliptic solve is not the computational bottleneck. After the first time step, the 
iteration is warm-started from the previous time step’s 𝛴, so very few iterations are required to converge. Combined with the small 
value of 𝛼 ∝ 𝛥𝑥2 and the absence of global communication, the solve is well-suited to GPU execution. Quantitative cost comparisons 
with WENO are provided in Wilfong et al. [24].

5.2. Boundary conditions for 𝛴

The elliptic problem that defines 𝛴 requires boundary conditions. We use Neumann boundary conditions on 𝛴, enforcing 𝜕𝑛𝛴 = 0
at the wall. This is the boundary-normal component of div (𝛴I), so 𝛴 contributes no spurious normal force at the wall. Equivalently, 
the wall acts as a mirror plane for 𝛴, which is the correct condition for a shock propagating parallel to a flat wall. Algorithmically, 
this restricts the sums of Eqs.  (28) and (29) to 1 ≤ 𝑖 ≤ 𝑚𝑥, 1 ≤ 𝑗 ≤ 𝑚𝑦, 1 ≤ 𝑘̃ ≤ 𝑚𝑧, where 𝑚𝑥, 𝑚𝑦, and 𝑚𝑧 are the number of grid cells 
in each coordinate direction. The exception to this choice is rotation-symmetric or periodic boundary conditions. There, the elliptic 
problem uses the same wrap-around boundary conditions as the overall problem.

5.3. Smoothing boundary and initial conditions

Shock treatment via IGR is based on the principle that solutions of the regularized equations are as grid-scale smooth as their 
initial conditions. For such grid-scale smooth initial conditions, one recovers grid-scale smooth solutions always, mitigating Gibbs–
Runge oscillations in higher-order reconstructions. However, many canonical problems in fluid dynamics, such as shock tubes, 
have discontinuous initial or boundary conditions. Without limiters or viscous regularizations, discontinuities of initial or boundary 
conditions will trigger Gibbs–Runge oscillations that pollute the simulation.

This problem can be addressed by applying a small amount of smoothing to ensure smoothness on the grid scale of the initial and 
boundary conditions. In practice, one can apply a small, constant number of diffusive pseudo-time steps to the state variables 𝑼 in 
the initial and boundary conditions to achieve this. IGR preserves the smoothness of the initial and boundary conditions at the grid 
scale. Thus, different from the filtering steps in spectral methods, no further smoothing needs to be applied during the simulation.

5.4. Discretization of the resulting equation

The above-described steps ensure that the PDE solutions remain smooth, enabling the use of higher-order accurate recon-
structions, such as the fifth-order accurate ones in Eq.  (20). The high-order accuracy of the reconstructions allows using the 
straightforward Lax–Friedrichs Riemann solver while incurring little numerical diffusion. Because IGR solutions are smooth at the 
scale √𝛼, the left/right interface mismatch satisfies ‖𝑼𝑅 − 𝑼𝐿‖ = 𝑂((𝛥𝑥∕

√

𝛼)5). Thus, the LF dissipation term is also 𝑂((𝛥𝑥∕
√

𝛼)5)
and can be controlled by an appropriate choice of √𝛼. Numerous time integrators are available for the resulting semi-discretization. 
Strong-stability-preserving Runge–Kutta schemes perform well in practice [38]; we use them for the numerical experiments in 
Section 6.

6. Numerical results

6.1. Convergence

Using PDE-based regularizations, such as IGR, raises three distinct questions about the convergence of the resulting numerical 
method. The first question is whether the numerical solution converges as 𝛥𝑥 → 0 for a fixed 𝛼 (and thus, a fixed PDE) to 
the continuous solution of the regularized PDE. The second is whether the exact solution of the regularized PDE converges as 
the regularization parameter tends to zero (𝛼 → 0). Third, and most practically relevant, is the convergence of the numerical 
approximation of IGR as both the regularization parameter and the grid scale tend to zero, following their natural scaling relationship 
(
√

𝛼 ∝ 𝛥𝑥 → 0).
Fig.  4 demonstrates convergence in these three regimes on a one-dimensional test case with initial condition 𝑢(𝑥) = 1.5 sin(2𝜋𝑥),

𝜌(𝑥) ≡ 1, 𝑒(𝑥) = 4, distinguishing behavior before and after shock formation. For a fixed 𝛼, we observe second-order convergence 
before shock formation and almost second-order convergence after shock formation. Since we are using a second-order accurate 
discretization of the entropic pressure 𝛴, this matches the expected order of accuracy. When decreasing 𝛼 for a fixed and sufficiently 
small 𝛥𝑥, we observe second-order (in √𝛼) convergence before shock formation and first-order convergence after a shock has formed. 
The former is to be expected because the entropic pressure is of the order 𝛼(𝜕𝑥𝑢)2. The first-order convergence in the shock arises 
because in a shock of width √𝛼, the flow derivative 𝜕𝑥𝑢 is of the order 𝛼−1∕2, and thus the entropic pressure is constant to leading 
order. Thus, the overall decrease of the 𝐿1 norm of the entropic pressure is only due to the decreasing width of the shock, resulting 
in first-order convergence. Similar behavior is observed in virtually all approaches to shock treatment in Eulerian fluid simulations, 
except for shock tracking [39]. When letting √𝛼 ∝ 𝛥𝑥 → 0 jointly, we again observe second-order convergence before shock 
formation and first-order afterward. In light of the results above, the observed convergence rate is consistent with the theoretical 
convergence rate.
8 



A. Radhakrishnan et al. Computer Methods in Applied Mechanics and Engineering 461 (2026) 119216 
Fig. 4. We investigate the convergence of IGR and its numerical solution in three different regimes. In (a), we fix 𝛼 and observe the convergence 
with decreasing grid size. We see (near) second-order convergence both before and after the shock forms. In (b), we observe the convergence of 
IGR solutions with decreasing 𝛼, computed on a fine grid. We observe second-order (in √𝛼) convergence before shock formation, and first-order 
convergence thereafter. In (c), we investigate the behavior as both 𝛼 and 𝛥𝑥 tend to zero. We choose the scaling relationship √𝛼 ∝ 𝛥𝑥, which 
results in shock widths proportional to the grid size, as would be expected in a practical application of our approach. We again observe second-
order convergence before and first-order convergence after shock formation.

6.2. Example cases

We consider representative 1D–3D test problems that highlight IGR’s behavior in the presence of shocks and fine-scale wave 
content. For 1D smooth-wave propagation, we consider a sinusoidal wave benchmark. For shock-dominated flows, we consider 
the Shu–Osher interaction problem and shock-tube benchmarks. In 2D, we consider a Riemann interaction with added entropy-
wave content and the Double Mach reflection problem. In 3D, we consider compressible Taylor–Green turbulence and a multi-jet 
high-Mach configuration. For baseline comparisons, we use fifth-order WENO reconstruction in two variants. Characteristic WENO 
projects the conserved variables into the local characteristic fields of the flux Jacobian before applying the WENO stencil selection. 
We combine it with a Roe Riemann solver [36]. Component WENO applies WENO independently to each conserved variable. 
We combine it with a Rusanov (local Lax–Friedrichs) Riemann solver. The characteristic decomposition typically reduces spurious 
oscillations near discontinuities, and the Roe approximate Riemann solver is less diffusive than the Rusanov one, but they entail 
higher computational costs. Wilfong et al. [24] report a fourfold speedup using IGR and replacing WENO with linear reconstruction 
of the same order and HLLC with Rusanov.

In many applications, it is most convenient to smooth the initial conditions (see Section 5.3) via diffusion. For the sake of having 
a well-defined and grid-independent initial condition, we instead replace jumps by scaled hyperbolic tangent-like functions, which 
we refer to as tanh smoothing.

6.2.1. 1D smooth wave propagation
To assess numerical dissipation in smooth flow, we consider the propagation of a small-amplitude sinusoidal velocity perturbation 

with periodic boundary conditions on [0, 1]. The initial condition is 𝜌 = 1, 𝑢 = 𝛽 sin(2𝜋𝑘𝑥) with amplitude 𝛽 = 0.01 and wavenumber 
𝑘 = 20, and 𝑝 = 1.6 with 𝛾 = 1.4. The final time is 𝑇 = 0.4.

We compare IGR (𝛼 = 2𝛥2), LAD, characteristic WENO, and component WENO at resolutions 𝑚 = 150 and 𝑚 = 300, using a 
characteristic WENO solution at 𝑚 = 104 as the reference. Results are shown in Fig.  5: panels (a) and (b) compare all methods at 
𝑚 = 150 and 𝑚 = 300, respectively; panel (c) shows the effect of increasing 𝛼 on both IGR and LAD at 𝑚 = 300, with 𝛼 = 10𝛥2 and 
100𝛥2. At the default 𝛼 = 2𝛥2 and 𝑚 = 150, IGR closely tracks the reference solution and is significantly less dissipative than either 
characteristic WENO or LAD. At 𝑚 = 300, IGR achieves accuracy comparable to characteristic WENO, while LAD remains visibly 
more dissipative. In panel (c), increasing 𝛼 from 10𝛥2 to 100𝛥2 has a negligible effect on IGR, whereas LAD’s amplitude at 𝛼 = 100𝛥2

drops to roughly one-third of its default value. This asymmetry shows that IGR is notably more robust to the choice of 𝛼 than LAD.

6.2.2. 1D Shu–Osher interaction
The Shu–Osher problem [40] models the interaction of a Mach 3 shock with a sinusoidal entropy perturbation (at constant 

pressure). We solve a rescaled version on the domain [0, 1] with 𝛾 = 1.4 and final time 𝑡 = 0.18. The post-shock state is 
(𝜌, 𝑢, 𝑝) = (27∕7, 4

√

35∕9, 31∕3) and the pre-shock region has density 𝜌 = 1 + 0.2 sin(16𝜋𝑥) with 𝑢 = 0 and 𝑝 = 1. We compare 
IGR (𝛼 = 2𝛥2) with LAD, characteristic WENO, and component-wise WENO at resolutions 𝑚 = 200, 300, and 400. The reference 
solution is computed with characteristic WENO at 𝑚 = 5000. The initial condition is tanh smoothed for IGR and LAD; WENO uses 
the sharp initial condition directly. Results are shown in Fig.  6: the top row shows the full density profile, and the bottom row 
magnifies the post-shock oscillatory region. In the oscillatory region, IGR and LAD preserve the high-frequency density fluctuations 
more accurately than the WENO methods.
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Fig. 5.  Sine wave propagation comparing velocity profiles at final time 𝑇 = 0.4. (a) and (b) compare all methods at 𝑚 = 150 and 𝑚 = 300, 
respectively. (c) shows IGR and LAD at 𝑚 = 300 with 𝛼 = 10𝛥𝑥2 and 100𝛥𝑥2. The reference solution (dashed blue) is computed with characteristic 
WENO and 𝑚 = 104.

Fig. 6.  Shu–Osher problem comparing density profiles at resolutions 𝑚 = 200, 300, and 400. The top row (a–c) shows the full domain; the 
bottom row (d–f) shows the post-shock oscillatory region. All methods are compared against a reference solution computed with characteristic 
WENO at 𝑚 = 5000.

6.2.3. 1D Sod shock tube
The Sod shock tube [41] is a standard Riemann problem that produces a right-traveling shock, a contact discontinuity, and a 

left-traveling rarefaction. We solve it on the domain [0, 1] with 𝛾 = 1.4 and final time 𝑡 = 0.2. The initial condition is (𝜌, 𝑢, 𝑝) = (1, 0, 1)
for 𝑥 < 0.5 and (𝜌, 𝑢, 𝑝) = (0.125, 0, 0.1) for 𝑥 ≥ 0.5.

We compare IGR (𝛼 = 2𝛥2) with LAD, characteristic WENO, and component WENO at resolutions 𝑚 = 200, 400, and 800. The 
initial condition is tanh smoothed for IGR and LAD with smoothing parameter 𝜀 = 4∕𝑚, so that 𝜀 halves as 𝑚 doubles, mirroring the 
√

𝛼 ∝ 𝛥𝑥 scaling from Fig.  4. WENO uses the sharp initial condition directly. All results are compared against the exact Riemann 
solver solution.

Fig.  7 is organized as a 4 × 3 grid: the first two rows show density profiles (full and zoomed near the contact discontinuity), and 
the last two rows show specific internal energy profiles (full and zoomed). The zoomed panels focus on the contact discontinuity 
region (𝑥 ∈ [0.65, 0.73]), where differences between methods are most apparent. All methods converge at approximately first order, 
consistent with the presence of discontinuities. Near the contact, characteristic WENO achieves a sharper profile than IGR or LAD, 
owing to its use of the sharp initial condition. IGR and LAD produce profiles of similar width, set by the smoothing parameter 𝜀 ∝ 𝛥𝑥
of the initial condition rather than by numerical diffusion from the LF solver; the contact sharpens at the same rate as 𝜀 as resolution 
increases.
10 
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Fig. 7.  Sod shock tube convergence study. Rows 1–2 (a–f): density profiles, full and zoomed near the contact discontinuity. Rows 3–4 (g–l): 
specific internal energy profiles, full and zoomed. Columns correspond to (𝑚, 𝜀) = (200, 0.02), (400, 0.01), and (800, 0.005). WENO uses the sharp 
initial condition; LAD and IGR use smoothed initial conditions. All results are compared against the exact Riemann solver solution.
11 
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6.2.4. 1D Leblanc shock tube
The Leblanc shock tube [42] features a large density ratio (103) and pressure ratio (∼108), making it a stringent test of robustness 

under large jumps of the state variables.
We solve this problem on the domain [0, 9] with 𝛾 = 5∕3 and final time 𝑡 = 6. The left (high-energy) state (𝜌, 𝑢, 𝑝) = (1, 0, 1∕15) is 

initialized in a single cell at the left boundary (𝑥0 = 0), and the ambient right state (𝜌, 𝑢, 𝑝) = (10−3, 0, (2∕3)×10−9) fills the remainder 
of the domain.

We compare IGR (𝛼 = 2𝛥2), LAD, and characteristic WENO with 𝑚 = 450, 900, and 1800 grid points across the 1D domain. All 
results are compared against the exact Riemann solver solution computed from the sharp initial condition. IGR and LAD require 
smoothed initial conditions and are thus only shown for 𝜀 > 0; WENO uses the sharp initial condition and appears in all panels. 
Here, 𝜀 is a dimensionless parameter controlling the width over which tanh smoothing is applied to the initial discontinuity.

Fig.  8 presents a convergence study in specific internal energy, organized as a grid with rows corresponding to different smoothing 
parameters (𝜀 = 0, 0.025, 0.05, 0.1, amounting to different degrees of regularization of the initial condition) and columns showing 
different resolutions (𝑚 = 450, 900, 1800). As 𝜀 decreases and resolution increases, the IGR and LAD solutions converge toward the 
exact solution, demonstrating that the smoothed-IC approach recovers the correct entropy solution in the limit. However, IGR and 
LAD require progressively finer grid resolutions to avoid encountering negative densities or energies as the smoothing is decreased. 
Component-wise WENO crashes at each fixed 𝜀 and resolution, whereas Characteristic WENO achieves lower error than both IGR 
and LAD. The relative performance of IGR and LAD is close across all configurations, with IGR showing marginally lower errors in 
most cases.

6.2.5. 2D Riemann interaction with entropy-wave content
We consider a 2D Riemann problem [43] on a computational domain with sizes [0, 1] × [0, 1] and a grid resolution 𝑁 = 5002. 

The density, velocities, and pressure (𝜌, 𝑢, 𝑣, 𝑝) in all regions of the computational domain are given in Eq.  (30). 

(𝜌, 𝑢, 𝑣, 𝑝) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(0.138, 1.206, 1.206, 0.029) 𝑥 ≤ 0.75, 𝑦 ≤ 0.75
(0.532, 0.000, 1.206, 0.300) 𝑥 ≥ 0.75, 𝑦 ≤ 0.75
(0.532, 1.206, 0.000, 0.300) 𝑥 ≤ 0.75, 𝑦 ≥ 0.75
(1.500, 0.000, 0.000, 1.500) 𝑥 ≥ 0.75, 𝑦 ≥ 0.75

(30)

An entropy wave is then introduced to this problem by adding fine-scale sinusoidal fluctuations in density (and consequently energy), 
while maintaining constant pressure. The resulting perturbed Riemann problem is run with IGR at 𝛼 = 2𝛥2, where 𝛥 is the grid 
spacing. For baseline comparisons, we use a 5th-order accurate WENO scheme with both the HLLC and Lax–Friedrichs (LF) Riemann 
solvers. We also run a well-resolved simulation at 𝑁 = 50002 using WENO reconstruction and the LF Riemann solver, which we treat 
as the true solution in the vanishing viscosity limit. We apply tanh smoothing to the Riemann problem in Eq.  (30), which is necessary 
for a stable IGR solution. Fig.  9 shows density heat maps for all numerical methods considered. Compared to the reference solution 
in Fig.  9(d), the flow structures match most closely with WENO5/HLLC (Fig.  9(c)), followed by IGR (Fig.  9(a)), and WENO5/LF 
(Fig.  9(b)). With the Lax–Friedrichs Riemann solver, WENO reconstruction completely dissipates the density fluctuations, while IGR 
preserves them. Also, WENO reconstruction introduces spurious grid-aligned artifacts near the shock boundary with both HLLC and 
LF Riemann solvers, which are absent with IGR.

6.2.6. 2D Double Mach reflection
The double Mach reflection problem [44] is a canonical test case for compressible flows. A planar shock passing through a 

reflecting wedge produces a shock reflection, yielding a self-similar flow parametrized by the Mach number and the slope angle.
The double-Mach case is set up in the usual way. We use a rectangular domain of size [0, 4] × [0, 1], with a Mach 10 oblique 

shock angled at 60◦ and a reflecting wall at the bottom of the domain. The reflective wall extends from 𝑥 = 1∕6 to 𝑥 = 4, with the 
region to the left of 𝑥 = 1∕6 assigned post-shock flow. The top boundary follows the motion of the Mach 10 shock, with the shock 
starting at 𝑥 = 1∕6 at the bottom boundary. The left boundary has initial post-shock values, and the right wall has zero-gradient 
boundary conditions.

We conduct our simulation on an 800 × 200 grid, using IGR with 𝛼 = 2𝛥2, where 𝛥 is the grid size. Numerical stability requires 
tanh smoothing of the initial condition. Due to the reflective boundary condition, a low-order accurate reconstruction of the variables 
is necessary to maintain stability; for this purpose, we use third-order interpolation. Although WENO and IGR schemes are unstable 
with fifth-order accurate reconstruction, IGR is still stable with an increase in 𝛼 to 10𝛥2.

The density contours at four simulation times with IGR are shown in Figs.  10(a)–10(d). The resulting flow structures match the 
expected results, except for an artifact originating at the shock’s initial position, which becomes less prevalent as the simulation 
progresses and is largely absent at 𝑇 = 0.2 in Fig.  10(d). This artifact arises because the initial condition only approximately matches 
the profile of a fully developed IGR shock. As it forms an IGR shock at the onset of the simulation, a wave is reflected, causing the 
artifact.
12 



A. Radhakrishnan et al. Computer Methods in Applied Mechanics and Engineering 461 (2026) 119216 
Fig. 8.  Leblanc shock tube convergence study showing specific internal energy profiles. Each row corresponds to a different smoothing parameter 
(𝜀 = 0, 0.025, 0.05, 0.1) and each column shows a different resolution (𝑚 = 450, 900, 1800). Runs not shown amount to simulations that break down 
due to negative densities or energies. All results are compared against the exact Riemann solver solution for the sharp initial condition. For 𝜀 = 0, 
only WENO is shown, as IGR and LAD require smoothed initial conditions. Component-wise WENO broke down in all of the above settings.

6.2.7. 2D Isentropic vortex
The isentropic vortex problem [45] is often used as a test problem because its exact solution enables evaluation of the accuracy 

and diffusion of numerical methods.
The vortex is initialized at the center of a periodic box of length 𝐿 = 10. The initial conditions for density (𝜌), velocity (𝑢, 𝑣), and 

pressure (𝑝) are given by 
𝑢 = 𝑢∞ + 𝑦(𝑆∕2𝜋) exp

(

0.5𝛽
(

1 − 𝑟2
))

𝑣 = 𝑣∞ − 𝑥(𝑆∕2𝜋) exp
(

0.5𝛽
(

1 − 𝑟2
))

𝜌 = 𝜌∞

[

1 −
𝜌∞
𝑝∞

𝑆2(𝛾 − 1)
8𝛾𝜋2

exp
(

𝛽
(

1 − 𝑟2
))

]

1
𝛾−1

𝑝 = 𝑝∞

[

1 −
𝜌∞
𝑝∞

𝑆2(𝛾 − 1)
8𝛾𝜋2

exp
(

𝛽
(

1 − 𝑟2
))

]

𝛾
𝛾−1

(31)

We use vortex strength 𝑆 = 5, 𝛽 = 1, and 𝛾 = 1.4 in Eq. (31), and 𝑟2 = 𝑥2 + 𝑦2. The free stream values for density (𝜌∞) and pressure 
(𝑝 ) are unity, and the 𝑥 and 𝑦 velocities are 𝑢 = 0.1 and 𝑣 = 0. The analytical solution for this problem advects the vortex at 
∞ ∞ ∞
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Fig. 9. Riemann test problem with 𝑁 = 5002 grid points using (a) IGR/LF, (b) WENO5/LF, and (c) WENO5/HLLC with a (d) reference vanishing 
viscosity solution using WENO5/LF at 𝑁 = 50002 grid points.

Fig. 10.  Double Mach problem with 𝑚𝑥 ×𝑚𝑦 = 800 × 200 grid points at (a) 𝑇 = 0.05, (b) 𝑇 = 0.10, (c) 𝑇 = 0.15, and (d) 𝑇 = 0.20 using IGR and 
tanh smoothing.

velocity 𝑢∞ = 0.1 in the 𝑥 direction of the periodic domain. We evaluate the solution error after a fixed number of such periodic 
pass-through periods and compare the solution to the initial condition.

We conduct an error convergence test using 5th-order accurate IGR and WENO schemes. IGR tests are conducted at varying 
values of 𝛼 = (0, 2, 10)𝛥2, with 𝛥 being the grid spacing. The error ‖𝑒‖∞ in pressure 𝑝 after 4 periods at varying grid sizes (𝑁 = 502, 
1002, 1502, and 2002) is evaluated and plotted in Fig.  11. Both the WENO5 and IGR with 𝛼 = 0 exhibit 4th-order accurate error 
convergence in pressure, as expected. Due to the discretization of the right-hand side of the elliptic solve for 𝛴 (Eq.  (12)), IGR with 
𝛼 > 0 can be at most 2nd-order accurate. The error grows with increasing 𝛼 due to increased smoothing at a fixed resolution.

To examine the effects of numerical dissipation, we investigate the error growth for the aforementioned schemes as the number 
of periods across the computational domain increases. We conduct WENO simulations with Lax–Friedrichs (LF) and HLLC Riemann 
14 
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Fig. 11. Convergence rate for error ‖𝑒‖∞ in pressure with grid size for IGR with varying 𝛼 and WENO5.

Fig. 12. Growth of error ‖𝑒‖∞ in pressure for an advecting isentropic vortex with grid sizes (a) 𝑁 = 2002 and (b) 𝑁 = 4002 versus the number 
of periods across the domain.

solvers and IGR with LF. The test is conducted over 30 periods at two different grid resolutions ((a) 𝑁 = 2002 and (b) 𝑁 = 4002) 
with the growth of error ‖𝑒‖∞ in pressure 𝑝 shown in Fig.  12.

One sees that the error associated with projecting the initial condition stabilizes after sufficient 𝑇 . After the error becomes 
consistent, its growth rate exhibits two primary, well-established [46] regimes: an initial linear growth phase and a later exponential 
one. The linear regime, which arises from numerical dissipation, is prominent for WENO (both Riemann solvers) and IGR with 𝛼 = 0. 
In Fig.  12(a), this lasts up to 𝑇 = 5 and 20 periods for WENO with LF and HLLC Riemann solvers, respectively, and up to 𝑇 = 25
periods for IGR with 𝛼 = 0. This regime is absent for IGR with 𝛼 > 0, with the error levels remaining constant due to lower numerical 
dissipation.

All simulations eventually exhibit an exponential regime due to a destabilized vortex, leading to exponential error growth. 
This instability is independent of the numerical method and arises from the problem definition and its accompanying boundary 
conditions [46]. The onset of the exponential regime, however, occurs earlier for the WENO schemes: 𝑇 = 5 and 20 periods with LF 
and HLLC in Fig.  12(a) We observe this onset for IGR at 𝑇 = 21 and 25 periods with 𝛼 = 10𝛥2 and 2𝛥2 in Fig.  12(a), with a smaller 
value of 𝛼 further postponing it.

6.2.8. 3D Taylor–Green vortex
The 3D Taylor–Green vortex (TGV) [47] tests IGR’s ability to represent compressible turbulence. The TGV is set up in a 3D cube 

with side lengths 𝐿 = 2𝜋, with air at uniform density (𝜌 = 1) and the initial conditions for velocities (𝑢, 𝑣,𝑤) and pressure 𝑝 given 
by Eq. (32), where 𝑝0 is the reference (ambient) pressure. 

𝑢 = 𝑉0 sin (𝑥) cos (𝑦) sin (𝑧)

𝑣 = −𝑉0 cos (𝑥) sin (𝑦) sin (𝑧)

𝑤 = 0

𝑝 = 𝑝0 +
𝑉 2
0
16

(cos (2𝑥) + cos (2𝑦))(cos (2𝑧) + 2)

(32)

The Mach number 𝑉0∕𝑐0 is 1.25, where 𝑐0 =
√

𝛾𝑝0∕𝜌 is the reference speed of sound, so shocklets appear in the flow [48]. The 
Reynolds number is Re = 104 to have a sufficiently long inertial regime in the energy cascade, where the turbulent kinetic energy 
𝐸(𝑘) ∝ 𝑘−5∕3. The inertial regime for this case typically ends at wave number 𝑘 = 2𝜋∕(60𝜂) [49], where 𝜂 ∝ Re−3∕4 is the 
Kolmogorov scaling. For Re = 104, this corresponds to an inertial regime that lasts up to 𝑘 = 100. We thus conduct simulations 
at 𝑁 = 𝑚 𝑚 𝑚 = 1283, 2563, and 5123, which are sufficiently high to represent the inertial regime.
𝑥 𝑦 𝑧
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Fig. 13.  Turbulent kinetic energy cascade for IGR/LF, WENO5/HLLC, and WENO5/LF for 𝑁 = 1283, 2563, and 5123 grid points, normalized by 
a WENO5/HLLC solution that used 20483 grid points.

We use IGR with 𝛼 = 2𝛥2 and the Lax–Friedrichs (LF) Riemann solver, and compare the results to a baseline 5th-order accurate 
WENO (WENO5) scheme with HLLC and Lax–Friedrichs Riemann solvers. The turbulent energy cascade is then calculated using 
fast Fourier transforms and plotted at 𝑡𝑐 = 20𝐿∕𝑉0. The results are time-averaged across 𝑡 = 0.2𝑡𝑐 to minimize spurious oscillations. 
The energy cascade is normalized with a ground truth solution using WENO5 and HLLC at 𝑁 = 20483 and plotted in Fig.  13. The 
results indicate notably greater dissipation with WENO than with IGR for the same Riemann solver (LF) and grid resolution, where 
IGR can sustain the inertial regime over a broader range of wavenumbers. WENO reconstruction with HLLC, however, can improve 
upon IGR, with the gap narrowing at higher resolutions (𝑁 = 5123).

6.2.9. 3D multi-jet configuration
Many-engine rockets, such as the SpaceX Super Heavy, are powered by many smaller engines than the industry standard at the 

time of writing. This choice comes with a key engineering challenge: high-speed exhaust plumes interact, leading to upstream-going 
waves and base heating [50].

We simulate an array of 33 rocket engines with an outlet velocity of Mach 10 in atmospheric conditions, a configuration inspired 
by the SpaceX Super Heavy. The simulation uses 600 grid cells per engine outlet, resulting in 3.3 × 1012 grid cells on a rectilinear 
grid. This configuration was also used by the authors in the Gordon Bell work of Wilfong et al. [24].

We use IGR with 𝛼 = 2𝛥2, where 𝛥 is the grid spacing. We apply Gaussian smoothing to the initial condition to ensure numerical 
stability. The velocity contours for this simulation are shown in Fig.  14, and the fine-scale structures of interacting exhaust plumes 
are captured using IGR. A comparison of exhaust plumes for IGR and the baseline WENO simulation with HLLC Riemann solver for 
a simpler three-jet configuration is also presented in Fig.  14. Due to the baseline simulation’s grid-dependent nature, grid-aligned 
artifacts are more prominent than with IGR.

7. Comparison to related work, discussion, and conclusions

7.1. Comparison to related work

Upwind finite-volume methods trace back to Godunov [51], who solved local Riemann problems at cell interfaces to obtain 
numerical fluxes. The piecewise parabolic method (PPM) [52] and WENO [1,16] extended this to higher spatial order. More complete 
Riemann solvers were developed to reduce interface dissipation, including the Roe [53], HLLC [35,36], and AUSM+ [54] schemes. 
High-order linear reconstruction near shocks introduces Gibbs oscillations; limiters such as MUSCL [30,31] and ENO [29] suppress 
these by adaptively reducing the approximation order near discontinuities. The resulting mismatch between left- and right-interface 
states then determines the amount of dissipation added by the Riemann solver. Flux-corrected transport (FCT) [55,56], multi-
dimensional optimal order detection (MOOD) [57], and convex limiting [18,19] take an a posteriori approach, applying corrections 
after the fact to maintain physical bounds. Entropy-stable schemes [58] and central schemes [59] provide dissipation control without 
requiring a full Riemann solve. The Runge–Kutta discontinuous Galerkin (DG) framework [60] achieves high-order accuracy on 
unstructured meshes but still requires limiting or artificial viscosity near discontinuities.

Each of these approaches introduces nonlinear cell-to-cell coupling, thereby dissipating fine-scale features. Approximate Riemann 
solvers such as Roe’s scheme can additionally produce carbuncle instabilities on grid-aligned shocks [37,61]. IGR produces smooth 
PDE solutions, so a linear Lax–Friedrichs flux suffices without a limiter or Riemann solver, avoiding these issues.

The 2D Riemann results show that IGR better preserves small-scale density fluctuations than WENO/LF, and avoids the grid-
aligned artifacts present in both WENO/LF and WENO/HLLC. The isentropic vortex results show that IGR has a lower error growth 
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Fig. 14.  Application of IGR to Mach 10 rocket simulations with strong shocks. Panel (a) shows an artistic rendering of a 33-jet configuration. 
Panels (b) and (c) show a comparison between IGR and WENO simulations of a simpler three-jet configuration. The IGR result in (b) avoids the 
grid-aligned artifacts present in the (c) WENO case. Images adapted from Wilfong et al. [24] with author permission.

rate than WENO with either solver, reflecting reduced numerical dissipation in smooth flow. The Taylor–Green vortex results show 
that IGR sustains the turbulent inertial range longer than WENO/LF at the same resolution.

Viscous regularizations, including artificial viscosity [4], entropy viscosity [10], LAD [6,8], and PDE-based AV [9], smooth shocks 
through added dissipation, which also damps turbulence and acoustic waves. IGR is an inviscid regularization; the Shu–Osher results 
show better preservation of high-frequency wave content than LAD, and the Taylor–Green vortex results show lower dissipation than 
WENO/LF at the same resolution. Shock tracking [62] avoids smearing by explicitly evolving the shock surface, recovering sharp 
profiles without diffusion. This approach, however, is more complex to implement for multi-dimensional and topology-changing 
configurations. IGR produces smooth shock profiles of controllable width √𝛼 within a standard finite-volume solver.

7.2. Limitations of this work

IGR requires initial conditions that are smooth on the scale √𝛼. Sharp initial data must be preprocessed with a smoothing step, 
as done in several test cases here, but this has no physical consequence since IGR solutions converge to the correct entropy solution 
as 𝛼 → 0. This is a practical consideration when setting up a simulation.

The comparisons in this work also show that WENO5/HLLC can match or outperform IGR in certain regimes. In the 2D Riemann 
test, WENO5/HLLC reproduces the reference solution most closely overall, and in the Taylor–Green vortex, the performance gap 
between IGR and WENO5/HLLC narrows at higher resolutions. IGR’s advantages are most pronounced when paired with a more 
dissipative (and cheaper) Riemann solver such as Lax–Friedrichs, or when fine-scale features must be preserved alongside shocks. 
In this work, we use combine IGR with the linear Lax–Friedrichs Riemann solver and a linear fifth-order reconstruction obtained by 
WENO5 in smooth regions. However, we emphasize that the use of IGR is mostly agnostic to the choice of numerical method. We 
believe that the combination of IGR with more accurate high-order discretizations, such as minimally dispersive methods developed 
for turbulence simulation [63], holds great promise that we aim to explore in future work.

The convergence order of a numerical method is not necessarily reflective of its performance in the presence of localized features. 
More important is the cost–resolution tradeoff: ‘‘how much computation is needed to resolve flow features of a given scale’’. For 
this goal, increasing the order of a numerical method is helpful only to a point [64]. The present work focuses on WENO5 due to its 
widespread use in the CFD community. We point out that alternatives such as piecewise linear (PLM) and piecewise quadratic (PPM) 
reconstructions were reported to yield better cost–accuracy tradeoffs by [65]. This is subject to the caveat that the ever-widening gap 
between memory-access and compute costs pushes the balance toward higher-order methods that are more arithmetically intensive. 
Nevertheless, we emhasize that IGR is agnostic to the underlying numerical method and that this work serves as a template for 
deploying IGR to many other numerical methods. Just like in the case of WENO, IGR could allow deploying PLM and PPM without 
slope limiters. This decreases computational cost as well as the diffusive effect of the approximate Riemann solver. We defer an 
investigation of this setting to future work. The under-resolved cases presented here, such as the rocket plume, operate in an implicit 
LES regime in which the numerical scheme and IGR together act as the effective filter. The application of IGR in explicit LES using, 
for instance, a Smagorinsky-type subgrid model, is an interesting direction of future work.

We use 𝛼 = 2𝛥2 throughout, but we set it empirically. Rigorous guidance on the optimal choice of 𝛼 for a given problem does 
not yet exist.

Because the entropic pressure 𝛴 is defined by a linear, self-adjoint elliptic operator, differentiating through the IGR system is 
structurally well-posed: the adjoint requires only a second elliptic solve of the same type. Adjoint-based sensitivity computation with 
IGR has not been demonstrated in this work and is identified as a promising direction for future research. The theoretical analysis 
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of IGR convergence to entropy solutions has only been established for the 1D pressureless case [25]; extending these guarantees to 
the full compressible Navier–Stokes system remains open.

All test cases in this work use an ideal gas equation of state. The behavior of IGR in multi-species, real-gas, or reactive 
thermodynamic systems has not been investigated.

7.3. Conclusion

This work demonstrates the utility of information geometric regularization (IGR) within a finite-volume framework for the 
compressible Navier–Stokes equations. IGR replaces singular shocks with smooth profiles of user-controlled width √𝛼, eliminating 
the need for limiters and nonlinear Riemann solvers. The resulting solver reduces to a linear reconstruction paired with a 
Lax–Friedrichs solve, lowering computational overhead and enabling kernel fusion relative to standard limiter-based approaches.

The 1–3D test suite spans shock tubes, the Shu–Osher interaction, a 2D Riemann problem with entropy-wave content, the double 
Mach reflection, and the Taylor–Green vortex. Across all cases, IGR preserves fine-scale flow features that limiter-based and viscous 
methods dissipate, and does so with a simpler numerical scheme. These properties suggest that IGR is a viable replacement for 
conventional shock-capturing in finite-volume codes, particularly in compressible flows where shocks coexist with fine-scale wave 
content.
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