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1 Introduction

Soft biological and tissue-like materials experience extreme

Hierarchical Bayesian constitutive model selection
for high-strain-rate soft material characterization
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The high-fidelity characterization of soft, tissue-like materials under ultra-high-strain-rate conditions is
critical in engineering and medicine. Still, it remains challenging due to limited optical access, sensitivity
to initial conditions, and experimental variability. Microcavitation techniques (e.g., laser-induced
microcavitation) have emerged as a viable method for determining the mechanical properties of soft
materials in the ultra-high-strain-rate regime (higher than 10° s7%); however, they are limited by measurement
noise and uncertainty in parameter estimation. A hierarchical Bayesian model selection method is employed
using the Inertial Microcavitation Rheometry (IMR) technique to address these limitations. With this method,
the parameter space of different constitutive models is explored to determine the most credible constitutive
model that describes laser-induced microcavitation bubble oscillations in soft, viscoelastic, transparent
hydrogels. The target data/evidence is computed using a weighted Gaussian likelihood with a hierarchical
noise scale f, which enables the quantification of uncertainty in model plausibility. Physically informed priors,
including range-invariant, stress-based parameter priors, a model-redundancy prior, and a Bayesian
information criterion motivated model prior, penalize complex models to enforce Occam'’s razor. Using a
precomputed grid of simulations, the probabilistic model selection process enables an initial guess for the
maximum a posteriori (MAP) material parameter values. Synthetic tests recover the ground-truth models and
expected parameters. Using experimental data for gelatin, fibrin, polyacrylamide, and agarose, MAP
simulations of credible models reproduce the data. Moreover, a cross-institutional comparison of 10% gelatin
indicates consistent constitutive model selection.

such conditions, these materials exhibit nonlinear viscoelastic
behavior, which is significantly different from their quasistatic

response.”'® Accurately capturing and characterizing this

mechanical loading during events such as blast exposure,
cavitation, and histotripsy, where deformation occurs on the
microsecond timescale."™ The combined rapid energy transfer
and large deformations during these events place the material
response in the high-strain-rate regime (10°-10® s7").>® Under
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behavior is important for applications ranging from impact
biomechanics to focused ultrasound and soft matter engineer-
ing. Yet, it remains difficult due to limited optical access,
sensitivity to boundary conditions, and coupled thermal-diffu-
sive effects that arise during rapid loading.”'"'*'*' Charac-
terization is typically conducted in two parts: the determination
of constitutive models and the estimation of parameters. If a
constitutive material model has been identified with a priori
information in the parameter domain of interest, then this
process is simplified to calibrating parameter values.
Conventional experimental approaches only offer partial
insight into this extreme regime, but they are limited in several
notable ways. Split-Hopkinson pressure bar or direct high-
speed impact testing, for example, measures material response
at strain rates of (10>-10? s~ *)*>"*” but is constrained by inertial
effects, weak transmitted signals, and the assumption of stress
equilibrium.”®*° High-speed imaging with digital image corre-
lation (DIC) or particle tracking has been used to capture
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full-field deformation of soft materials during impact or shock
loading.**° However, DIC requires the sample surface to have
dense speckle patterns and faces an inherent tradeoff between
noise reduction and spatial resolution.?®*! Particle tracking
may introduce mismatch errors.””> Computational modeling
techniques, such as finite element analysis (FEA) and multi-
scale constitutive modeling,*>** have been employed to simu-
late the rate-dependent and large-strain behavior of soft
materials. Hrapko et al.*® used FEA to model the dynamic
behavior of brain tissue using various viscoelastic constitutive
models and validated their simulations against shear experi-
ments (0.1-1 s~ ). Their analysis revealed a strong sensitivity to
model form and parameter values, posing a challenge to
achieving consistent and physically reliable model selection
in the quasistatic regime. More recently, data-driven and
machine learning approaches have been proposed to integrate
experimental data into predictive frameworks.*>*® Although
these methods can capture nonlinear and rate-dependent
behavior, they often require extensive, high-quality datasets
that are rarely available for soft materials.”” When data are
sparse relative to the model complexity, overfitting can occur,
while limited coverage of the relevant parameter or strain-rate
space can lead to underfitting.*®

Cavitation has proven to be an effective rheometry technique
for probing the mechanical response of soft materials across a
wide range of strain rates."® Early work by Zimberlin et al.*®
showed that needle-induced cavitation in hydrogels can be
used to infer local stiffness. Subsequent studies extended these
approaches to biological tissues, including brain tissue, where
cavitation dynamics have been used to extract viscoelastic and
failure properties.”>® More recent work has shown that inertial
cavitation can provide meaningful rheological information
in hydrogels at high strain rates. For example, Cohen and
Durban®' analyzed the dynamic expansion of a spherical cavity
in compressible elastoplastic materials and identified condi-
tions under which plastic shock waves appear. Related efforts
in soft viscoelastic media by Warnez and Johnsen,** Gaudron
et al.> incorporated rate-dependent dissipation and elastic
nonlinearity into cavitation dynamics models, showing that
viscosity can delay rapid cavity growth and attenuate shock-like
responses.

Leveraging these prior insights, the Inertial Microcavita-
tion Rheometry (IMR) technique was developed to enable the
characterization of soft hydrogels across strain rates ranging
from 10°-10° s '.° Under varying pressures and material
constraints,®"%?%%*%8 the radial dynamics of microcavitation
are modeled using modified Keller-Miksis equations. In IMR,
materials are characterized by comparing laser-induced
microcavitation experimental observations to Keller-Miksis-
type forward numerical calculations for simple viscoelastic
constitutive models using a least-squares fitting approach.®
Experimental radius-time data are typically extracted near the
rebound peaks, when the bubble wall velocity is low and
optical measurements are most reliable. High-speed imaging
at frame rates greater than one million frames per second
captures most of the bubble dynamics. However, rapid motion
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near collapse may fall outside the temporal resolution or show
motion blur.

The IMR technique considers multiple viscoelastic cons-
titutive material models”'*?"?° to characterize hydrogels,
e.g., gelatin, agarose, fibrin, and polyacrylamide. Spratt et al.®
extended the technique using ensemble-based data assimilation
methods, obtaining similar mechanical properties for the same
materials as Estrada et al.® while reducing computational cost.
Their results suggested that achieving a best fit between simula-
tion and experiment may require a viscosity that evolves during the
bubble collapse, potentially reflecting damage or structural soft-
ening effects not captured by conventional constitutive models.*
Zhu et al.>® developed a parsimonious IMR technique that sim-
plifies soft material characterization by focusing on the initial
bubble collapse time rather than fitting the entire radius-time
history. While these advances improved the IMR methodology,
consistently identifying the best constitutive model capturing the
material response at these high strain rates remains a challenge.
In practice, candidate models are evaluated sequentially using
heuristic decision procedures with least-squares fitting. Although
these approaches can produce reasonable parameter estimates for
individual models, they do not quantitatively compare the models
or assess uncertainty associated with the model selection.

Bayesian inference provides a probabilistic approach for
extending the IMR technique to model selection and parameter
estimation. Unlike deterministic least-squares methods that
yield a single best-fit solution, Bayesian inference can quantify
the plausibility of competing constitutive models by evaluating
model performances through their relative probabilities®'**
and then identify the associated parameters.®>® This prob-
abilistic formulation directly evaluates model accuracy and
quantifies uncertainty without relying on extensive prior infor-
mation.”””> Additionally, Bayesian inference naturally incor-
porates model-form priors, experimental uncertainty, and
measurement noise across multiple datasets,”"”*’* making it
well-suited for reproducible and uncertainty-aware character-
ization of soft materials.

Recent studies have shown the growing impact of Bayesian
inference in rheological problems. Chu et al.”>”® applied Bayesian
optimal experimental design to bubble dynamics and soft material
characterization, showing that information-theoretic criteria
can accelerate data acquisition and improve inference efficiency.
Similarly, Freund and Ewoldt”” used Bayesian model selection to
determine the optimal number of modes in a multi-modal Max-
well model, which describes the dynamic shear moduli of a
synthetic polymer. Their results showed that Bayesian inference
can reliably discriminate between competing viscoelastic models
with high-dimensional parameter spaces and noisy experimental
data. In this context, Bayesian inference favors constitutive models
that strike a balance between goodness of fit and physical inter-
pretability, rather than empirical or highly flexible formulations
with many parameters that risk overfitting. While effective in
selecting a model, their method was unable to quantify uncer-
tainty. Further work extended Bayesian approaches to rheological
characterization, including hierarchical Bayesian inference for
viscoelastic parameter estimation and Bayesian uncertainty

This journal is © The Royal Society of Chemistry 2026
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Fig. 1 A spherical bubble is nucleated in a soft material and grows to a
maximum radius before collapsing and oscillating until it reaches mechan-
ical equilibrium. Identification of the stress integral formulation enables the
characterization of the material.

quantification for constitutive modeling.”®”® Data-driven frame-

works have also explored the identification of rheological consti-
tutive behavior from partial flow measurements and differentiable
simulations, enabling model discovery from velocity or stress
observations in complex flows.** However, these approaches
primarily consider experimental configurations in which stress—
strain or flow-field measurements are observed directly. On the
other hand, IMR experiments only provide transient bubble
radius-time dynamics, requiring material properties and consti-
tutive behavior to be inferred indirectly from the bubble dynamics
rather than from directly measured stress or strain fields.

To this end, this work aims to implement Bayesian inference
in conjunction with the IMR technique to perform model
selection across competing constitutive models under high-
strain-rate conditions, while accounting for uncertainty quan-
tification. The work is organized as follows. In Section 2, we
present the governing equations for the bubble dynamics used
to generate forward simulations across a parameter space of
constitutive model parameters, the experimental setup for
laser-induced cavitation (LIC), the material characterization

Table 1 Constitutive material models and corresponding stress integral
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procedure, and the Bayesian inference IMR implementation.
The results of the Bayesian IMR characterization for soft
materials and discussion of their implications are presented
in Sections 3 and 4, respectively. We summarize the capabilities
of the Bayesian IMR technique and outlook in Section 5.

2 Theory and methods
2.1 Governing equations

We consider a spherical bubble that is nucleated in a soft
material by a laser-induced cavitation event. As shown in Fig. 1,
the bubble expands to a maximum radius and subsequently
collapses and oscillates toward a mechanical equilibrium. To
model these dynamics, the IMR forward simulation code base
is used to perform numerical simulations of the governing
equations that describe bubble oscillations. The equations
consist of an ordinary differential equation (ODE) for the
bubble’s radial dynamics, which is coupled with partial differ-
ential equations (PDEs) for the energy balance inside the
bubble, and a PDE for mass transfer between the bubble’s
water vapor and non-condensible gas.>"*>> A numerical resolu-
tion of 100 points inside the bubble was used for the forward
simulations. In the present study, stress evolves through expli-
cit functions or ODEs, as defined in Table 1.%°%°% For brevity,
only the radial equation for the bubble is stated here. The
bubble’s radial dynamics are modeled using the Keller-Miksis
equation:®"%

) oo :
R RR+§ T 1+5
¢ 2 3¢ o ¢

2y IR 2y
—Poo——+ S —— -——=4+S5),
(Pb P R+ >+pc(Pb R+ )

where the dot denotes a time derivative, R is the bubble radius, R
the bubble wall velocity, ¢ the speed of sound in the surrounding

(1)

Tag Constitutive model Stress integral (i =R / qu)
Newt Newtonian fluid . 4 R*
Y7 ReR
NH Neo-Hookean solid 1
Sty =427+ 274 =5
NH ZCa[ * )
KV Kelvin-Voigt solid Skv =Sy + S\u
NH Quadratic neo-Hookean solid N . 200
d Son = (1= 30) S + =
27 1 8 lﬁ,s -2
—+ A = AT =24
Ty T
LM Linear Maxwell fluid DeSi; = Si + Si
qKv Quadratic Kelvin-Voigt solid Saxv = Sqnm 57
SLS Standard linear solid Ssis = Sm + S\H
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material, p its density, S the material viscoelastic contribution of
the stress integral, y the surface tension between the material and
the vapor and gas filled bubble, and p;, and p.. the bubble and
far-field pressures, respectively. S is defined as
S(t) = Zmedr, @)
R r

where 7, and 74y are the respective radial and hoop components
of the deviatoric Cauchy stress predicted by the chosen cons-
titutive model, and r the radial coordinate in the surrounding
medium.

For comparison across materials, material models, and
experimental conditions, it is beneficial to non-dimen-
sionalize the governing equations. We present the governing
equations in non-dimensional form. We choose the bubble
radius at its maximum size, L. = Ry, as the characteristic
length, the far-field pressure and material density to define the
characteristic velocity, v. = \/ps/p, and the characteristic time,
te = Lc/Vc = Rumax
ables are

0/p->% The non-dimensionalized vari-

R 1

b) b
Rinax Ic Ve P

R =

Thus, the non-dimensional Keller-Miksis equation,®
RY ... 3 R\ . R*
l—— |RR +2(1- R?=(1+—
c* 2 3c* c*

1 R* 1
A Lt DA (S T
(pb WeR ) L= (pb WeR )

The explicit forms of $* for each constitutive model are
tabulated in Table 1, expressed in terms of the wall stretch ratio

P=R R,
brium bubble radius. The dimensionless parameters are the
Weber number, Reynolds number, Cauchy number, and

Deborah number defined as,

(3)

where R, denotes the non-dimensional equili-

We — chszax7 Re — chRmax7

? I

A

_[C’

Ca= %O, De
respectively, where u is the surrounding material shear viscos-
ity, G the elastic shear modulus, 4, = /G, is the relaxation time.
The strain-stiffening parameter, «, is also non-dimensional.
The constitutive model parameter ranges are tabulated in

Table 2 Simulation material parameters for soft-tissues in the high-strain
rates and their non-dimensional counterparts®1>¢°
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Table 2. Within these bounds, the parameter space is sampled
in log space to ensure uniform coverage across orders of
magnitude for the simulation campaign. We fix the total
number of forward simulations per model to 4096 and con-
struct a Cartesian grid with n? = 4096 points, where d is the
number of model parameters and n = 4096"“. Consequently,
the per-axis resolution decreases with increasing dimensional-
ity (e.g., n = 4096 for d =1, n = 64 for d = 2, n = 16 for d = 3),
ensuring comparable total computational effort across models
of different dimensions. A convergence study of the observa-
tional likelihood with respect to grid resolution is provided in
Section A of the appendix, demonstrating that the computed
likelihood values stabilize at the chosen resolution.

2.2 Experiments

LIC experiments in soft materials were conducted and captured
using a high-speed camera.””*** The University of Michigan
(UM) and the University of Texas at Austin (UT) LIC experi-
mental setups, material preparation protocols, and datasets for
the hydrogels are in ref. 57, 59 and 85, respectively. The
materials and their corresponding polymer concentrations are
tabulated in Table 3, including chemically crosslinked polya-
crylamide (PAAm; 8 wt% acrylamide with 0.26 wt% bisacryla-
mide) and physically crosslinked gelatin (10 wt%), fibrin
(0.2 wt%), and agarose (5 wt%). The cavitation experiments
were performed as single, spatially isolated events to avoid
damage accumulation. Trials exhibiting visible macroscopic
fracture, loss of optical tracking, or non-recovering behavior
were excluded during experimental preprocessing. A compar-
ison of the maximum bubble radius R,.x with the maximum
stretch ratio A = max(4) is shown in Fig. 2. Each dataset consists
of multiple experimental trials for one material. A subset of UM
hydrogel concentrations were used in the present work. Gelatin
data of the same concentration from both institutions were
analyzed to cross-validate the constitutive model selection. The
experimental setup generates and records a single LIC event in
transparent hydrogels at ultra-high-speed frame rates (>10°
fps). The image processing is done using an in-house bubble
edge detection MATLAB code.®®

In Fig. 3, the left panel shows normalized bubble radius
histories for PAAm, where differences between trials primarily
reflect variations in the applied laser energy, with added con-
tributions from measurement noise, slight material heteroge-
neity, and minor differences in viscous response due to varying
Rmax- The middle panel shows the corresponding bubble wall
velocities, computed from the non-dimensional experimental

Table 3 Institution, materials, and concentrations of the laser-induced
Parameter Notation Minimum Maximum microcavitation experiments
Viscosity [Pa s] H 10" 1 5 Tag Material Concentration [wt%]
Reynolds number Re 1.6 36 x 10
Shear modulus [Pa] G 10* 10° UM1 Gelatin 10.0
Cauchy number Ca 0.2 10° UM2 Fibrin 0.2
Relaxation time [s] Jn 1077 107° UM3 PAAM 8.0/0.26
Deborah number De 3x10°° 65 UT1 Gelatin 10.0
Strain stiffening o 1073 10 UT2 Agarose 5.0

Soft Matter
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Fig. 2 Experimental maximum stretch ratio vs. maximum radius. UM1:
blue circle, UM2: red square, UM3: black up triangle, UT1: cyan right
triangle, UT2: green down triangle.

R* data using a Padé derivative approximation. The bubble wall
radius and velocities are used to compute the non-dimensional
strain rate and strain via the logarithmic Hencky strain defined
in eqn (4). The right panel shows the phase space between the
non-dimensional strain rate and strain, which are considered
for filtering out low-information data points in Section 2.2.1.
Although the normalized LIC curves collapse into a consistent
temporal window, variations in the collapse and rebound
amplitudes across trials show the combined effects of experi-
mental noise and material variability. These observations moti-
vate the use of probabilistic model comparison, as deterministic
fits do not adequately represent the observed data spread.

2.2.1 Pre-processing. For a given soft material, there is a
dataset of J experimental trials (radius-time curves) indexed as
J = 1,...J. Each trial is non-dimensionalized by its own peak
radius, Ryay,j, and characteristic time, . ;. After pre-processing,
each trials provides a set of non-dimensional time stamps

{z;{k}k . and corresponding bubble radius and bubble wall
I ) ke

velocity measurements {R;k, Rj’f‘,‘, }keyf-’ where R}, € (0, 1] and
]

A ; denotes the index set of valid time-step indices for trial j.
In some trials, the experimental signal extends far beyond the
collapse events of interest, with small oscillations about equili-
brium that contribute disproportionately to the Gaussian
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likelihood. To focus the Bayesian analysis on informative
regions, .4 is restricted using a combination of strain-based
filters. We define the radial normal component of both the
Hencky strain with respect to the per-trial equilibrium radius,

Rey i and the dimensionless strain rate as
1 ik - R4
&, ==In J: g, = -2 (4)
jik * ’ ' k *
2 Reqi Rk

We set threshold values at
&, = 0.1 mlflx‘s/’-‘ik), &y = 1031, (5)

where the strain threshold corresponds to the onset of finite-
strain behavior in soft hydrogels, beyond which small-strain
assumptions no longer hold,*” and the strain rate threshold
corresponds to the high-strain-rate regime. Time-steps
are retained if they lie outside an elliptical gate in the

(sj’.‘, sj) plane,
e\ (i)
=) = ©
Eth,j Eth,j

which removes near-equilibrium points characterized by low
strain and low strain rate, while preserving the collapse-
rebound regions of interest.

Each simulation is generated using the mean values
extracted from the experiments,

_ 1< I
Rmax = j Z Rmux,/‘7 Ie = jz [CJ' (7)
Jj=1 j=1

For a given model M; and associated parameter vector 0,
where i € [1,N,,] and N,, is the number of models, the forward
simulation produces a discrete time history {[:Am7R:,m?R:4m}’
where the subscript s indicates simulation data and m = 1,.. .,N;
indexes the simulation time steps with maximum N, time steps.
The simulation data are then interpolated to the experimental

time stamps {z;k} to obtain the simulated radius and velocity at

the proper time steps, denoted R} (t_;,\,;Mf,0i> and

R: (l]’.“k; M;, 0,«). Residuals between the experimental observations

4

1 2

0

& A

0.5} I \

4
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0 5 10 0
t*
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t* e*

Fig. 3 Bubble radius (left), velocity (middle), and magnitude of strain rates at the bubble wall (right) histories for nine sets of PAAm LIC experimental data.
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and the simulated predictions are defined as

rreje(Mi, 0;) = Riy — RS (M, 0;), (8a)
Iie (M, 0;) = j*k - R:Jk(Miu 0;), (8b)

where 0; = {04,...,0,,} is the set of n model parameters for model
M;.

2.3 Characterization

For a single material and fixed laser input energy, repeated LIC
events reveal variability between experimental realizations.
A 95% confidence interval computed across multiple trials
provides statistical bounds on the expected variation at each
time step. However, the underlying noiseless response may not
be fully captured within the available experimental datasets.
While the pre-processing step filters out low-information
regions to limit their influence, residual uncertainty remains
in both the retained and discarded portions of the data. The
Bayesian inference approach introduced in Section 2.3.1 incor-
porates this uncertainty through the likelihood formulation,
which explicitly accounts for observational noise and potential
model-data mismatch. Since the forward simulations solve
deterministic governing equations, the modeling noise is
assumed to be zero. However, the probabilistic formulation
still enables consistent treatment of measurement variability
across trials.

2.3.1 Bayes’ theorem for model selection. A Bayesian
approach is used to select a constitutive model and quantify
the agreement between the IMR forward simulation results
and the LIC experimental data. Bayes’ theorem for model
selection is®*%°

(M;|T)P(D|M;, T)
PO )

P
P(M|D,T) =

where P(M;|D,I) is the posterior probability of a model, P(M;|I)
the model prior, P(D|M;I) the observational likelihood,
and P(D|I) the marginal likelihood for i-th model, M;, D the
given data, and I the system constraints. For simplicity and
consistency with the literature, the constraint term is omitted
from the notation, though it is understood to be present.
Additionally, an intrinsic Occam’s razor penalizes overly
complex models, yielding the simplest model that maximizes
the observational likelihood, where complexity refers to the
number of model parameters.”" For IMR characterization, D is
the experimental and numerical simulation bubble radius-
time and bubble wall velocity-time data, i.e., R¥(#*) and R*(¢¥).

2.3.2 Hierarchical noise scaling and likelihood. Baseline
heteroscedastic variance estimates are computed per time step,

denoted by GO,R*2<I;,€) and oO‘Rﬁ(t;‘,,\,). To model the time-

varying reliability of experimental measurements, we apply a
logistic weight that depends on the instantaneous strain rate,

1

djk = s (10)

€y~ |8k

Il +exp|—x

ok
€ih,j
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where x controls the steepness of the transition around the
threshold strain rate &j, ;. k was set to unity to have a gradual
transition that is neither abrupt nor overly diffuse, allowing the
weighting to change on a physically meaningful scale compar-
able to typical variations in measured strain rate. Tests with
larger k values produced sharper transitions that offered no
improvement in model discrimination and occasionally
reduced numerical robustness. The logistic function is then
mapped to a bounded weight w; ;. via

wig=m+ (1 —may me (0,1], k > 0,

(11)

where m sets the minimum allowable weight, with the maxi-
mum being unity. The value of m is set to 0.1, limiting down-
weighting for data points in low-activity regions by at most a
factor of ten relative to the highest-weighted points. This small
floor prevents near-zero weights from inflating the variance.
In this formulation, measurement uncertainty in high-speed
optical imaging increases primarily with bubble wall velocity,
and thus with strain rate. Slow rebound or near-equilibrium
dynamics yield minimal blur and tracking error, while rapid
bubble collapses result in reduced resolution due to motion
and finite camera exposure. Therefore, including strain ampli-
tude in the weighting would penalize optically reliable, slower-
moving segments and misrepresent the true measurement
noise. In contrast, strain-rate-based weighting isolates the
physically dominant source of heteroscedasticity without
redundantly penalizing regions already excluded by the ellip-
tical gate defined above. The scaled variances are

2 2
Boore (f;k/\)
Wik ’

or?(6:8) =

2 2
2 ﬁ O—O’R* (t/*k)
UR* (f- ﬁ) - ’

K3 :
! Wk

(12)

where f is a positive noise scale such that § > 0 and inflates the
per-time experimental variance. The inferred noise scale f is
not a direct estimate of experimental measurement noise. It is
an effective discrepancy parameter absorbing mismatch
sources between the model and the data (e.g., measurement
noise, under-resolved dynamics, and model inadequacy.)
Furthermore, f serves as a diagnostic of data quality and as a
safeguard against overfitting. Models that require artificially
large f values to reconcile simulations with data are automa-
tically downweighted in the plausibility calculation. Thus, as
shown in eqn (15), high posterior probabilities are reserved for
models that explain the data within a realistic noise margin.
This interpretability is particularly valuable when multiple
viscoelastic formulations achieve similar log-likelihoods. The
combined consideration of plausibility and f distributions
distinguishes between models that genuinely represent the
dynamics and those that rely on the inflated noise scaling.
A simulation/model-discrepancy variance, o g+> <z;‘k; M;, 0;

and aS_R*z(t;f,(;Mi,Bi), can be included to account for uncer-

tainty in stochastic or approximate forward models. The total
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variances are then

Varg- (?;k; M;, 6;, ﬂ) =og’ <l.;/(5 5)

+65$R*2(Z‘;/‘,;M,‘,0,‘>, (1321)
VaI'R* (l‘;k; M;,0;, ﬂ) = O'RAZ (l}ik; ,B)
+654R’2<Z;k;Ml'70i)‘ [13b)

Here, the simulation/model-discrepancy variance terms are
set to zero by default because the IMR forward simulations are
deterministic.

To obtain P(D|M,), the parameters and noise scale are
marginalized. When modeling physical systems, Gaussian
noise is commonly introduced to account for the inherent
experimental variability and uncertainty, maximizing statistical

entropy.®®°> A Gaussian observational likelihood is adopted,

PoM,0.8) = [ I1 1

Jkex; \/ZRVarRx (z;k; M;,0;, ﬁ)

i‘R*,/‘k(Mf, 0'_)2
2Varg: (t_;,\,; M;, 0;, ﬁ)

X exp

1 (14)

\/21tVarR* (l}ﬁk; Miﬁhﬁ)

X

"R*,/k(Mi’ 0,‘)2

X exp
2Var. (Z;‘A, Mi70i7ﬁ>

2.3.3 Priors. We employ a hierarchical prior structure that
acts at three coupled levels: the noise-scale prior P(f5), the
parameter prior P(0;|M;) within each constitutive model, and
the model prior P(M;) across the set of candidate models. In
principle, one could adopt a uniform prior over a considered
space, P() = 1/V, where V is either the total number of elements
or the volume in the space, depending on if it is discrete or
continuous. Such a prior corresponds to the state of maximum
statistical entropy and is therefore the least biased choice in the
absence of prior information.””®%°>°% However, when models
differ in dimensionality or physical formulation, the uniform
assumption may not sufficiently penalize model complexity and
assign similar plausibility to parameter regions that are physi-
cally redundant or poorly constrained. Therefore, we construct
priors to penalize model complexity. The noise prior constrains
the level of variance inflation permitted when reconciling
simulations with experimental data. The parameter space prior
ensures consistent weighting across physically meaningful and
unique regions of the parameter space. The model prior then
imposes an Occam penalty to prevent overparameterization.

To marginalize out f from eqn (14), we compute

00

P(DIM.6) :J P(DIM;, 0, p)P(BA,  (15)

0
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where

2 1

p>0, (16)
is the half-Cauchy distribution. A half-Cauchy prior for f is a
weakly informative, heavy-tailed distribution that regularizes
small scales while allowing large values when supported by the
data. Thus, it is a robust default for variance components in
hierarchical Bayesian models.’*

Because the integral in eqn (15) has no closed form anti-
derivative for the likelihood function used here, it is evaluated
numerically by discretizing the domain of § into B grid points

{[)) b}lg:la

B
P(DIM;,0) = gy P(D|M;,0;, B),
b=1

(17)
where the normalized quadrature weights are defined as

B
qp X P(ﬁb)Aﬁv qu = 17 (18)
b=1

and Ap is the uniform grid spacing. Although the half-Cauchy
prior is defined on a semi-infinite domain, its heavy-tailed form
decays as P(f) ~ B> for large , meaning that most of its
probability mass is concentrated near f < 10. Thus, we
truncate the integration domain to the finite interval [Bin,
Pmax] = [0.05, 10], which captures more than 99.9% of the total
prior mass with negligible truncation error. Within this finite
range, the quadrature is performed on a uniform grid using the
trapezoidal rule, with each grid point being the midpoint of a
local interval between its neighbors. This symmetric construc-
tion preserves second-order accuracy and ensures that both
interior and boundary points contribute proportionally to the
prior-weighted integral.

To marginalize out 0;, we compute

P(DIM,) = J . JP(D\M,-, 0,)P(0;]M;)do. (19)

Similar to eqn (15), P(D|M,,0;) has no closed-form antider-

ivative in 6; for the likelihoods considered here. Thus, we

N
evaluate eqn (19) numerically on a Cartesian grid {0@} Al:
g=

Ng
P(D|M) =~ ngP<D‘Mf,0§g))7 (20)
g=1

where g indexes each unique grid point and N, is the total
number of parameter combinations. The quadrature weights w,
represent the normalized prior mass assigned to the cell at 0%):

Ng
Wg O P(ﬂl(-g)‘M,->AVg, Z we =1, (21)
g=1

where AV, is the (hyper-)volume of the grid cell.

We now define the prior for the parameter space to compute
eqn (21). For each constitutive model M;, the parameter grid 6; is
mapped to a normalized space using logarithmic coordinates.

Soft Matter
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Fig. 4 Schematic diagram of the hierarchical relationship among the
constitutive models. Arrows indicate limiting cases obtained by setting
parameters to zero, thereby reducing the model's dimensionality. The first
column of models corresponds to three parameters, the second column
has two parameters, and the third column has one parameter.

This normalization makes the parameter representation range-
invariant with respect to the choice of parameter bounds.
The model’s stress integral response is evaluated along the
gated experimental segments defined in eqn (6), denoted by

St (t;ik;ﬂi). These stress integrals are used to determine

whether additional parameters of M; generate distinct stress
integral histories relative to lower-dimensional models in the
hierarchy shown in Fig. 4.

To quantify this distinction, we consider parent and child
models, M, and Mg, respectively, such that My, = M, and 6, =
0., represents the corresponding parameter subsets. Models are
distinguished by differences in their respective stress values.
Therefore, we consider the relative stress mismatch between
two models,

55 (72:05) = 57 (17,500
155 (17,:05)

Dyy(0) = (22)

w

where |-||,, denotes the weighted /> norm induced by {w; i
Small values of @, _,« indicate that the additional parameters
in M, do not introduce stress integral histories that are
distinguishable from those of the simpler model M.

To convert this mismatch into a prior penalty, we define a
dimensionless redundancy factor

Py_i(0)

— 5 (23)
By (0.5) +14>

Wo—g(02) =

where 74 is a data-driven stress scale defined from the median
and median-absolute-deviation of the simulated stress
signal, representing the smallest stress change the model
can reliably resolve. Differences smaller than 74 are not
resolvable by My, and therefore do not constitute genuine
distinctions between the two models. To ensure that M, is
penalized whenever it can emulate any lower-dimensional
model, we take

wred(ay‘) = MInCIE W.{%’—»%(OQ’)~ (24)
“wCMyp

4
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Finally, the prior for the parameter space is constructed by
combining a harmonic-mean bottleneck of the form

H;(0;) = %7
>

Vi 10[,[4‘8

(25)

where d is the model dimension and a small, machine preci-
sion value of ¢ > 0 is included for numerical stability, and the
redundancy penalty,

P(0;|M;) = H{0;)wrea(0)), (26)

such that > P(0;|M;) = 1. The sensitivity of the redundancy-
based parameter prior to reasonable variations in the redun-
dancy definition is examined in Section B of the appendix.

Finally, we define the model prior. Similar to the parameter
prior, we consider the dimensionality of the models and their
effect on the posterior. We construct a weakly informative prior
that penalizes model complexity,

kv
P(M;) = exp (—7 log Neff), (27)

where k,, is the number of free parameters in model M; and N
is the effective number of scalar observations. This prior is
analogous to the Bayesian information criterion complexity
term and introduces an explicit Occam penalty.”®

2.3.4 Posterior. To compute the posterior P(M;|D), we con-
sider the marginal likelihood. However, without additional
prior information about the data, calculating the marginal
likelihood is a challenging task. Therefore, for the model
comparison process, P(D) is constant in the models to normal-
ize the posteriors and, thus, the sum of the posteriors is unity:*’

Ny
> P(M;|D) = 1.
i=1

The likelihood and prior values can span orders of magni-
tude across grid points and trials, making direct summation
numerically unstable. To maintain numerical precision and
prevent underflow, multiplicative terms are computed in log
space, and marginalizations are carried out using the log-sum-
exp operation. Taking the logarithm of eqn (9) yields

P(M;)P(D|M;)

log P(M;|D) = log PD)

log P(M;) + log P(D|M;) — log P(D),

where log P(M,) penalizes models according to prior informa-
tion, log P(D|M;) rewards models that fit the data well, and
log P(D) serves as the normalization constant ensuring that
posterior probabilities sum to unity. The effect of Occam’s

razor becomes explicit in log space: the prior term log P(M;) =

ky
2
larger parameter dimension k), = d) relative to the effective

number of observations Neg.

log N penalizes models with greater complexity (i.e.,

This journal is © The Royal Society of Chemistry 2026
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2.3.5 Additional quantities of interest. After selecting the
most plausible model M*, we compute two additional posterior
distributions of interest using the same likelihood evaluations
and parameter grid employed during the computation of the
model likelihood P(D|M;). The observational likelihood, quan-
tifies the probability of observing the data under a given model
after integrating out both the model parameters and the noise
scale:

P(D|M;) = j . JP(D\M,-, 0,, ) P(0,|M,) P(F)d0,dp.

This integral is approximated using the same discrete grids
in 0; and f that were used for the likelihood evaluations, so no
additional forward simulations are required.

The marginal posterior over parameters 0, is obtained by
integrating out the noise scale ff using normalized prior weights

.70,88

over the discrete 8 grid {f,}7-1:

B
P(0,|D, M;) ~ > wyP(D|M;, 0, ),
b=1

(28)

where the normalized prior weights w;, approximate the prior
mass over f§ via

B
wp < P(fy), Zwb =1
b=1

These weights arise from discretizing the continuous mar-
ginalization integral over f (eqn (15)) into a quadrature sum,
where each w; corresponds to the probability content of the
local interval around f, under the prior P(f).

The prior over 0, is uniform across grid points. The resulting
discrete posterior distribution is normalized such that

> P(0,|D, M) =1,
g

and the maximum a posteriori (MAP) parameter estimate, Oysap,
corresponds to the grid point ¢ maximizing eqn (28).
The posterior over f§ for a fixed parameter value 0, is given by

P(ﬁb|DyMiy0g) oc P(D|Miy0g7ﬁb)P(ﬁb)7

which is normalized over b so that Y P(B,|D, M;,0,) = 1.
When 0, is chosen as Oyap, the MAP estimate Pmap is simply
the f, that maximizes eqn (29). Maximizing the posterior over f§
provides a principled estimate of the most likely noise scale in
the data for the chosen model, which serves as a direct measure
for the uncertainty quantification (UQ) of the fitted dynamics. A
larger fmap represents greater experimental variability and
correspondingly wider predictive intervals. In contrast, a smal-
ler fumap reflects higher confidence in the model’s ability to
reproduce the observed data within the inferred noise bounds.

Algorithm 1 shows the hierarchical Bayesian inference work-
flow, including heteroscedastic likelihood evaluation, margin-
alization over the noise scale parameter , model likelihood
computation, and extraction of @yap and fyap. The algorithm

(29)
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also outputs the posterior distributions P(f|D,M;) and

P(0,'|D,Mi) for UQ

Algorithm 1 Hierarchical Bayesian model selection for IMR
Input: Experimental data D = {t/:k, Ry Rj’k}ke%,; set of

candidate models M; with parameter grid {6; ,}; uniform noise-
scale grid {f,} with prior P(f)

(1) Compute baseline variances g g-2 (’h) and o, 4. (tjk>,
strain rates &;,; activity a;;; and weights w

(2) Using the stress-integral mismatch measures ®,_,¢ and
redundancy factors w,_, 4 (see eqn (22) and (23)), compute the
parameter-space priors P(0;|M;) for all models via eqn (26)

(3) for each model M; do

(4) for each grid point 0;, do

(5) Interpolate simulations to trial j’s time stamps 7}

(6) for each f, do

(7) Evaluate the observational likelihood P(D|M;,0;,f;)
using the Gaussian likelihood with heteroscedastic variance
(see eqn (14))

(8) end for

(9)  Marginalize over § using eqn (15) to obtain P(D|M;,0;,)
(10) end for

(11) Compute the model likelihood P(D|M;) via eqn (20) by
summing over 0;,

(12) end for

(13) Compute posterior model probabilities P(M;|D) from Bayes’
theorem eqn (9) and select the most plausible model M*

(14) Optionally compute the marginal parameter posterior
P(0;,|D,M;) (see eqn (28)) and the noise-scale posterior
P(B|D,M;) (see eqn (29)) to obtain Oyup and Pyap

Output: P(M;|D), P(0;,|D,M,), P(f|D,M;), selected model M*,

0MAP) ,8 MAP

3 Results

3.1 Consistency check

We perform a consistency check to recover the model and
parameter values of synthetic data for which the true viscoe-
lastic model and parameters are known a priori. The consistent
model selection from synthetic ground-truth conditions ensure
high fidelity inverse characterization of the experimental data.
Using the bubble dynamics model described in Section 2.1
along with the stress integral formulations in Table 1, 32 sets of
R*(t*) synthetic data for each of the constitutive models are
simulated. The parameter values used to generate synthetic
data were chosen for their relevance to the soft materials
of interest. Specifically, the values used were yu = 0.05 Pa s,
G=10kPa, 2; =10 > s, and o = 1. Ry, is varied with respect to
the observed experimental LIC data from Fig. 2. Each constitu-
tive model is then compared to the synthetic data using the
approach in Section 2.3. The results are tabulated in Table 4.
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Table 4 Consistency check using synthetic data with known parameter
values. The rows highlighted in bold represent the most plausible model
with a posterior value of unity

View Article Online
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Table 5 Plausibilities for UM and UT experimental data and corres-

ponding parameter values for each model. The rows highlighted in bold
represent the most plausible model

Ground-truth  Model p(Pas) G (kPa) /;(s) o Material ~ Model  u (Pas) G (kPa) 21 (s) o
Newt 0.051 — — — UM1 Newt 0.058 — — —
NH — 10.6 — — NH — 20.2 — —
Newt KV 0.046 0.58 — — KV 0.022 13.0 — —
u=005Pas gNH — 9.91 — 0.009 gNH — 19.5 — 0.01
LM 0.072 — 1.0 x 1077 — LM 0.083 — 1.16 x 1077 —
qKV 0.046 0.55 — 0.012 qKV 0.025 9.39 — 0.074
SLS 0.046 3.02 1.0 x 1077 — SLS 0.046 16.6 1.85 x 107’ —
Newt 0.049 — — — UM2 Newt 0.148 — — —
NH — 10.4 — — NH — 7.71 — —
NH KV 0.001 9.91 — — KV 0.173 9.91 — —
G =10 kPa qNH — 9.91 — 0.014 qNH — 7.57 — 0.003
LM 0.062 — 1.0 x 1077 — LM 0.173 — 1.0 x 1077 —
qKV 0.007 3.02 — 0.464 qKV 0.158 9.39 — 0.003
SLS 0.014 9.39 1.85 x 1077 — SLS 0.001 1.71 4.64 x 10°° —
Newt 0.138 — — — UM3 Newt 0.195 — — —
NH — 20.4 — — NH — 41.6 — —
KV KV 0.054 9.91 — — KV 0.112 22.3 — —
u=005Pas gNH — 19.5 — 0.001 gNH — 38.3 — 0.007
G =10 kPa LM 0.173 — 1.79 x 1077 — LM 0.173 — 1.16 x 1077 —
qKV 0.046 9.39 — 0.022 qKVv 0.158 5.32 — 0.464
SLS 0.086 9.39 1.0 x 1077 — SLS 0.086 29.2 1.0 x 1077 —
Newt 0.423 — — — UT1 Newt 0.125 — — —
NH — 88.0 — — NH — 45.2 — —
gNH KV 0.0193 65.8 — — KV 0.072 33.5 — —
G =10 kPa qNH — 13.0 — 0.720 qNH — 43.9 — 0.012
a=1 LM 0.268 — 8.96 x 1077 — LM 0.645 — 6.94 x 10°°  —
qKV 0.001 16.6 — 0.464 qKV 0.086 29.2 — 0.074
SLS 0.293 91.0 117 x 10°° — SLS 0.086 29.2 1.0 x 1077 —
Newt 0.001 — — — UT2 Newt 0.441 — — —
NH — 5.54 — — NH — 166.7 — —
LM KV 0.001 5.77 — — KV 0.645 381.5 — —
u=005Pas gNH — 4.41 — 0.093 gNH — 13.0 — 4.81
A=10"°s LM 0.054 — 599 x 10°° — LM 0.416 — 2.40 x 1077 —
qKV 0.001 3.02 — 0.251 qKV 0.158 9.39 — 10.0
SLS 0.086 1.71 136 x 107° — SLS 1.00 500 3.41 x 1077 —
Newt 0.423 — — —
NH — 57.1 — —
qkV KV 0.072 75.3 — —
é: (1-851 If)’a s EII\‘I/IH 0350 38.3 278 107 0.125  For UM1, KV had a posterior of 0.83 and qKV had a posterior of
= KPa . —_— . X —_— . . .
w=1 qKV 0.046 16.6 - 0464 ©0-17.For the other cases, the highlighted model in Table 5 had
SLS 0.046 51.6 1.0 x 107 — a posterior of unity. The finding that multiple materials select
Newt 0.373 - — - the same constitutive family does not imply identical behavior.
NH — 2.56 — — . . .
SLS KV 0.481 29.2, B B Their MAP parameter estimates occupy distinct and well-
14 =0.05Pas qNH — 7.57 — 1.49 separated regions of parameter space, reflecting genuine mate-
G =10 kPa M 0.359 — Lox107  — rial differences. In particular, the KV-selected materials differed
A=10"s qKV 0.541 29.2 — 0.002 . . . . . . o
SLS 0.293 29.2 136 x 10-° — primarily in their relative elastic-to-viscous values, shifting

The method correctly identifies generative models that serve as
the ground-truth with close parameter values and posterior
values equal to unity.

3.2 Inverse characterization via Bayesian model selection

The Bayesian inference method was applied to the experi-
mental UM and UT LIC datasets. The model plausibilities
and MAP parameter estimates are tabulated in Table 5. The
optimal noise scaling parameter is included for the experi-
mental data results to account for the variability of the
experimental data.

Most datasets consistently placed the posterior mass on
the KV model, with a single dataset favoring the gKV model.

Soft Matter

collapse-time sensitivity and rebound curvature in characteris-
tic ways, as shown in the left column of Fig. 5. The dataset
selecting qKV showed a sharper rebound curvature and steeper
post-collapse trajectory compared to the others, which the
linear KV model could not reproduce. The Bayesian likelihood
correctly identified this mismatch and shifted posterior mass
toward the nonlinear model.

To evaluate the quality of the MAP estimates, we compute
posterior predictive intervals and assess their empirical cover-
age. The latter is the fraction of experimental observations
contained within the 5-95 percentile posterior predictive band.
The band is constructed by collecting precomputed simulations
at £2 discrete points of fyap and injecting heteroscedastic
noise at each time step. Since the parameter grid is sampled in
log space, each step corresponds to a fixed increment, resulting

This journal is © The Royal Society of Chemistry 2026
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Fig. 5 Bayesian IMR characterization for experimental datasets. Left column: Normalized bubble radius histories R* versus non-dimensional time t*
showing the experimental data cloud (cyan), the MAP simulation of the most plausible model (red), and the posterior predictive band (purple)
representing the 5-95 percentile interval obtained from nearby parameter realizations. Middle column: Normalized absolute residuals (R}, — Riyap)
showing the time-dependent discrepancy between experimental observations and the MAP prediction. Right column: Posterior uncertainty quantifica-
tion for the noise scale parameter f in the selected model M*, with the marginal P(8|D,M*) (solid blue) and the conditional posterior Ouap (dashed red).

in the neighborhood spanning a physically meaningful range
around the MAP. Coverage values are 96.1%, 94.7%, and 90.0%
for UM1-UM3 and 100.0% and 87.9% for UT1-UT2, indicating

that the inferred models reproduce the observed trial variability
across datasets. The middle column of Fig. 5 shows that the
absolute residuals |R:‘,,{ml - Ry AP] remain small for most of the

This journal is © The Royal Society of Chemistry 2026 Soft Matter
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bubble evolution, with larger deviations appearing during
collapse and rebound phases.

Finally, we examined the inferred noise-scale i posteriors
across materials. Rather than acting as a free parameter that
compensates for model mismatch, f reflects how consistently
the experimental trajectories align with the model-predicted
collapse-rebound dynamics. Datasets with trials following simi-
lar radius histories produce a sharply concentrated posterior
for B, indicating that only a modest amount of measurement
noise is required to explain the observed variation. In contrast,
datasets with visibly greater scatter yield broader noise-scale
posteriors, reflecting genuine variability in the recorded bubble
motion. The right column of Fig. 5 compares the marginal
noise-scale posterior (solid blue), P(ff|D,M*), with the conditional
posterior at the MAP parameters (dashed red), P(ff|D,M*,0nap)-
With the exception of the UT2 dataset, the red curves are broader
and shifted toward larger f than the blue curves, which are
narrower and lower in value.

4 Discussion
4.1 Synthetic data insights

The synthetic datasets provide a controlled environment for
evaluating the Bayesian IMR method under known ground truths,
showing both the strengths and limitations of the technique.
Across the synthetic cases, the method correctly recovered the true
generating model and appropriate parameter estimates, but only
when the informed priors were used. Under uniform priors, the
model likelihood is dominated by the volume of the parameter
space rather than the quality of fit. In several synthetic tests, this
led to incorrect model selection and favored higher-dimensional
models (data not shown). The constructed priors resolve this issue
by weighting the parameter space according to the relative infor-
mation. Regions that mimic simpler models receive reduced prior
mass, preventing inflated support for unnecessarily complex
models. Specifically, the Bayesian likelihood penalizes regions of
the parameter space unless they produce a genuine improvement
in the dynamics. The synthetic tests thus confirm that the priors
are not an optional regularizer but an essential component that
aligns the inference with the underlying physics.

Another consideration is the effect of the parameter-grid
resolution on the computed likelihoods. Since the likelihood is
integrated across the entire grid, models with more parameters
require exponentially more grid points to cover their domain with
comparable resolution. If the models use the same course grid
(e.g, 16 values per dimension), the higher-dimensional models
incorrectly dominate (data not shown). This occurs because course
grids over-smooth the likelihood landscape of the simpler models
while still providing sufficient coverage for the complex ones,
artificially inflating their likelihood. For this reason, we use
model-dependent, computationally tractable grids.

4.2 Experimental findings

The characterization of the experimental datasets reveals the
strengths of the Bayesian IMR technique. The selected model

Soft Matter
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and parameters matched the early-time collapse and rebound
envelopes of the experimental clouds, with most materials
placing their posterior mass on the KV model. For the cross-
institutional gelatin study, the Bayesian IMR technique identi-
fied the KV model as well for similar experimental setups and
data acquisition methods. The widespread selection of KV is
due to its simplicity and accuracy, as additional parameters
from the other considered models did not provide any improve-
ment in likelihood. The only exception is the UT2 dataset,
where the posterior favors the qKV model. This shift arises
from a reproducible feature in the first rebound where the data
shows a much sharper recoil than the other materials. The KV
model cannot generate this feature without distorting the
bubble radius history after the second collapse. The nonlinear
strain-stiffening term correctly adjusts the rebound slope with-
out compromising the collapse timing. Overall, these results
confirm that the technique extracts constitutive behavior that is
physically interpretable under realistic variability.

The posterior predictive intervals further support this inter-
pretation. Their empirical coverage show the inferred models
reproducing the observed variability across experimental trials.
The remaining discrepancies are concentrated primarily near
collapse events, where the bubble dynamics evolve most
rapidly. Otherwise, the MAP simulations match experimental
trajectories, indicating that inferred constitutive models cap-
ture the dominant material viscoelastic response.

4.3 UQ interpretability

The posteriors for the noise scale parameter f provide an
interpretable measure of how confidently each constitutive
model explains the experimental data. The marginal noise scale
distribution, P(ff|D,M*), summarizes the effective measurement
uncertainty after integrating over plausible parameter combi-
nations. The conditional posterior at the MAP parameter
values, P(f|D,M*,0\ap), reflects the noise level required when
the model is constrained to a single best-fit point. When the red
(conditional) curve is noticeably broader or shifted relative to
the blue (marginal) curve, it indicates that the MAP parameter
set alone absorbs localized mismatches between the model and
the data. After marginalizing over nearby parameter values,
those mismatches are partially accommodated by variations in
0, producing the narrower blue distributions.

This Bayesian formulation separates variability due to
measurement noise from uncertainty in the parameters and
from genuine model-data mismatch, making each source of
error interpretable. The noise parameter does not compensate
for missing physics; it grows only in response to true measure-
ment variability, not model-form error. As a result, the noise
scale posteriors provide a transparent measure of confidence in
the inferred material response and clearly distinguish between
three sources of variability: experimental noise, parameter
uncertainty, and model-form error.

When the posteriors coincide, the model performs consis-
tently over the parameter space, whereas when the posteriors
are separate, there is a clear parameter set that performs the
best. This coinciding behavior does not imply that only one

This journal is © The Royal Society of Chemistry 2026
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dataset, e.g., UT2 under qKV, is well explained by its selected
model. Rather, the contraction or expansion of the noise scale
posterior is dataset-specific. For UM1 and UT1, the marginal
posterior remains sharply concentrated while the conditional
posterior shifts to higher values and is broader. This represents
a case where the model can explain the data globally, yet
localized misfits at the MAP parameters introduce small,
structured residuals.

4.4 Future directions

While the Bayesian IMR method provides a rigorous platform
for simultaneous model selection, parameter inference, and
quantification of data uncertainty, several extensions remain
open for exploration. First, the current implementation relies
on strain-based weighting, which prioritizes data points that
meet the specified thresholds. Future work could employ
adaptive or data-driven weighting strategies, such as variational
Bayesian or optimization-based strategies,’®®” to dynamically
balance sensitivity across the different strain-based regimes.
Second, although the hierarchical likelihood marginalizes over
the noise scale f, the residuals are presently assumed to be
Gaussian. Relaxing assumptions through heavy-tailed or mix-
ture models could improve robustness to experimental artifacts
and outliers.®®°* Third, higher-dimensional parameter spaces
may benefit from more efficient sampling methods, such as
Markov chain Monte Carlo, nested sampling, or surrogate
accelerated inference.®®’® Additionally, in cases where there
may not be a clear selected model, Bayesian model averaging
can propagate uncertainty in model choice rather than enfor-
cing a single selected model, while cross-validation strategies
can assess generalizability across datasets.”®® Finally, integrat-
ing multi-modal experimental observables, such as digital
image correlation fields or bubble asphericity,>”'°® within a
joint Bayesian likelihood could strengthen inference in cases
where radius-time data alone are ambiguous.

Although the present study adopts the spherical stress
integral formulation defined in eqn (2), the Bayesian frame-
work itself does not depend on this reduced representation.
Since the technique is independent of the forward solver,
it could be extended to consider other constitutive material
models. More broadly, this formulation is a transferable method
for Bayesian model selection and uncertainty quantification in
nonlinear, data-limited systems where understanding rate-
dependent constitutive behavior is critical. Thus, the stress
integral formulation used in IMR is a case of a broader class of
Bayesian model selection problems in computational physics.
Other potential applications include the characterization of
biological tissues and soft organs under impact or ultrasound
stimulation, as well as cavitation- or fracture-induced failure in
elastomers and soft composites. Additionally, this method can be
used to study high-rate compaction or damage evolution in
geological and structural systems. Since the approach integrates
physics-informed forward modeling with hierarchical noise treat-
ment and likelihood-based model selection, it can quantify both
parametric and structural uncertainty across different parameter
spaces.

This journal is © The Royal Society of Chemistry 2026
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5 Conclusions

We formulated a hierarchical Bayesian method for inertial
microcavitation rheometry of soft hydrogels, combining large-
scale forward simulation libraries with statistically grounded
model selection. By constructing physically informed priors
when evaluating the likelihood across a grid of constitutive
models and parameter values, the method discriminates
among competing models while providing maximum a poster-
iori parameter estimates that serve as informed initial guesses.
Synthetic data tests show that the method recovers the gener-
ating models and parameters and subsets of more complex
models can lead to model misidentification if uninformed
priors are used. The KV model consistently described the UM
datasets and UT1, while UT2 needed the nonlinear stiffening
term in the qKV model. The selected models reproduced the
collapse and rebound windows, but in some cases, agreement
was observed for the first few collapses and subsequently
averaged out later noisy oscillations. Posterior predictive inter-
vals and residual diagnostics further confirm that the inferred
models reproduce the observed experimental variability across
datasets. A comparison between gelatin samples of the same
concentration from the University of Michigan and the Uni-
versity of Texas at Austin revealed that the presented method
identifies a consistent constitutive model. Models that rely on
artificially large noise parameter f values are automatically
downweighted in their likelihood, ensuring that plausibility
reflects both fit quality and experimental variability. Balancing
between simplicity and flexibility, the method offers a ranking
of constitutive models, interpretable parameter estimates, and
uncertainty diagnostics. By unifying constitutive inference,
model selection, and uncertainty quantification, the Bayesian
IMR method provides a transferable, probabilistic method for
dynamic rheometry of soft matter and polymer materials.
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Appendices
A Convergence study for grid resolution

We performed a convergence study of the numerical quadra-
ture evaluation of the marginal likelihood. The log likelihood,
log Z = log P(D|M;), was computed using increasing numbers of
grid points per parameter axis N, while maintaining the same
parameter bounds. For each constitutive model, logZ was
evaluated as a function of N using the same likelihood and
prior definitions as in the main analysis. Fig. 6 shows the log
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Fig. 6 Grid convergence of log model evidence logZ evaluated on
synthetic KV data for all seven constitutive models. Top: log Z as a function
of grid resolution N per parameter axis. Bottom: Relative error from the
finest-grid estimate, [logZ(N) — log Z(Ngna)l/max,|log Z(N,)|. The dashed
line marks the 1% threshold.

evidence (top) and relative error (bottom) stabilizing at N = 32,
N =32, and N = 8 for one-, two-, and three-parameter models,
respectively. For the relative error calculation, the reference log
likelihood value was at the highest resolution for each respec-
tive model. The model evidence estimates are converged within
1% tolerance at resolutions of N = 4096"% where d is the model
dimension.

B Robustness of the redundancy-based parameter prior

To assess the sensitivity of the redundancy-based parameter
prior to reasonable modeling choices, we recomputed the
Kelvin-Voigt prior P(6|KV) under several alternative definitions
of the redundancy construction. These tests examined varia-
tions in the tolerance scale 7¢, the mismatch norm, and the
normalization used in the stress comparison. Specifically, we
varied the tolerance scale by multiplicative factors (0.57¢, g,
and 21¢), considered alternative mismatch norms (weighted/
unweighted L, and L;), and compared different weighted scal-
ings. In all tested cases, the prior consistently assigns reduced
weight to regions where the Kelvin-Voigt model approaches
limiting simpler behavior, while retaining higher prior mass

Soft Matter

View Article Online

Soft Matter

1
=
0.8 ¥
e
A
0.6 o
S
2
[oH
04 g
5
3
0.2 §
Z.
0

102 1071

p [Pa-s]
Fig. 7 Qualitative structure of the redundancy-based parameter prior
P(OIKV) for the Kelvin-Voigt model. Regions where viscous and elastic

stresses become indistinguishable receive reduced prior mass, while regions
where both contributions remain distinguishable retain higher prior weight.
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Fig. 8 Spearman rank correlation ps between the baseline KV prior used
in the manuscript and priors computed using alternative definitions of the
redundancy construction. Blue bars correspond to tolerance-scale defini-
tions 7¢, red bars to mismatch norm choices, and yellow bars to weighting
schemes. High correlations indicate that the qualitative structure of the
redundancy prior is robust to these modeling choices.

where viscous and elastic stresses remain distinguishable.
Fig. 7 shows a representative prior map illustrating the quali-
tative structure of the prior.

To quantify the similarity between these alternatives and the
baseline prior used in the manuscript, we computed the Spear-
man rank correlation between the corresponding prior maps.'®*
The resulting correlations are summarized in Fig. 8, showing that
the prior structure is largely preserved across the tested variants.
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